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Preface 


In the literature on mechanics there is no single generally accepted 
interpretation of the term “analytical mechanics”. Some writers 
identify analytical mechanics with theoretical mechanics.* Others 
maintain that an exposition in generalized coordinates constitutes 
the distinguishing feature of analytical mechanics. A third point 
of view — the one adhered to by the author in calling this book “Le- 
ctures in Analytical Mechanics” —consists in the fact that analytical 
mechanies is characterized both by a specific system of presentation 
and also by a definite range of problems investigated. 

The characteristic feature of the system of presentation of analy- 
tical mechanics is that general principles (differential or integral) 
serve as the foundation; then the basic differential equations of moti- 
on afe derived from these principles analytically. The basic content 
of analytical mechanics consists in describing the general principles 
of mechanics, deriving from them the fundamental differential equa- 
tions of motion, and investigating the equations obtained and 
methods of integrating them. 

Analytical mechanics constitutes a part of the course of theore- 
tical mechanics that comes within the syllabus of mechanico-mathe- 
matical, physical and physical-engineering departments of uni- 
versilies and pedagogical institutes. Yet the general syllabus in 
theoretical mechanics of technological institutes either does not 
contain analytical mechanics at all or preserves only elements of 
it, though modern technology poses problems that lie beyond the 
fundamental course of theeretical mechanics as given in the tradi- 
tional divisions of “statics”, “kinematics”, and “the dynamics of 
a particle and a system”. Research engineers working in diverse areas 
of modern technology must also master the general methods of 
analytical mechanics which yield a universal analytical apparatus 
for investigating complex problems that refer not only to purely 
mechanical, but also to electrical and electromechanical phenomena. 


* For example, the well-known courses of theoretical mechanics of G. K. Sus- 
lov and Ch. de la Vallée-Poussin were called courses of analytical mechanics 
by the authors, 
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The present text does not claim to cover fully the material of 
analytical mechanics. It developed out of a course of lectures given 
by the author over a period of six years in the Moscow Physico- 
Technical Institute. This circumstance determined the choice of 
material and the manner of its presentation. 

The course of analytical mechanics is a foundation supporting 
such divisions of theoretical physics as quantum mechanics, the 
special and general theories of relativity, and so forth. For this 
reason, a detailed presentation is given of variational principles 
and the integral invariants of mechanics, canonical transformati- 
ons, the Hamilton-Jacobi equation, and systems with cyclic (igno- 
rable) coordinates (Chapters 2, 3, 4 and 7). Following the ideas of 
Poincaré and Cartan, the author takes the integral invariants of 
mechanics as the basis of presentation. Here they do not represent 
an embellishment of the theory but its actual workaday machinery. 

The technical applications are associated with a consideration of 
constrained systems, which are studied in detail in Chapter 1. 
In a special section of that chapter, which is devoted to electrome- 
chanical analogies, the possibility is investigated of extending the 
analytical methods of mechanics to electrical and electromechanical 
systems. In Chapters 5 and 6 are given applications of analytical 
mechanics to Lyapunov’s theory of stability and the theory of 
oscillations. Elements of modern frequency methods are given along 
with the classical problems in the theory of linear oscillations. 
Problems in the dynamics of rigid bodies are taken up in individual 
examples. 

It is assumed the reader is acquainted with the general fundamen- 
tals of theoretical mechanics and higher mathematics. The text 1s 
designed for undergraduate and graduate students of mechanico- 
mathematical, physical and physical-engineering departments of 
universities, and also for research engineers and other specialists 
who feel a need to extend and deepen their knowledge in the field 
of mechanics. 


CHAPTER 1 


The Differential Equations of Motion 
of an Arbitrary System of Particles 


1. Free and Constrained Systems. 
Constraints and Their Classification 


The motion is studied of a system of particles P, (v= 4, ..., N) 
relative to some inertial (Galilean) system of coordinates. Imposed 
on the positions and velocities of the particles of the system are 
restrictions of a geometrical or kinematical nature, called constraints. 
Systems with such constraints are known as constrained systems 
in contradistinction to free systems, in which such constraints are 
absent. 

Analytically a constraint is expressed by the equation 


f(t, Py, r) = 0* (4) 
where the left-hand side includes the time ¢, the radius vectors 7, and 
the velocities v, = 7°, of all points P, of the system (v = 1, ..., NV). 


In the special case when the velocities ry do not enter into the con- 
straint equation (1), the constraint is termed finite or geometric. 
Analytically, it is written as 


f(t, My) = 0 (2) 


In the genera] case, the constraint (1) is called differential or kine- 
matical. From now on we shall confine our consideration solely to 
such differential constraints whose equations contain the veloci- 
ties of the particles in linear form: 


N 
2 Ley + D=0 (3) 


* A dot over a letter ee differentiation of the given quantity with 
respect to time. All radius vectors are constructed from a single pole that is 


stationary in the given system of coordinates. Also, f(t, Ty ry) is an abridged 


notation for the function f (t, 7 :; Py ex ry). ‘Such abbreviated 
notation will be used throughout ‘this at ‘ie Zy, Yy, and z, are the Cartesian 
coordinates of a point P, in the given system of coordinates (v = 4, , N) 
then the function f may be regarded as a function of 6N + 14 scalar arguments t, 


Do Vy Bue Cys Yur and zy (v= 4, , N). The function f and all other functions 
that will be encountered ‘in the ‘sequel, are assumed (unless otherwise stated) 
to be continuous together with those of their derivatives which occur in appro- 
priate parts of the text. 
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where 2,7, is the scalar product of the vectors Z, and 7,, and the 
vectors 2, and the scalar D are specified functions of ¢ and of all 
ru(u,v=i, ..., N). It is assumed here that the vectors 7, cannot 
all vanish at the same time. 

Given a finite constraint of type (2), a system cannot occupy an 
arbitrary position in space at every given instant of time. Finite 
constraints impose restrictions to possible positions of the systein 
at time ¢. But with a differential constraint alone, the system may 
occupy any arbitrary position in Space at any time ¢. However, in 
this position the velocities of the particles of the system cannot any 
longer be arbitrary, since the differential constraint imposes restric- 
tions on these velocities. 

Each finite constraint of type (2) implies, as a consequence, 
a differential constraint whose equation is obtained by termwise 
differentiation of equation (2): 

2 Of f 
: a 
On Tae 0 (4) 
v=1 
where Fe = erady f (v=1,..., N).* But such a_ differential 
constraint is not equivalent to the finite constraint (2). It is equi- 
valent to the finite constraint 


f(t, ry) ¢ (9) 
where c is an arbitrary constant. For this reason, the finite constraint 
(4) is called integrable. 


It will be noted that in rectangular Cartesian coordinates, the 
constraint equations (1) to (4) are written as: 


f(t, Zvy Yr» Zu; Ly, is zy) =0 (1°) 
F(t, fy, Yur Sy) = 0 (2') 
N a e s 
pay (Ayty + Buyy + CyZy) -- D = OFF (3’) 
. OF of ° , of of 
>, (sey tet aye det i) ar C (4’) 
v=! 


* If », = zt 4- yJ + 2k, where ¢, J, k are mutually orthogonal unit 
vectors of the coordinate axes, then 


ss en er 2 

Ory Oty | dYy 

** Ay, By, and C,(v==-1,...,N) are scalar functions of f, 24, 4. %4,.. 
«+> ON, YN, 4N- 


| ay 
a iar Cae Ccsy lV) 
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The finite constraint (2) or (2’) is termed stationary if ¢ is not 
expressed explicitly in the constraint equation, i.e. if at == 0); 
In this case, the left-hand side of the equation of differential cons- 
traint (4) is linear and homogeneous in the velocities. By analogy, 
the differential constraint (3) or (3’) is termed stationary if D = 0 
and if the vectors Z, in equation (3) land, respectively, the coef- 
ficients 4,, B,, and C,, in equation (3’)] are not explicit functions of ¢. 

A system of particles is called holonomic if the particles of the 
system are not subjected to differential nonintegrable constraints. 
Thus, a holonomic system is any free system of particles and also 
any constrained system with finite or differential but integrable 
constraints. All constraints in a holonomic system may be written 
in closed form. 

A system is called nonholonomic* if there are differential noninte- 
grable constraints. 

A system is termed scleronomic if only stationary constraints are 
imposed, otherwise it is rheonomic. 

Example 1. A particle is constrained to move over a surface. Let the 
equation of this surface be given in the form 


f(»)=0 (6) 


f (z, ¥. 2)== 0. (6’) 


This is a finite stationary constraint. 
lf the surface is moving or undergoing deformation. the time ¢ enters 
the equation of the surface explicitly: 


f(t, r)=0 (7) 


or 


or 
f (, Tt, Uy z)= 0. (7') 


In this case, the constraint is finite but nonstationary. 

Example 2. Two particles are connected by a rod of constant length J. 
Here the constraint equation is of the form 

(a"4-—7"2)2— 12 =0 (8) 
or 
(©4—~ £2)? + (yy — Yo)® + (24 — 22)? — 122 = 0. (8°) 
This is a holonomic scleronomic system. 

Let us note that a rigid body may be regarded as a system of particles equi- 
distant from one another, that is, subjected to constraints of type (8). From 
this point of view, a free rigid body is a special case of a constrained holonomic 
scleronomic system of particles. 

Example 3. Two particles are connected by a rod of variable length / = 
=: f (+). The constraint equation is written thus: 

(94 — ro)? — f? (¢) =0 (9) 

* Nonintegrable differential constraints are themselves frequently called 


nonholonomic. Sometimes integrable differentia] constraints are termed semi- 
hholonomic. 
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or 
(24— £2)? + (yy — ya)? + (24 — 29)2— f2 (t) = 0. (9’) 
This is a holonomic rheonomic system. 

Example 4. Two particles in a plane are connected by a rod of constant 
length / and are constrained to move in such a manner that the velocity of the 
middle of the rod is in the direction of the rod (the motion of a skate on a plane). 
The constraint equations are written as follows: 


24=0, 25 ==0 
(24 — 2g)? +-(y4 — yo)? —12=0 
m+52  yitye 
r14—2T2 Y1— Y2 


This is a nonholonomic system because the last equation in (10) defines a non- 
integrable differential constraint. 


(10) 


in addition to constraints of type (1), which are called bilateral 
constraints, mechanics also studies unilateral constraints, which are 
written in the form of an inequality: 


f(t, tM, ry) > 0 (11) 


An example is the case of two particles connected by a thread of 

length 7. This constraint is expressed by the inequality 

1? — (9, — 9%)? > 0 (12) 
If in condition (11) we have an equal sign, it is said that the con- 
Straint is taut. 

The motion of a system on which a unilateral constraint is impo- 
sed may be divided into portions so that in certain portions the 
constraint is taut and the motion occurs as if the constraint were 
bilateral, and in other portions the constraint is not taut and the 
motion occurs as if there were no such constraint. In other words, 
in certain portions a unilateral constraint is either replaced by 
a bilateral constraint or is eliminated altogether. For this reason 
we shall henceforth consider only bilateral constraints. 


2. Possible and Virtual Displacements. 
Ideal Constraints 


Let there be imposed, on a material system, d finite constraints 


felt, M)=0 (@=1,..., d) (1) 
and g differential constraints* 
N 
py Lpyy t+ Dg=0 (P=14, ..-) 8) (2) 
y= 


* In equations of differential constraints, in place of »y we write v,. 
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We replace the finite constraints by the differential constraints 
that follow from them: 


ye yp Peg (a=4,..., 0) (3) 
v= 1 m 
The system of vectors wv, will be called possible velocities for a certain 
instant of time ¢ and for a certain possible (at that instant) position of 
the system if the vectors v, satisfy d-++ glinear equations (2) and (3). 
Thus, possible velocities are velocities permitted by the con- 
straints. For every possible position of the system at time ¢ there 
exists an infinity of systems of possible velocities. One of these 
systems of velocities is realized in the actual motion of the system 
at time f¢. 
We shall call the system of infinitesimal displacements 
dr,=v,ydt (v=14, ..., N) (4) 
where wy (v=1,..., N) are the possible velocities, possible infi- 
nitesimal displacements or, for brevity, simply possible displacements. 
Multiplying equations (2) and (3) termwise by dt, we get equations 
that eran the possible displacements: 


Be se dry+@dt=0 (a@=1,..., d) 
(9) 


D tavdry + Dpdt=0 (p= 1, eee g) | 


Let us take two systems of possible displacements at one and the 
same instant of time and for one and the same position of the system: 


dr,=v,dt, and d’r,=v,di (v=1,..., N). 
Both dr, and d’”, satisfy the equations (5), while the differences 
bry=d'ry—dr, (v=1,..., N) (6) 
satisfy the eee relations 


1 
3H Cha or Ory = 0 (a = 14, | 
c (7) 
> te,or,=0 (B=1,..., g) | 
v= 
The differences 67, = d’x, — dr, will be called virtual displace- 
ments. Any system of vectors 67, satisfying equations (7) is a system 


of virtual displacements. The equations (7) for virtual displace- 
mouls differ from equations (5), which define possible displacements. 


14 Equations of Motion of an Arbitrary System of Particles {Ch. 7 


, 0 : 2 
in the absence of the terms fle dt and Dg dt. It is said for this reason 


that virtual displacemenis coincide with possible displacements in the 
case of ‘frozen’ constraints. 

Indeed, in ‘freezing’, the time ¢ that enters into the equations of 
finite constraints becomes fixed, that is the constraint congeals, as 
it were, in the configuration that it had at time ¢. Then the terms 
Pha dt do not appear when differentiating the functions f,, and 
the first d equations (5) coincide with the corresponding equations 
(7). For a differential constraint, ‘freezing’ signifies imposing on it 
a Stationary character, i.e. the elimination of Dg on the left-hand 
side of the constraint equation and the fixing of ¢ which enters expli- 
citly in the coefficients /g,. Then the last g equations (5) will also 
coincide with the corresponding equations (7). 

We can say that virtual displacements are displacements of 
points of a system from one possible position of the system at time 
t to another infinitely close possible (for the same instant of time 2) 
position of the system. 

In the case of stationary constraints, virtual displacements coin- 
cide with possible displacements. 

Example 1. A particle is in motion on a fixed surface (Fig. 1). 

In this case, any vector v constructed from the point P and tangent to the 


surface at this point will constitute a possible velocity. The corresponding pos- 
sible displacement dr = p dt likewise lies in the plane tangent to the surface 


renter ad 


u 
dr 
s§ v. 
u 
Fig. 1. Fig. 2. 


at the point P. The difference 4r = d’r — dr of the two tangent vectors is in 
turn a vector tangent to the surface at this point. Thus, any vector constructed 
from P and lying in the tangent planc may be regarded as a certain dr and as 
a certain ér. Here the constraint is stationary and the virtua] displacements 
coincide with the possible displacements. 

Example 2. The constraint is a surface S which is itself in motion (as a 
rigid body) with a certain velocity 2 relative to the original system of coordi- 
nates (Fig. 2). 
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In this case, the possible velocity v is obtained from an arbitrary vector 
v, that is tangent to the surface by adding to it the velocity zw: 


v=%-+u 
Therefore, 
dr=v dt=u,dt+-uwdt,. 
Similarly, for another possible displacement 
d'r== uv; di--wdt 
the virtual displacement 
br=—d'r—dr=(v,— v4) dt 


is (unlike dr) a vector lying in a plane tangent to the surface at the point P 
(Fig. 3). The vector dr is a possible displacement for the ‘stopped’ surface S. 


RY 
adr 


or 


Fig. 3. 


In Cartesian coordinates, the vector &, is characterized by three 
projections on the axes 6z,, dy,, dz, (v=1,..., NM), and the 
equations (7) which define the virtual displacements may be written 
in the following form: 


N 
B (eet Sets Bete) 0 Gohan dl 


4 (7’) 
2, (Anvbzy + Bovbyv + Coybay)=0 (B= 1, ++) 8) 


v 


J 


If these d + g equations are independent, then among 3N virtual 
increments of the coordinates 6z,, dy,, 6zy there will be n = 3N — 
—d-— g independent virtual increments, where 7 is called the 
number of degrees of freedom of the given system of particles. 

Let the corresponding forces F’, (v= 1,..., N) be impressed 
at the points P,, of the system.* If the constraints were absent, then 
by Newton’s second law we would have the relations mw, = 
= F,(v = 1,..., N) between the masses m,, the accelerations 
w, and the forces F,. Given constraints, the accelerations w, = 


=F, (at a given instant of time ¢t, in a given position of the 
v 


* By F, is understood the resultant of all forces applied directly to the 
particle Py(v=1,...,N 
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particles of the system 7,, and for given velocities v,) may prove 
incompatible with the constraints. Indeed, differentiating the equa- 
tions (3) and (2) termwise with respect to the time, we get an analy- 
tical expression for the restrictions imposed by the constraints on 
the accelerations w, of the particles of the system:* 


N 


v=1 v=1 


» N’ dt dD 
v B 

>) Yaveey + Sa wt+54-=0 (B= 1, say gZ) 

v= 1 v=1 


N 
F) d oO d 0 ] 
vt O(a ae) tae RO Gah “ 
) 


The accelerations w, = ~ Fy may not satisfy these relations. 


Then the materially effected constraints will act on the particles 
of the system P, with certain supplementary forces R, (v= 1, ... 
..., N); these forces are called the reaction forces of the constraints.** 
The reactions that arise are such that the accelerations determined 
from the equations 


MywWy= Fy + Ry (v=1,..., N) (9) 


are already permitted by the constraints. 

Unlike the reactions R, (v= 1,..., N), the preassigned for- 
ces Fy(v=1,..., N) are termed effective forces. Effective forces 
are ordinarily specified as known functions of the time, position 
and velocities of the particles of the system:*** 


Fy=F y(t, ry, ty) (v=t,..., N). (10) 


The basic problem of the dynamics of a constrained system con- 
sists in the following. 

Given the effective forces F, = Fy (t, 7,, ay) and the initial 
Positions 7°, and the initial velocities vy of the particles of the system 
(v= 14, ..., N)—both are compatible with constraints—it is requi- 
red to determine the motion of the system and the reactions of the 
constraints Ry, (v= 1, ..., W).**** 


* The left sides in relations (8) are linearly dependent on the accelerations 
w,. As will readily be seen after differentiation, these left-hand sides are also 
dependent on #, ™, vy (v= 1, ..., %). 
** In the case of Several constraints (d + g > 1), Ry, is the resultant of 
all the reactions of constraints for the point P, (v = 1, ..., ). 
*%* In the general case, the right-hand sides of (10) depend on ¢ and also 
on all », and vy (v= 1,..., N). ee 
«st Tn the case of a free system, there is no problem of ipeepanetn | reactions 
and there only remains the problem of determining the motion of the system. 
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If nothing is known about the nature of the constraints except the 
defining equations (1) and (2) and, consequently, nothing is known 
about the reactions AR, produced by these constraints, then the 
above problem is indeterminate, since the number of scalar quan- 
tities z,, yy, Z2y, Ryx, Ryy, Ryz that have to be determined is greater 
than the number of available scalar relations, i.e. the equations 


myo, = Fy, + Roux, myYy = = Fy, + Ry, MyZy = = Fy,+ Ry, and 
the constraint equations (1) and (2) [(6N > 3N + d- gl. 

For the basic problem of dynamics to become determinate, it 
is necessary to have some kind of additional 6N — (83N + d+ g) = 

— 3N —d—g=n independent relations between the sought-for 
quantities. These relations can be obtained if we confine ourselves 
to the important class of ideal constraints. 

Constraints are termed ideal if the sum of the works of the 
reactions of these constraints on any virtual displacements is equal 
to zero, i.e. if 


3 Ror, = (11) 


v=i 


This equation may be rewritten in expanded form: 
N 
>» (Ry 6x, + Ry,byy + Ry62,) = 0. (44') 
v=1 


Among the 3N quantities 6z,, dy,, 6z,, there are nm independent 
ones (n = 3N — d — g is the number of degrees of freedom of the 
given system). It is therefore possible in (11°) to express 3V — n 
dependent increments 6z,, dy,, 62, in terms of n independent incre- 
ments and equate to zero the coefficients of these independent incre- 
ments. We then obtain the nr relations still lacking and needed to make 
determinate the basic problem of the dynamics of a constrained 
system. 

After considering the following examples of ideal constraints it 
will be clear how natural and important practically is the class of 
constraints that we have isolated. 


Example 1. A particle is constrained to move on a stationary smooth sur- 
face (Fig. 4). 

In this case, any possible displacement dx, like any virtual dis demesne or, 
lies in a plane that is tangent to the surface at the point P, and the reaction 
of the smooth surface is directed normally to the surface at this point. For this 
reason, we always have 


Rdr=0 or Rbr=0 


Example 2. A particle is constrained to move on a mobile or deforming 
smooth surface (Fig. 

In this case, the possible velocity of the particle and, hence, the infinitesimal 
displacement dr = x dt no longer lies in thie tangential plane (see Example 2 


2 3420 
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on page 14). The virtual displacement 67, which is an infinitesimal possible 
displacement for a ‘stopped’ or ‘frozen’ surface, lies in the tangential plane. 
Inasmuch as the reaction, in the case of a mobile or deforming smooth surface 
is directed along the normal to the surface, it follows that R dr = 0 (whereas 
R dr ~ 0). 

Thus, a smooth surface, whether fixed or mobile or deforming, constitutes 
an ideal constrairit. 


R 
R R 
P2 
Pp dr Ps r2 
dr = or 
7 or 
R; if 
tf] 
Fig. 4. Fig. 5. Fig. 6. 


Example 2 explains vividly why, when determining nonstationary 
ideal constraints, it is necessary to equate to zero the work of the 
reaction forces on arbitrary virtual displacements and not on possible 
displacements. 

In the examples that follow we will encounter only stationary 
constraints. * 


Example 3. Two particles are connected by a rod of invariable length and 
of negligibly small mass (Fig. 6). 

Let us denote by R, and Re the reaction forces of constraints impressed on 
particles P, and P.. Then by Newton’s third law, the rod is acted upon by the 
forces N, = —, and N, = —R;. Denoting by m and w the mass of the rod 
and the acceleration of its centre of inertia, and by 7 and ¢ the central moment 
of inertia and the angular acceleration, we will have 


mw=N,+No, fe=L 


where L is the total moment of the forces N, and N» about the centre of inertia. 
But it is given that m = O and J = 0. Hence, Ni + Nze = 0 and L = 0.** 
From these equations it follows that the forees N, and Nz and consequently 
R, and R, are in direct opposition, i.e. are directed along the rod. 


* From the definition of ideal constraints it follows that a nonstationary 
constraint is ideal if all its configurations at different instants (regarded as sta- 
tionary constraints) are idéal. 

** If the motion of the rod is not plane-parallel, the scalar equation Je = L 


is replaced by the vector equation £ (Te w) = L, where T is the tensor of inertia 


and w is the angular velocity; from T = 0 it again follows that L = 0. 
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Further 
R,6r,-- Reobre= Ry dry -+ Re dro= Re (drg—dr,) = Rod (ro—1r4) 
Let Ro ==c (r5— r,), then 


Rybr, + Bodre=c (rg —74) d (72-174) = 


since (rg—7r,4)?=const. ; 

It may be taken that an absolutely rigid body is a system of particles in 
which a constraint of the type considered is imposed on any two particles. 
For this reason, a rigid body may be regarded as a system of particles subject 
to ideal constraints. In the absence of other constraints (other than those that 
effect the rigid connection of the particles of the body) a rigid body is called 
free. 

Example 4. Two rigid bodies are connected by a hing at the point A 
(Fig. 7). Disregarding the mass and the dimensions of the hinge, it may be 
asserted (as in the previous example) that R, -+ R. = 0. Then 


R,d5r -- Rbr= (Ry-- Rp) 6r=0. 


Example 5. Two rigid bodies in motion have their ideally smooth sur- 
faces in contact (we disregard friction!) (Fig. 8). In this case too. we have 


c 
Dy d (rp —74)2?=0 


Fig. 8. 


R,-+ R.o=0. Here, Ry and Ry are directed along the common normal to the 

surfaces. On the other hand, the relative velocity of these bodies at the 

point of contact is vyg—v,, and hence the difference of the possible displa- 

cements dro —dr,—=(v2— v4) dt lies in the common tangent plane. Therefore 
R,br,-- Robro= Ry dry + Re dro== Rg (dr2z—dr;)=-0 


Example 6. Two rigid bodies are in motion with their ideally rough 
(toothed) surfaces in contact. In this case the relative velocity of sliding 
is Yo—v,=-0. Consequently, we also have drg—dry=(vo—wv,)dt=0. The- 
refore, here too 

Ror, -+- Rbro=— Ro (dro— dr,)=0 


A complex mechanism may be regarded as a system of rigid bodies 
which are connected in pairs either rigidly or by hinges, or the surfa- 
ces of which are in contact. If we consider all rigid links absolutely 
rigid, all articulations as ideal and all contacting planes as ideally 
smooth or ideally rough, then any complex mechanism may be inter- 
preted as a system of particles that obeys ideal constraints. 


2* 
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It will be noted that in many cases this idealization is not permi- 
ssible. For example, neglect of the forces of friction may on occasion 
substantially distort the physical picture of a phenomenon. In 
such a case, the condition of ideal constraints should be rejected and 
other conditions should be taken in its place that follow from the 
nature of the constraints and the laws of friction. 

In this interpretation, the concept of ideal constraints becomes 
alniost universally applicable. 

From now on it will be assumed that all constraints imposed on 
a system are ideal. 


3. The General Equation of Dynamics. 
Lagrange’s Equations of the First Kind 


The following equations hold for particles of a constrained 
system: 


My, =F,+R, (v=i1,..., N) (1) 


where m, is the mass of the vth particle, wy, is its acceleration, 
and FY, and Ry are, respectively, the resultant of the effective 
forces and the resultant of the forces of reaction operating on this 
particle (v=1,..., N). Since the constraints are ideal, for any 
position of the system under any virtual displacements, we have 


N 


F R,br, = 0. (2) 


v= 


Substituting, here, in place of the reaction forces Ry their expres- 
sions from equations (1) and multiplying both sides of the resul- 
ting equation by —1, we get 


N 
>») (Fy — mywy) ry = 0. (3) 
v=1 


This is known as the general equation of dynamics. It states that, 
given a system in motion, at any instant of time the sum of the works 
of the effective forces and the forces of inertia on any virtual displacements 
is zero. 

Thus, the general equation of dynamics always holds for any 
motion that is compatible with constraints and that corresponds 
to the specified effective forces Fy (v=1,..., N). 

Conversely, let there now be given a certain motion of a system 
that is compatible with constraints and for which motion the general 
equation of dynamics (3) holds. Then, assuming 


Ry=myw,— Fy (Vise dye S54 N) 
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we will have the equations (1) and (2). Thus, at any instant of time 
it is possible to choose reaction forces R, such that, by virtue of (2), 
would be admissible for the given constraints and for which the equa- 
tions (1) obtained from Newton’s second law would hold. We consi- 
der that these reaction forces FR, are actually realized (“the hypothe- 
sis of the realization of admissible reaction forces’) and that con- 
sequently the motion under consideration corresponds to the given 
effective forces Fy (t, 7, Uy) (v= 1, ..., W). Thus, the general 
equation of dynamics expresses a necessary and sufficient condition 
for motion compatible with constraints to correspond to a given system 
of effective forces F.,(v= 14, ..., N).* 

Let us find expressions for the reaction forces R., by means of the 
so-called undetermined multipliers of Lagrange. We write out the 
relations defining the virtual displacements of particles of a system 
(see Sec. 2): 


N 
a 
» we Sry:=0 (a=1,..., d) (4) 
y= 1 
N 
x, Igydry =O (P= 1, ..-, g). (5) 
Muitiplying the equations (4) and (5) termwise by arbitrary scalar 
multipliers —A, and —pg and adding termwise the resulting 
equations to equation (2), we get 
N d g 
a 7 
D (B= Dra J — 9} wslaw) bry = 0. (6) 
v=t a=t Bae 


This relation may be written in expanded form as 
N d 


& 
D (Rox 3 a 2 — YS ae sy) 82 + Whe Sy + (2) bev =0. 6’) 
B= 1 


veal a= 1 


Here, we used {y}, and {z}, to denote in abbreviated fashion the 
expressions that differ from the coefficient of 5z,, given in formu- 
la (6°), by replacing the letters x, A with y, B or z and C, respe- 
ctively. 

The relations (7’), Sec. 2, permit expressing d-+ g out of the 
3N virtual increments 62,, dy,, 62, in terms of the remaining n = 
= 3N — d — g increments. Here, the determinant J, which is made 


* Here, it should be kept in mind that the general equation of dynamics (3) 
is actually not one cquation, but a set of equations because arbitrary virtual 
displacements may be substituted into equation (3) in place of dr, (v= 
== 1, ..., N) for any instant of time ¢. 
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up of the coefficients of the “dependent” increments in the equations 
(7'), Sec. 2, is different from zero. 

We choose d +- g multipliers Ag and ps so that in equation (6’) 
the coefficients of d +- g “independent” increments vanish. This may 
be done, and done uniquely, since the determinant J of the coeffi- 
cients of the quantities A,,, w, being determined is not equal to zero. 
Then the only thing remaining in (6’) are the terms with the indepen- 
dent increments 62z,, dy,, 6z,. But then the coefficients of these 
independent increments must also be zero. In other words, the 
undetermined multipliers A, and uw, may be chosen so that all the 
scalar coefficients in (6’) and, hence, all the vector coefficients in 
(6) vanish. But then 


d & 
fa 
By = Sha E+ Dele (v=t,.-.) N). (7) 
p=1 


a=i1 


We have obtained a general expression for the reaction forces 
of ideal constraints in terms of the undetermined multipliers 
of Lagrange Aq, pg (a= 1,..., d; B=1,..., g). 

Putting the expressions (7) for Ry, into equation (1), we get 
the so-called Lagrange equations of the first kind:* 


d e 
‘ fa 
myWy =F y+ >) ra e+ Duels (ve=4d,..., MN) (8) 
p=1 


m=1 


To these equations one should add the constraint equations: 
N e 

fa (rv) =9, Di lavry + Dp =0 (oy (eee al ge eee g). (9) 
v= 


By replacing each vector equation by three scalar equations, we 
may consider that equations (8) and (9) constitute a set of 3N +- d + 
+g scalar equations in 3N +-d-+ g unknown scalar quantities 
Ly, Yu Zy, Aa, pg. Integrating this set we get the final equations of 
motion and, at the same time, from equations (7) we get the magni- 
tudes of the reaction forces of constraints. However, integration of 
such a set of equations is ordinarily very involved due to the large 
number of equations. That is why the Lagrange equations of the 
first kind find little use in actual practice. 

In Secs. 6 and 10 we will derive the Lagrange equations of the 
second kind for a holonomic system and the Appell equations for 


* These equations were obtained by the French mathematician and me- 
chanician J. L. Lagrange in his celebrated treatise Mécanique Analytique (1788), 
in which the fundamentals of analytical mechanics were presented for the first 
time. 


Sec. 3] The General Equation of Dynamics 23 


a non-holonomic system. In these equations the number of unknown 
scalar quantities (and, hence, the number of equations) is 3N — d, 
i.e. 2d +- g units less than in the set of equations (8) and (9). 


Example. Two ponderable particles M, and Mz, of identical mass m = 1 
are joined by a rod of invariable length Z and negligibly small mass. The system 
is constrained to move in the vertical plane and only in such manner that the 
velocity of the midpoint of the rod is directed along it. Determine the motion 
of the particles M, and Mz. 

Let x1, yy and x9, yp be the coordinates of the particles M, and Mz. We write 
the constraint equations: 

4 
“a [(@g— 21)? + (y2—y1)?-— BJ = 0 
(10) 


(tg —"24) (yo -+- 94) — (22+ 24) (yo—yi)=0 


The Lagrange equations with undetermined multipliers A and p are of the 
form 


a —A (Zg—2%4)—p (Yo—y4) (14) 
y4 = —8—A (yo—yi)-+ BW (Z2— 24) 

and 
yo==—- 8 —-A (yo— yy) +p (t2—74) 


We determine A and p from the equations (11) taking into account the first 
equation of (10): 
1 ee o° 
A= —= (Yyo2— ¥1) — Gx [(Z2— 74) 24 + (Ya—Y4) Ya] 
(13) 


g 1 


[==> (42 — 21) — Fx (yas) 24 —(@2— 24) on 


It will be noted that equations (12) are obtained from (44) if in the latter 
we replace 4 by —A and Tay vA by Zo, yes Thus, determining A and uw from 
the equations (12), we find 
=F (ue) + Fy lex 29) 224+ (Yo— 4) Va] 
: ° : (14) 
b= Fy (22-24) — Fz Uy2— 91) 22— (72 — 74) yal 


Equating the appropriate expressions for w and A in the formulae (413) and (44) 
we get (after simple manipulations) 


(%2— 24) (ye—ys) — (yo—y1) (7224) ==0 
(2g -f 24) (Zz — 24) +- (yo Ys) (yo —Y1) + 28 (yg —Y1) =0 
We introduce the following abbreviated notation: 


(15) 


U==Tg—-24, V=Ve—yy, P=24-4+22, C=n+92 (16) 
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Then equations (10) and (15) will be written as follows: 


u2 +. pt = [2 
at a ! (17) 
uv — uv =0 
Pv—Qu=0 (48) 
Pu-+Qv-+2gv=0 (19) 


Equations (17) show that in a u, v-plane a particle with coordinates u, v 
moves in a circle with radius J and with centre at the origin; its accelera- 
tion will all the time be directed towards the centre. The motion of this 
particle will then be uniform. For this reason, 


u=lcosg, v=lsing, ~=a=const, o=at+B (20) 


According to (18) we can put 


pat u, g=t v (24) 


Sree a these expressions into (19) and taking into account (17) and (20), 
we find 


74% v==0, that is, f= —2gsing 


Then 


ns ee 


: _ 2g 
dq rs ra and f= c0s +27 
Consequently, by virtue of (20) and (21), we have 
P=2 (y+ = eos °} cosg, G=2 (y+ =B. cos ) sin © (22) 
or a 
Integrating, we find 


at | P =| P aga sin @ -++ sing cos @ +5 p--26 


9 (23) 
vit ye= cos p— Fp cos? p+ 2e 
From equations (16), (20) and (23) we finally obtain 
‘ g l 
z= sin 9-+-585 sin 9 60s 9 +525 9 —z 008 9+6 ) 
g ‘a 
y= —t C08 G5 a cos? ~— sin pe 
a ara ee ener t (24) 
aa sin g-+ Fo sin p COs @+5-5 oars cos 9-+-6 
is a ny ene See oe 
a cos @ Do cos @p -f- 5 sin @-fé 
g=at+6 ) 


(where a, B, y, 5, and e are arbitrary constants). 
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4, The Principle of Virtual Displacements. 
D’Alembert’s Principle 


An equilibrium position is a position of a system such that the 
system will all the time reside in it if at the initial instant of time 
it was in that position and the velocities of all its particles were zero. 


The position of a system 7, (v = 1, ..., NM) will be an equilibri- 
um position if and only if the “motion” v7, (1) =7} (v= 1, ..., N) 
satisfies the general equation of dynamics, that is, when ° 

N 
pa For, =0 (1) 
v1 


in this position of the system. 

Equation (1) expresses the principle of virtual displacements. 

For some position (compatible with constraints) of a system to be 
an equilibrium position, it is necessary and sufficient that in this position 
the sum of the works of effective forces on any virtual displacements of 
the system be zero. 

Ordinarily, the principle of virtual displacements is applied 
to stationary constraints. If the constraints are stationary, then the. 
term “compatible with constraints” signifies that the position of the 
system satisfies finite constraints. Now since differential constraints 
are linear and homogeneous with respect to velocities, they are 
automatically satisfied since we assume 7, = 0 (v= 1,..., N). 

If the constraints are nonstationary, then the term “compatible 
with constraints” signifies that they are satisfied for any ¢ if in them 
we put v7, = WM and vw, =O0(v=1, ..., N). Note that in this case 
the virtual displacements 627°, (v = 1, ..., N) may also be diffe- 
rent for different ¢. 

In the general case, the forces F’, depend on #, 7,, ¥, (u = 1, ... 
..., NV), that is Fy = Fy (t, ry, 4p) V= 1, ..., N). It is then 
assumed that the equation (1) holds for any value of ¢ if in the expre- 
ssion for #, we put all 7, = 7, and all v, = 0. 

In the most elementary special cases, the principle of virtual 
displacements (or, as it is sometimes called when applied to sclero- 
nomic systems, the principle of possible displacements) was known at 
the time of Galileo under the name of the “golden rule of mechanics’ *. 

Let forces F', and F, act at the ends of a weightless lever in a 
state of equilibrium. Then, denoting by F, and F, the tangential 
(to possible trajectories) components of these forces, and by 6), 
and 6l. the magnitudes of the corresponding elementary possible 
displacements, we will [by virtue of equation (1)] have, except for 

* Galileo attributed substantiation of the “golden rule of mechanics” to 


Aristotle. In its general statement, the principle of virtual displacements was 
first given by J. Bernoulli in 1717. 
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sign, 

that is, 
Sl, Fi 
8a Fy 


(a gain in force is compensated for by a loss in displacement and vice 
versa—the “golden rule of mechanics’). 

The principle of virtual displacements is the most general prin- 
ciple of analytical statics. It is possible to obtain from it the con- 
ditions of equilibrium of any actual mechanical system. 


Example 1. Let us derive from equation (1) the conditions of equilibrium 
of a free rigid body, which in courses of mechanics are ordinarily obtained 
through reasoning in geometrical statics. Denoting by i) the velocity of some 
natticle of the rigid body, by @ the angular velocity of the body, by F and Lo 
the Paaaet erp vector and the principal moment about the pole O for the system 
of external forces operating on the rigid body, we equate to zero the expression* 
for the elementary work of forces impressed on the rigid body in an arbitrary 
infinitesimal displacement of the body: 


§6A = (v9 + Lo®) dtF'—0 (2) 

Since the vectors 7) and @ are arbitrary, equation (2) holds when and 
only when 

F=0, and Lp=—0 (3) 


These equations are the necessary and sufficient conditions for equilibrium of a 
free body. 

In similar fashion we obtain the conditions of equilibrium of a constrained 
rigid body. For example, let point O be fixed. Then ») = 0 and equation (2) 
is of the form 6A = Lowdt = 0, whence, by virtue of the vector o being arbi- 
trary we get the desired equilibrium condition, Ly) = 0. 

If the body can only rotate about a fixed axis u (with unit vector ¢), the 
equations (2) take on the form 6A = L,we dt = 0, whence, by virtue of the 
arbitrary nature of w the condition of equilibrium follows: Z, = 0; here, L, = 
= Ine is the principal moment of external forces about the axis u. 

Example 2. Let us derive the equilibrium conditions of an arbitrary con- 
strained system of rigid bodies experiencing the action of the force of gravity. 


* The equation 64 = (Fuvp)+ Loo) dt may be obtained in the following man- 
ner. We denote by F; the forces acting on particles of the rigid body, by 7; and 
vy; the radii vectors (drawn from point O of the body) and the velocities of the 
points of application of the forces F; (i = 1, 2, .. .), respectively. Then, using 
the sign X to indicate vector multiplication, we find 


6A= >) Fj6r;= S) Fjv;,dt= 5) Fj (w+ X 7;) dt= 
zt i i 
=[(9} Fi) voto Sri x F;| dt 
i q 


(substitution of 67; by dr; -= vu; dt is legitimate due to the fact that the rigid 
body is a scleronomic system; see page 11). By virtue of Newton’s third law, 
the principal vector and the principal moment of the internal forces in the rigid 


hody are zero. For this reason, }) F; = F, and > r, X F; = Lo. 
i i 
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Denote by M the sum of the masses of all bodies and by z, the vertical coordinate 
of the centre of gravity of the system of bodies (we take the z-axis to be directed 
vertically downwards). Then, according to equation (1), we get 


6A = Mg6z,=0 
and, consequently, the conditions of equilibrium of the system have the 
aspect 
6z,.=0 (4) 


Thus, the equilibrium positions of a system of rigid bodies are such posi- 
tions in which the centre of gravity occupies the lowest, the highest or any other 
“stationary” position in the vertical (“Torricelli’s principle”). 


Az (Z2,Z2) 


Ay(£4,Z}) 


Fig. 9. 


Example 3. Find the form of equilibrium of a heavy homogeneous chain 
attached at two points. Regarding a heavy homogeneous chain as a system of 
rigid bodies (links) it is possible to write relation (4). But (see Fig. 9, where Ozz 
is the vertical plane and z is the vertical) 


{ 2ds 
~ \ ds 


and, since the length of a homogeneous chain does not change during displa- 
cements, condition (4) takes the form 


6 | zas=0 (5) 


Zo 


This relation may also be written as 


1a eyes (5’) 
Z1 


As is established inthe calculus of variations, in the class of curves z=f (z) 
passing through two specified points, the curve that imparts to the integral 


\F (2, S) a 
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an extremal (more precisely, stationary) value, for which 
ze 
5 | Fas—o, 
21 
must satisfy the differential equation* 
d OF oF _ dz 
0 (*—F) 


‘dz Ox! Ox 


(6) 


3 
In our case ras 1+(#) . Therefore, equation (6) assumes the 


form 


ae 
3 ek 7) 
dz V1 dz \2 
+() 
Froin this we have 
dz 
al dz = 
. dz \2 
V/ 1+(z) 
and 
dx c 
‘dz V22—e2 (8) 


where c is an arbitrary constant. Integrating, we obtain the equation 
of a catenary: 


r—h 
c 


(9) 


z= — pelX— 9/6 4. p—(2—0)/0) — ¢ cosh 


where the values of the arbitrary constants c and @ are determined from the 
conditions of fixing the ends. Thus, the shape of a homogeneous heavy chain 
in equilibrium is a catenary.** 

Example 4. An invariable plane figure can slide on two of its points A and B 
along stationary curves lying in the same plane. Let us find out under the action 
of what force F the figure can be in equilibrium (Fig. 10). 

Besides the effective force F’, the figure is acted upon by two reaction forces 
directed along normals to the curves, and the lines of action of these three forces 
have to intersect in a single point. In other words, the line of action of the force F 
has to. pass through the point of intersection of the normals to the curves at the 
points A and B, i.e. the line of action of the force F has to pass through the 
instantaneous centre of possible velocities C of the figure.*** 


* This equation was obtained by L[uler. For its derivation see page 89 
and the note on page 91. 
** Galileo thought the parabola to be such a form of equilibrium. Galileo's 
error was corrected by Huyghens. 
*** Here, the magnitude and direction of the force F may be arbitrary. 
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We can arrive at this conclusion by proceeding from the principle of possible 
displacements. Indeed, denote by O some point on the line of action of the 


Fig. 10. 


force F. Then from the condition 6A = Fv, dt = 0 we conclude that vupl F, 
whence it follows that the instantaneous centre of possible velocities of the 
figure is located on the line of action of the 
force F’. 

Example 5. Some geometrical applications. 
We begin with a preliminary remark. Let there 
be given, in a plane, a certain curve C and 
a point P (the curve C can degenerate into a 
point in a special case). Draw through P a nor- 
mal to the curve C and denote by 7 the distance 
along the normal from the curve C to the 
point P. Thus, r= P,P (Fig. 11). Apply to 
point P a certain force F directed along the 
normal P)P and consider F'>0 if the direction of 
the force F coincides with the direction from Pp 
to P, and F <0 otherwise. The elementary work 
of the force F isequal to }A=F (dr, -+- dr). But 
dr is composed of two elementary displacements: 
the displacement along the straight line PoP 
(the magnitude of this displacement is dr) and the 
displacement of the point P caused by rotation 
of the straight line P)P. This displacement, like 
dry is perpendicular to the line PP, i.e. to the 0 
line of action of the force F. Therefore, * Fig. 14 


6A=F dr (10) 
Let there be » curves Cy, Co, ..., C, and a point P in one and the same 
plane. Denote by rm, ro, ..., ™ the distances (along the normals) from P to 


these curves** (Fig. 12 corresponds to the case of m = 2). In the same plane 
we consider the curve D given by the equation *** 


f(r, Tay -++) Tr) =0 (11) 


* When the curve C degenerates into a point, formula (10) yields an 
expression for the work of a central force. 
** Some (or all) of the curves Cy, C2, ..., C, can degenerate into points. 
*** Each of the quantities ry, r2, ..., 7, is a function of two Cartesian 
coordinates of the point P. For this reason, equation (11) is the equation of 
a certain curve in the plane. 
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We shall now show how, using equation (11), to construct a normal to the 
curve D at the point P. 
For any infinitesimal displacement of point P along the curve D we get 


nr 
i=1 


Now apply to point P the forces F;= of 


rs) 
ot dr;=0 (42) 


z 


directed along the normals rf; 


or; 
(i=1,..., m). Then (12) will be written as 
n 
>) Fidri= 
i=i 
Now this, in accord with the preliminary remark we made, signifies that the 
sum of the works of the forces F,, F2, ..., F, is zero in the case of arbitrary 


displacement of point P along the curve D. But then any constrained point 
that can move along the smooth curve D will 
be in equilibrium under the action of the 
forces Fy, F2,..., F,. Therefore, the re- 
sultant of the forces Fy, Fo, ..., Fy, is 
directed along the normal to the curve D. 

We thus have a very simple method for 
the geometrical construction of a normal to 
curve D given by equation (11). 

Let us consider some special cases: 

(a) D is an ellipse. In this case, Cy and C2 
are points (the foci of the ellipse), equation 
(41) is of the form ry + r2 — 2a = 0, Fy = 
1, Fo = 1, and the normal to the ellipse is 
the bisector of the angle between the focal 
radii vectors (Fig. 13). 

(b) D is a hyperbola. The equation of 
the hyperbola is r; — re —2a = 0, F, = 1, 
F, = —1, and from the construction (Fig. 14) 
it is easy to see that the tangent to the 

Fig. 42. hyperbola is the bisector of the angle between 
the focal radii vectors (while the normal 
is the bisector of the adjacent angle). 

(c) D is a parabola (Fig. 15). C, is a straight line (the directrix), C2 is a 
point (focus). The equation of the parabola is ry — re = 0. As in the case of 
the hyperbola, it follows from the construction that the tangent to the parabola 
is the bisector of the angle between the focal radius vector r, and the perpendi- 
cular r2 dropped on the directrix. 


For the principle of virtual displacements, equation (1) is a special 
case of the general equation of dynamics [see equation (3) on page 
20]. However, the general equation of dynamics may be regarded as 
an equation expressing the principle of virtual displacements and 
characterizing the position of equilibrium of the system that results 
if to the effective forces #, we add the fictitious inertial forces 
—m,w, (v=1,..., N). We have thus arrived at d’Alembert’s 
principle. 
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D’ Alembert’s principle. Any position of a system in motion may be 


regarded as an equilibrium position if to the effective forces acting on 
the system in that position we add the fictitious forces of inertia. 


f 
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Fig. 13. Fig. 14. 


D’Alembert’s principle permits extending the techniques and 
methods of solution of static problems to problems of dynamics. 
In particular, it permits determining dynamic reaction forces by 


T2 Cy 


=e cz 


Fig. 15. 


statical methods. Indeed, in an equilibrium position the reaction 
forces FR, differ from F, — myw, in direction only: 


Fy—myw,=—R, (v=1,..., N). 
But then 


Mwy, = Fy+Rhy, (v=i1,..., N), 


i.e. the reaction forces R, determined by means of the d'Alembert prin- 
ciple are the desired dynamical reaction forces. And so we can add the 
following proposition to the above formulated d'Alembert principle: 
When regarding inertial forces as additional effective forces applied to 
the points of a system, we replace the given dynamical problem by a new 
statical problem. In the new problem, the static reaction forces coincide 
with the sought-for reaction forces in the initial dynamical problem. 


oo 
b 
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The following examples will serve to illustrate the use of statical 
methods in the solution of problems in dynamics. 


Example t. A locomotive tender filled with water is in motion with an 
aoe eration w. It is required to determine the shape and position of the water 
surface. 

_ In the absence of acceleration the surface of the water is horizontal. The 
given plane is perpendicular, at each point, to the direction of the body forces 


u 


Fig. 16. Fig. 17. Fig. 18. 


of gravity applied to the water. This static Ponies is also applicable to the 
case of the accelerated motion of the tender if to each element of mass dm there 
is applied an additional fictitious force of inertia d¥ = —dmw. The surface 
of water will be a plane perpendicular to the resultant of the two body forces: 
the vertical force of the gravity dmg and the horizontal force of inertia —dmw 
(Fig. 16). The water surface will be inclined to the horizon at an angle my, where 


tan gal. 


Example 2. Let us write the differential equation of rotation of a rigid 
body about a fixed axis u (Fig. 17). To each element of mass dm we apply a 
fictitious inertial force —dmw. Calculate the principal moment of inertia forces 
about the axis of rotation 


— \ dmpop = —% | p2dm= —Iy9 


where J, = \ p? dm is the moment of inertia of the body about the rotation 


axis u. Denote by ZL, the principal moment of the external forces applied to the 
body about the axis u.* Then, according to d’Alembert’s principle the body 


will be in equilibrium under the action of the total moment L, — I,Q. Therefore, 
(see page 26) this total moment must equal zero. We get 
Tup= ty 
Example 3. A horizontal homogeneous shaft is in uniform rotation with 


angular velocity w. A homogeneous disc is mounted eccentrically on the shaft 
perpendicular to the axis of the shaft at equal distances from the bearings. It 


* The principal moment of the internal forces is zero. 
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is required to determine the pressure on the bearings during rotation of the 
shaft. 

We consider the inertial forces dmw*r that correspond to the separate elements 
dm of the disc (Fig. 18). These are converging forces directed away from the 
axis of the shaft. The resultant of these forces is equal to J = w? | rdm = 


= M,w'rc, where M, is the mass of the disc, and 7c = OC (0 is the point of 
intersection of the plane of the disc with the axis of the shaft, and C is the geo- 
metric centre of the disc). Apply the d’Alembert principle and determine the 
static pressure on the bearings, assuming that three forces are applied to the 
axis of the shaft:* (1) the force of gravity of the shaft Mg; (2) the force of 
gravity of the disc M,g, and (3) the force J = M,w*rc. 

The pressure N on each bearing is determined from the formula 


N= (m+My) 9+-5 More 
The force N has a maximum value 
Nmax=-5 (m +My) g++ Myo20C 
in the position of the disc when the geometric centre of the disc C is located 


under the point O 


5. Holonomie Systems. Independent Coordinates. 
Generalized Forces 


Let there be given a holonomic system of N particles P, with 
radii vectors 7,= tity jtak (v=1,..., N)** subject to the 
finite constraints 


fa(t, ry) =O (a==1,..., @) (1) 
or (in equivalent notation) 
Fa lty 2% Us Sol HO (A 1} any.) (1’) 


We shall assume that d functions f, of 3N arguments zy, yy, Zy 
(v = 1, ..., N) are independent ***; here ¢ is regarded as a para- 
meter. We can therefore express d coordinates of equations (1’) as 
the functions of 3N — d of the remaining ones and the time ¢ and 
regard these 3N —d coordinates as independent quantities that 
define the position of the system at time 7. 


* The resultant of the elementary forces of inertia for a shaft is zero and 
is therefore ignored. 


** 4, J, k are the unit vectors of the z-, y-, and z-axes of the inertial system 
of coordinates. 


**x Otherwise, if we have, for example, a relation like 
fa=Q (fis Serre eo t), 
one of the constraints (in the given case, fg = 0) would either contradict the 


others [for 2 (0, ..., 0, ¢) 0], or would be a consequence of the others 
[for 2 (0, ..., 0, t) =O]. 


4b 3420 
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However, one need not take Cartesian coordinates for such inde- 
pendent coordinates. All the 3N Cartesian coordinates may be 
expressed in the form of functions of nm = 3N —d independent 
parameters g;, -..-, @n and of tf: 


ae w CE; Peery n}y vos Yo le; pose ey n}y 
v(t, 4 Ga)y Yv = Pvt, a (2) 


See Vel Gian da) AVS Dy tece WV): 


When these functions are put in the constraint equations (1’), 
the latter become identities. We will assume that any position of 
the system that is compatible with constraints at the given instant 
of time may be obtained from the equations (2) for certain values 
of the quantities qg,, ..., Qp- 

The equations (2) are equivalent to the vector equations 


P= Po gasses OA WE DN) (2°) 


The scalar functions (2) and consequently the vector functions (2’) 
are assumed continuous and differentiable. 

The minimal number of quantities g; with the aid of which formulas 
(2) can embrace all possible positions of a holonomic system coin- 
cides with the number of degrees of freedom of the system n = 3N — 
—d (see page 15). 

The quantities q;, . .., g, in formulas (2) or (2’) (m is the number 
of degrees of freedom) are called the independent generalized coor- 
dinates of the system. 

For each instant of time ¢, a one-to-one correspondence is estab- 
lished between the possible states of the system and the points of a cer- 
tain region in the n-dimensional coordinate space (q1, . ~~, Qn). 
To each position of the system at time ¢ there corresponds a point 
in the space (q;, . . ., qn) that describes this position of the system. 
The motion of a point in the coordinate space (q, ...-, G,) corre- 
sponds to the motion of the system. 

If all constraints are stationary (a scleronomic system!), then the 
time ¢ does not appear explicitly in equations (1’). It is then always 
possible to choose coordinates qi, . .., g, such that the time ¢ does 
not enter the equations (2) either. From now on it is assumed that 
for a scleronomic system the independent coordinates q, ..., Gy 
are chosen in precisely that way. Then, for a scleronomic system, the 
formulas (2) and (2’) take on the form 


Ly = Dv (9); Yu = Pv (43), By = Xv (91) (v=, nar) (3) 


or 
r=ry(q) (v4, ...,N) (3) 
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Example i. A double pendulum (Fig. 19) moving in a plane has two degrees 
of freedom. For the independent coordinates g, and gq. we can take the angles 
@ and . 

Example 2. A free rigid body has six degrees of freedom. For the indepen- 
dent coordinates we can take the three coordinates x4, y,, 24 Of some point A 
of the body and the three Eulerian angles >, 8 and o that define the rotation 
of a system of axes AEN (that is invariably fixed to the body) about a stationary 
system of coordinate axes Oxyz. 

Euler’s angles are determined as follows (Fig. 20). Draw through point A 
the axes Az,, Ay, Az, parallel with the axes Ox, Oy, Oz and in the same dire- 
ctions. The line AN that intersects the planes Ax,y; and Aéy is called the nodal 


pre i ee ae re ee ee er ee ee ty tm ee 


Fig. 19. Fig. 20. 


line.* Then 6, or the angle of nutation, is the angle between the axes Az, and 
AC: , or the angle of precession, is the angle between the axes Ax, and AN; 
and @ is the angle of pure rotation formed by the axes AN and A&., 

By means of three parallel displacements—along the z-, y- and z-axis—by 
Za. Ya, 4 the coordinate trihedral Ozyz is displaced to the position Az,y,.2,. 
By means of three successive rotations—through the angle p about the axis Az, 
through the angle 6 about the axis AN, and through the angle p about the axis 
AC—the trihedral Az,y,z, is displaced to the position AénC. 

Thus, the quantities 24, y4, z4, , 9, p determine the position of the coor- 
dinate trihedral A&C relative to the trihedral Ozyz, i.e. they determine the 
position of the given rigid body relative to the initial system of coordinate axes. 

Take an arbitrary point of a rigid body. It is determined by specifying its 
coordinates &, y, ¢. Then the coordinates z, y, z of this point may be represented 
as functions of the quantities z4, y,4, 24, p, 9, mg. Thus, for example, from 
sta 20 5 will readily be seen that z = 2,4 4 § sin p sin 6 + xy cos p sin 8 + 
t § cos 0. 

Similar, though somewhat more involved formulas are obtained for z and y 
[24]. These formulas are a special case of the formulas (2). They do not contain # 
explicitly. A free rigid body is a scleronomic system. 

It will be noted that in the motion of a rigid body the quantities x4, y,, 
Za, tp, 8, p vary, and the decomposition given above of the transition from 


* Direct the axis AN so that rotation about this axis from the axis Az, 
to Af through the smallest angle is counterclockwise. 


SF 
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Oxyz to A&yC into three parallel displacements and three rotations gives the 
impression of arbitrary motion of the rigid body in the form of complex (com- 
pound) motion consisting of six simple motions: three translational motions 
(along the z-, y~. and z-axis) and three purely rotational motions (about the 
axes Az,, AN, and AC). Since in complex motion the angular velocity is equal 
to the vector sum of the component angular velocities, it follows that 


@ = Oy-+ @o-+ Oy (4) 
where @y, 9g, @ are directed along the axes Az, AN, At, respectively; 


here, Op=="P, p= 9; and wo,=@. 

Example 3. A free particle M has three degrees of freedom. For the inde- 
pendent coordinates we can take Cartesian coordinates or some other coordinates 
of the point. For the case when cylindrical coordinates 7, tp, 2 are taken for 


Zz 


Fig. 24. Fig. 22, 


91, Y2. 73, the formulas (2) will appear as (Fig. 21): 
z=Prcost, y=rsinyp, 7=2 (5) 
In the case of the spherical coordinates r, 9, p (Fig. 22), we will have, 
in place of formulas (5), 
z=recospsing, y=rsinwpsing, z=rcos@ (6) 
Example 4. A constrained particle M is located on a mobile sphere 
(x = at)? + (y— bt)? + (z—ct)2? = r2 
Then n=2, and the longitude and latitude on the sphere (Fig. 23) may 
be utilized as the independent coordinates: 
z=at+rcosq;,cos qe, y= t+ rsin qy Cos qo, 
Z==¢l + rsin q2 
To every coordinate g; there corresponds a generalized force 
Q; (i= 1,..., m). The generalized forces are determined as follows. 
Consider the elementary work of effeciive forces on virtual displa- 
cements 


N 
6A = »; For, (7) 
val 3 
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But the virtual differentials, i.e. the differentials for fixed “frozen” ¢, 
of the function 1, (é, 9;)* are the virtual displacements 6r,: 


bry = 3) Ft ba (v=4,..-,N) (8) 

i=1 
Substitute the expressions (8) into the right-hand side of for- 
mula (7) and express the elementary work of the effective forces 


Fig. 23. 


on the virtual displacements in terms of arbitrary elementary 
increments 6g; of the independent coordinates g; (i=1,...,™): 


: )oqi= > G59: (9) 
i=! 


n nr 


N N 
Ory 
i= YRS Sen 3 (Yr 
v=1 


Or 
: 0g; 
v=] ix=1 i=x1 


where the coefficients of 6q¢;, or the generalized forces Q;, are 
determined by the equations 


N 
Q= SRS (i=4,..., 2) (10) 


Y Ogi 


y==1 


* Indeed, when the functions 7,, (¢, g;) (v= 1, ..., NV) are suhstituted 
into the constraint equations f, (t, ry) = 0 (a= 1, ..., a), the latter be- 
come identities. Let us differentiate termwise the identities obtained (for fixed 2). 


We then find 


N 
of 
Dy Gee v= 0 (a=, vy d) (*) 
v=1 
where 67, (v = 1, ..., N) are the virtual differentials. But the equations (*) 


coincide with the first d equations (7) on page 13 that determine the virtual 
displacements of a holonomic system. Consequently, the virtual differentials 
of the radii vectors are virtual displacements of points of a holonomic system. 
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it will be noted that for practical purposes formula (10) is by far 
not always used to find the quantity Q;. Instead, the system is given 
an elementary virtual displacement such that only the ith coordinate 
qi receives a certain increment- while the remaining independent coor- 
dinates do not change. After that the work of the effective forces 
6A; is calculated on just such a specially chosen displacement. Then, 


6A; = Q;84:, and Q:= 


Example 5. A rigid body is constrained to move translationally along 
the z-axis. Then n=1 and the abscissa z of some point of the body 4 may 
be taken as the independent coordinate. Here, 


6A == XSz (14) 
where X is the sum of the projections, on the z-axis, of all effective forces 
acting on the body. Obviously X is the generalized force for the coordinate z: 

O=xX (12) 
Example 6. A rigid body is constrained to rotate about a certain fixed 


axis u. The angle of rotation @ may be taken as the independent coordinate. 
Then 


6A= Lb (13) 
where L,, is the total moment of all effective forces about the axis of rotation, and 
Q= Ly (14) 


Example 7. A free rigid body. For the independent coordinates let us take 
the three coordinates z4, ya, 24 Of some point A of the hody and the three Eule- 
rian angles p, 8, g (see Example 2 on pages 35-36). Then, according to equa- 


tion (9), 
§4=Oxd2-+-Qydy +0252-+-Qydw+ 0950 +Qg5¢ (15) 


To determine Q, we impart to the body an elementary displacement along the 
z-axis. Then 6y, = 624 = 0, and 6p = 60 = 69 = O. Therefore, 6A = 
= Q,6z,4. A comparison with (11) yields 


Ox = X 


Similarly, Q, = Y, Qz = Z. Here, X, Y, Z are the projections on the stationary 
axes z, y, 2 of the principal vector of all effective forces acting on the body. 

We now impart to our body an elementary displacement such that only 
the angle p changes, while the quantities z4, y4, z4, 8 and g remain invariable. 


Then 


On the other hand, the elementary displacement of the body is a rotation 
about the axis Az,. Therefore, in accord with formula (13), 


Qy =Ly 


where L,, is the total moment of all effective forces about the axis Az, about 
which a rotation through the angle p is performed. 

In quite analogous fashion, Qg = Lg and Qy = Ly, where Le and Ly are 
the total moments of the effective forces about the axes AN and Af. 
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We can arrive at the same expressions for the generalized forces if we take 
advantage of the expression for the elementary work of the effective forces 
applied to a rigid body (see page 26):* 


84= Rér,+L,o dt (16) 
where R and ZL, are the principal vector and the principal moment of the 
system of forces about the pole A. Inasmuch as [see formula (4)} o=@y-+ 


+@g+@g, where Oy =p, We = 8, Op = 9; and the projections of the vector 
EL, on the directions of the vectors @y, 9, @g are equal, respectively, 
to Ly, Le, Ly, from formula (16) we find 


A comparison of the expressions (17) and (15) gives us expressions for the gene- 
ralized forces. 


Now let a certain position of the system be a position of equili- 
brium. According to the principle of virtual displacements this is 
possible if and only if 


8A= » Q8q; = (18) 
i=1 


But the increments 6g; in the independent coordinates g; may be 
quite arbitrary. Therefore the equation (18) is equivalent to the 
system of equations 


Qy=O0 (0=1,.6.,n). (19) 


Thus, the position of a holonomic system is an equilibrium position 
if and only if all the generalized forces in this position are zero. 


Example 8. In accordance with the equations (19), the conditions of equi- 
librium of a free rigid body may be written as 


X=Y=Z=0, Ly=lp=Ly=0 (20) 


{see preceding example). Here, X, Y, Z are the projections, on the coordinate 
axes, Of the principal vector # of the external forces acting on the body, and 
Ly, Le, Lg are the projections of the principal moment L, of these forces on 
three non-coplanar directions. For this reason, the scalar equations (20) are 
equivalent to two vector equations: 


R=-0, L,=0 


These are the necessary and sufficient conditions of equilibrium of a free rigid 
body that had already been established on page 26. 


* Since we have to do here with a scleronomic system, in place of 6 
we can write d, and vice versa. Therefore, drg—d6r, and 6p=dp=y dt, 
60=0 dt and 69= @ dt. 
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6. Lagrange’s Equations of the Second Kind in 
Independent Coordinates 


In deriving the differential equations of motion of a holonomic 


system in independent coordinates qi, ..., %,, we Shall proceed 
from the general equation of dynamics 
N 
>) (Fy—myw,) dr, = 0 (1) 
v=1 


Let us recall] the expression, obtained in Sec. 5, for the ele- 
mentary work of effective forces: 


N n 
= >) Fybr, = >) Q:89: (2) 
v=1 i=i 
where 
N 
eo Ory ats 
Qi= Lb Pe age (i=1,...,7) (3) 
Quite analogously it is possible to puke the elementary work 
of the inertial forces —m,w, (v=1, ..., N): 
n 
§Ap= — > My Wy OP y = — & 2:69: (4) 
v= i= 
where, by analogy with expression (3), 
. a u dr. @ 
Re ORs 
Zi= Dd) MyWy a= vd Oa; 
v=1 v=1 
d : = d 
7) 7 or 
=a Wy ar —> MyPy aa (PH 1 ce ign) (9) 
v==1 v=1 
But the velocity 
nr 
: or, * or 
k=1 


is linearly dependent on qh (k=1, ...,). From this formula we 
find that 


Lie Eee ee eee e oe v=1,...,N) (7) 
0g; “4 
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On the other hand, from the same equation (6) we obtain 


ary — Bry * se OE se d Ory 
0g; -> Ogi Oa: 0¢n 2 “Bg; Oqidt dt ~Oq; (8) 


hen iy he Val iawe dV) 


Therefore, expression (5) for Z; may also be written as follows: 


N P N ‘ 
d - ar - arn, dad OT Of 
Zi=—= Dd Myr, —* —> MN og. dk a OGe 
vat OV; yt a 
(ee Ty neat) (9) 
where 7 is the kinetic energy of the system: 
N 
=> >; myrt (10) 
v==1 
The general equation of dynamics (1) gives us 
64+6A;=0 (11) 
or, by virtue of the equations (2) and (4), 
2 (Q;—Z:;) 6g; = 0 (¢=1, 21+) 2) (12) 


Since the q; are independent coordinates and, for this reason, the 
dg; are absolutely arbitrary increments in the coordinates (i =1,... 
., ), it follows that (12) can hold when and only when all the 
coefficients of 6g; in equation (12) are equal to zero. Therefore, the 
general equation of dynamics (12) is equivalent to the set of equations 


Zi:=Q: (i=1,...,n) (13) 


which, according to the relations (9), may also be written in the 
following form: 


d oT or : 
SS ee SS DD 7 p== 1, a | e 
mae n) (14) 


Equations (14) are called the Lagrange equations of the second kind 
or the Lagrange equations in independent coordinates. 


The quantities qi: (i = 1, ..., n) are called generalized velocities. 


The velocities of points of the system vw, = 7, are expressed in terms 
of the generalized velocities (and also in terms of independent coor- 
dinates and the time) by means of the formulas (6). The quantities 


a (@=1,..., ”) are called generalized accelerations. 
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After performing the operation 3 the left-hand sides of the 


Lagrange equations (14) contain the time f, the generalized coordi- 
nates g;, the generalized velocities g;, and the generalized accelera- 


tions qi (i = 1, ..., m). The generalized forces Q; (i = 1, ..., 7) 
on the right- -hand sides of the Lagrange equations are ordinarily 
specified * as functions of t, ge, gr (kK = 1, iy my: 

Q: =Q: (t, Gas Qn) (t= 1, .. «5 7) (15) 


The Lagrange equations (14) form a set of n ordinary differential 
equations of the second order in m unknown functions q; of the inde- 
pendent variable ¢. The order of this system is 2m. Note that the set 
of differential equations determining the motion of a holonomic 
system with n degrees of freedom cannot be of order less than 2n, 
since by virtue of the arbitrariness of the initial values of the quan- 


tities g; and q; (i= 4, ..., m), the solution of the system must 
contain at least 2n arbitrary constants. Thus, the set of Lagrange 
equations in independent coordinates has the lowest possible order. 

In the case of a constrained system, the reaction forces Ry 
(v= 4, , NV) have likewise to be determined. The reaction forces 
do not ‘enter into Lagrange’s equations. This is an essential advan- 
tage of Lagrange’s equations. After paerenge s equations have been 


integrated and the functions gq; (t) (j= 1, ..., m) found, ry, = 
= ry, (t) are determined [by substitution of these functions into for- 
mulas (2’) on page 34] and, consequently, #, = — 4 9 vy = ry and 
Fe (i %; ry) (v=1,..., NM). After that the unknown reaction 
forces are determined from the formulas 

Ry=myw,—F, (v=1,..., N) (16) 


In the case of a free system of particles, Lagrange’s equations are 
a compact notation of the equations of motion in an arbitrary system 
of coordinates. 


Example 1. A rigid body is in rotation about a stationary axis u. For 
the independent coordinate we take the angle of rotation g. The appropriate 
generalized force Q@ (see Example 6 on page 38) is equal to the moment 
of rotation Ly. On the other hand, T=> Typ? where J, is the moment 
of inertia of the body about the axis of rotation. 


* See formulas (3) and (6) of this section and also formula (10) on page 16 
and formula (2’) on page 34. 
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The Lagrange equation 


qd © oF _¢ 
dt ay or) 
after the substitution 
OT ° oT 
—=Tlug, aa Q=L, 
ay ? 
assumes the form 
Qg=Ly 


This is the differential equation of the rotation of a rigid body about 


a Stationary axis. 
Example 2. A double simple pendulum is in motion in a plane (Fig. 24). 


We form an expression for the elementary work: 
8A = my gb24-+ mogdzy 


where 24=1,cos@14, 2.=14 cos @,+1,cos po. 


| 
| 
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Fig. 24. 


Calculating 62, and 6z., we find 
§A= —(m,+ mg) gl, sin pS, — mogle sin G2dqe2 
and 
Q1= —(m4 + Me) gly sin Py, Qo= —mogly sin Pz 
On the other hand, 


4 . 4 s e ee 
airs mylig? boy me [Uz—p? + 13p$+ 2lyly cos (P4— Pe) Pi G2) = 


4 e oe 1 . 
=> (my +2) L2pi + mel ylo@yPe Cos (G4 —- G2) + a mol 33 
® 
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The first Lagrange equation 


ad © WF o 
a oe 
Op 4 


is of the form 
d . . oa ae 
ar [(774 + mg) Lips + mol ylocpe cos (P14 — G2)) + mMolyloqige Sin (Pi —Po) = 


= —(m4-+ me) gly sin gy 


It is left to the reader to form the second equation that corresponds to the 
coordinate Qs. 

Example 3. It is required to determine the differential equations of motion 
of a free particle in spherical coordinates (see Example 3 on page 36, and Fig. 22). 
The velocity of the particle is equal to the vector sum of: (a) radial velocity; 
(b) rotatory velocity due to the rotation of the radius in the plane of the meri- 
dian, and (c) rotatory velocity due to rotation of the plane of meridian. The 
velocity components are pairwise orthogonal and therefore 


P= mud m (P24 292-4 72 sin? gp) 


To find the generalized force Q,, we displace the particle along the radius. 
Then 8A, = F,6r, where F, is the projection of the applied force F on the dire- 
ction of the radius. Whence Q, = F,. 

Now let us impart to the particle an elementary displacement along the 
meridian. Then 5A, = Fg rég, where Fy, is the projection of the force F' on the 
tangent to the meridian.* Therefore 


Qg=F or 
Analogously, 
Oy = Fyr sin @ 


where Fy is the projection of the force F on the tangent to the parallel. 
The Lagrange equation of the coordinate r 


ad oT or —Q 
a or 
or 


takes on the form 
m (r—rg?—r sin? erp?) =F, 
For the coordinates @ and p we find 
m (rp + ar@ —rsin@ Cos erp?) =F 


m (rsin opt 2sin grip+2r cos Opp) =Fy 


We have obtained three differential equations of the motion of a free 
particle in spherical coordinates. 


* We send the tangents (to the meridian) and the parallels in the direction 
of appropriate increasing coordinates @ and 1p. 
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7. Investigating Lagrange’s Equations 


In order to form the Lagrange equations it is necessary first to find 
the expression for the kinetic energy as a function of the time f, 


the generalized coordinates g; and the generalized velocities 0; (i= 
= 41, ..., n). Le us do ne in the nee form: 


£3 mite dD m(B Seat HE - 


v=1 v=1 i=1 


1 india + > aiqy > a (1) 
i, k=1 
Here, the coefficients a;,, @:, @ are functions of t, 94, ..., Qn 
defined by the equations 
s 
Or, Or 
oun Sy my Se FE iba oon 2) 
v=1 
= fe) 
or r : 
a,= >) my Br re EA, ee) (3) 
v==1 ; 
ee ary \? 
? 
aot 3) my (204) “ 
v= 1 ; 


Formula (1) shows that the kinetic energy of a holonomic sys- 
tem is a function (polynomial) of the second degree in the gene- 
ralized velocities: 


T=72,4-1,+T, (5) 
where 
iy f . ane q = ‘ 
T.= > > aingiqrn, Ty= >) aiqi, Ty =p (6) 
i, k=1 i=1 


As was explained in Sec. 1, in the case of a scleronomic system, 
the time does not explicitly enter into the relation between 7», 
and q;, and for this reason 


ary 
a= 0 (v=i,...,N) 


But then, according to equations (3) and (4), 
@=0,-¢;,=0° (61,225, ) 


* From formulas (2) it will be seen that a;, = a,; (i, k= 1,..., 7). 
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and 
t n 
Palys > Vikdiqr 
i, k=1 


Thus, the kinetic energy of a scleronomic system appears in the 
form of a homogeneous function of the second degree (quadratic form) 
of the generalized velocities. 

It will be noted that in an arbitrary (scleronomic or rheonomic) 
holonomic system, the form T, is always nondegenerate, i.e. a de- 
terminant made up of its coefficients is different from zero: 


det (ain)? ni 0 (7) 
Indeed, let 
det (ain)i. h--1 = 0 


Then the system of homogeneous linear equations 


2d tinke=0 Cree) (8) 


has a real nonzero solution. 

Multiplying the set of equations (8) termwise by A;, then sum- 
ming with respect to 7 from 1 to n and utilizing formulas (2), 
we get 


nr nr N 
O= DS) ankite= DS) (3) mae Zt) t= 
i, k= i,k=1 v=1 ee 
WN n 
= >) ea ¥ a) 
v= 
whence 
> Ge =0 (v=1,...,N) (9) 


‘These N vector equations may be replaced by 3N scalar equations: 


Se mH0, SMa 0, HH AAO Wat M) OY 


i=1 i=-4 i=1 


Sec. 7] Investigating Lagrange’s Equations 4] 


The equations (9’) show that in the Jacobian functional matrix 


Ox, Ox, 
dq,’ "°*? OGn 
Oy ous 
O44 ae dn 
024 O24 
Cs ee) 
ee oo (10) 
Oz OztN 
644 ; : O9n 
yn Oy 
aq, "*  O9n 
02Nn 02n 
“0q4. , re | Odn 


the columns are linearly dependent, i.e. the rank o of this functional 
matrix is less than x. Then among the 3.V functions x, y;, 2, ..., 
Zn, Yn, Zn Of the n arguments qi ..., dp (¢ is regarded as a para- 
meter) there ar e 9 independent quantities in terms of which all the 
remaining Cartesian coordinates of the points of the system may be 
expressed. This is a contradiction, since the minimal number of indep- 
endent coordinates of the system is equal to the number of degrees of 
freedom n, while p <n. The inequality (7) is thus established.* 
The property of coefficients of quadratic form 7, expressed by the 
inequality (7) is very essential and we shall repeatedly make use 
of it in the sequel. Note that since always 7, > 0 (Tz is the kinetic 
energy in the case of “frozen” constraints!), it follows from inequality 
n 


(7) that the quadratic form 7, = 5 > Ojn9i9r is positive definite, 
i, haat 

i.e. T, > 0, and 7, = O only when all g; (i = 1, ..., m) are equal 

to zero. Therefore, for the coefficients a;, we have the determinantal 

inequalities of Sylvester: 


Qi, 42 --- Ain 
a4, Ais 
a4, => 0, >0,..., | G21 Gen --- Gon | >O0 (11) 
Uo, Aes 
Qn4 ang 2 ee Qnn 


Putting the expression (1) for kinetic energy into the Lagrange 
equations 


SS ee SS Va peed Liss 0 12 

at Bai Ogi Q: ( ) ( ) 

* The rank of the functional matrix (10) may be less than n at individual 

(singular) points, At these points the equality det (a;,)j,_, = 0 is possible. 
In the sequel we shall not consider such special positions of the system. 
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we get 
2 Qik dnt: (#4) = as Q; (2, qj q)) (i= =, , 2) (13) 


Here, the symbol (**) indicates the sum of the terms not involving 
second derivatives of the coordinates with respect to the time. The 
right-hand sides likewise do not contain second derivatives since 


in the general case they are functions of the quantities ¢, q;, q) 
G1 wag BR) 

Since det (a;2)i,r:-1 ~0, it follows that the equations (13) may 
be solyed for the second derivatives and represented in the form 


G= Gi (t, Qe, ga) (b= 4, - 0, 0). (14) 


But then, as we know from the theory of differential equations, for 
certain assumptions relative to the right-hand sides G;, which in 
mechanics are always assumed to be satisfied*, there is one and only 
one solution of the Lagrange equations for arbitrary preassigned ini- 


tial g?, @ with t= t) (i= 1, ..., n). Thus, the motion of a holo- 
nomic system is uniquely determined by specifying the initial 


position (qj) and the initial velocities (q’). 


8. Theorem on Variation of Total Energy. 
Potential, Gyroscopic and Dissipative 
Forces 


If the generalized forces do not depend on the generalized velocities 


Qi =i (ts Ui --+) Qn) (C= 4, ---, D) (1) 
and there exists a function Il (f, q, ..-, gn) such that 
él 
Q= — |, i=t-. m) (2) 


then the forces Q; are called potential, and the function II is the 
potential of the forces or the potential energy. Equations (2), which 
determine the potential 11 may be written as** 


bA= pI Q:5q¢: = — 61 (3) 


* For instance, if the functions G; (i = 1, , 2) have continuous first- 
order partial derivatives. 
** The time : is first fixed when computing the virtual differential 6II. 


Therefore 61] = y > bai. 
ix 
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Let us now consider the general case when in addition to the 
potential forces determined by the potential I], the system is acted 
upon also by nonpotential forces 


=@:(t, 9), 9;) @=1, «+. 7). (A) 
Then 
on ~ 
Qi= Seat (9) 
and the Lagrange equations assume the form 
ad 6T or 
Tae Hae th (i=1,. n) (6) 


We now consider the total energy E, which is equal to the sum 
of the kinetic energy and potential energy 


ul (7) 
and compute the derivative 2& . To do this, we first find 
n 
dT oT °* oT °° or 
=D (a Uta 1) + Fe 
dt 2 un bgp gees! + St 
d : a oT o 
: T 
are Ftd (HE Sure Woe (8) 
imy O4%t qi 


Noting that T=7,+7,+T7 , and utilizing the Lagrange equa- 
tions (6), we obtain* 


es ; 
22 Ora +3 (HE —0;) i= 
ard ar dil ON wm? 
= 2 ae ag (Pat 22) + Gp tap — ap Ds Cis ) 
ix{ 


n 


* ete ss zi=mf holds for a homogeneous function 


f (14, ..-,%) of the ah, degree. Applying this formula to the linear form 
T; and to the quadratic form 7s, we find 
E or. : r 
9° aT ,.« 
pa ~~ 9i=2To, >i —qi=ly 
i=1 94 ja OF 


The validity of these eis also follows directly from the expressions 
for Tz and 7, given on page 45. 


4—-3420 
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From this, taking into account equation (7), we obtain 


dE é oe d OT oll 
r= Dy Qin +a (Pa + 2Po) —- ++ 5> (10) 
The expression on the right, 
n >, Oidg: a 
as = §A 
> 0:9i = = =a (11) 


where 6A is the elementary work of the nonpotential forces Q;, is 
the power of ‘the nonpotential forces Q, (i=1,..., mn). The term 
on the right-hand side, 


d oT 

Sy ree 1h ee (12) 
is different from zero only for a rheonomic system (for a scleronomic 
system, 7; = T) = 0, and S = 0). The latter term is nonzero 


only when the potential energy II is explicitly dependent on the time. 
Formula (10) determines the change in the total energy of an arbi- 
trary holonomic system in motion. Let us consider some special 


cases. 
(a) A scleronomic system. Then 


n 

dE pes oll 

“Fe = Dy Qt +P (13) 
i=1 


(b) A scleronomic system where the potential energy is not 
explicitly dependent on the time. Then 


dE ow He . 
ap oe > Qi9i (14) 
i= 


Fcr such a system the derivative of the total energy with respect to 
the time is equal to the power of the nonpotential forces. 

(c) A conservative system, i.e. (1) a scleronomic system, (2) a sys- 
tem where all forces are potential, and (3) where the potential energy 
II is not explicitly dependent on the time. According to equation 
(10), for a conservative system 


dE 
<-=0 (15) 


i.e. for any motion of the system 
E=const=h (16) 
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The total energy of a conservative system does not change when 
the system is in motion. 


Equation (16), which does not involve qi but involves the arbi- 
trary constant h, determines the first integral of the equations of 
motion. Equation (16) is called the energy integral. 


Nonpotential forces are called gyroscopic forces if their power is 
Zero: 


n 
2 Qigi =0 (17) 
and dissipative forces if their power* is negative or zero: 
n 
2 Gig: <0 (18) 
i 


If the potential energy is not explicitly dependent on ¢, then from 
equations (14) and (17) it follows that “2=0, and thus for a 


scleronomic system with gyroscopic forces we also have the energy 
integral 


E = const 


* In the case of a scleronomic system 


N n 
S} Fy dr,= >} Qi dqi 


v= i= 
whence after termwise division by dé we find 
N n . 
S) Fytv= >) Qigi («) 
v= i i=1 
For this reason equation (17) expresses the condition of gyroscopicity 


N 
>) Fyvy=0 
v=1 


and equation (18) the condition of dissipativity 


N 
> Fywvy, <0 


vi 
In the casé of a rheonomic system, equation (*) may not hold. Then 
N n 


br, == dry— dt and from the equation >) F,6r,= 5} Q;6q9; it follows 


v=1 i=1 
N n 
or : 


y=i i=1 


4k 
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But if such a system is acted upon by dissipative forces, then 
dE 


a <9 


when the system is in motion; i.e. the total energy diminishes during 
the motion.* In that case we call the system a dissipative system. 

In the relations (47) and (18), the generalized forces Q; in the gene- 
ral case depend on the generalized velocities. Consider some impor- 
tant special cases in which this dependence is linear and homoge~ 
neous. 


1°. Let . 
= d viage (E= 41, ..., 0) (19) 
and let the matrix of the coefhcients y;, be skew-symmetric**: 
Vin = — Yai (i, = 1, ..., 2) (20) 


Then the forces (19) are gyroscopic. 
Indeed, in this case 


n n 5 n 7 1,..5.,7 oe 
1 Ga= DS viagg= Dd yugd-+ Dd (vin yi) ign =0 
i= i, ht ‘<1 ich 


This equation shows that the skew-symmetry of the matrix of coeffi- 
cients y;, is not only a sufficient but also a necessary condition for 
the forces (19) applied to the scleronomic system to be gyroscopic. 


Example 1. For a scleronomic system, the Coriolis forces of inertia are 
gyroscopic forces. Indeed, the Coriolis force of inertia applied to a particle 
P,, of a system is determined from the formula 


F y= — am, (@ X Vy) 


where, m, is the mass of the particle Py, wv, is its velocity in the noniner- 
tial system of coordinate axes under consideration, and @ is the angular velo- 
city of rotation of this system relative to some inertial system of coordinates 
(veri, ..., NV). Then 


N 
> Fvy=0 
v=1 


Example 2. Let a rigid body with a stationary point O be acted upon by 
forces with principal moment Lo = J (@; X @2) where J is a scalar, and let 
© = @, + @2 be the angular velocity of the body. Then the forces applied 
to the body are gyroscopic since their power is equal to zero: 


Lao =f 


* Energy is dissipated in the case of dissipative forces; hence the term. 
** In the case of a skew-Symmetric matrix {| y;, ||, always y,;; = 0 (i= 
=1,..., 7). 
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If the rigid body possesses dynamical symmetry, J is the moment of inertia 
ahout the axisof symmetry, @, is the angular velocity of “pure rotation” directed 
along the axis of symmetry, and @, is the angular velocity of precessiona] motion, 
then the moment Lo = f (@, X @2) is called gyroscopic. Thus, the forces that 
create the gyroscopic moment are gyroscopic. 


2°. Let 
~ ze bd 
i= aie) bing, (i= 1, ---, 2) (21) 
where the matrix of coefficients b;, is symmetrical, 
bin = br; 4, ere n) (21’) 
n 
and let the quadratic form >) 0;,49;¢, be positive; i.e. 
i, h=1 
n e e 
2s, bingiq@n > O (22) 
Then for the scleronomic system the power of the forces is equal to 
n —~— @ n ee 
» Oig= — D dugiqrn<0 (23) 
i=1 i, A=1t 


and the forces Q; are dissipative. 

In this case the quadratic form 

n 

1 ee 
R=z > bikQidn (24) 
i,h=1 

is called Rayleigh’s dissipative function. It is easy to see that the 
generalized forces (21) are obtained from Rayleigh’s dissipative 

function by means of the formulas 


Op GT, a) (25) 


4qi 
If the system is scleronomic and the potential energy does not 
depend explicitly on the time, then by virtue of the equalities 
(14), (23), and (25) 


dk me 
= Dy Gigi = —2R (26) 


This formula points to the physical meaning of Rayleigh’s function: 
the doubled Rayleigh function is equal to the rate of decrease in 
total energy. 

If the Rayleigh function (24) is a positive definite quadratic form 
of the generalized velocities, then one speaks of the total dissipation 
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of energy. In this case, we will call the system definite dissipative. 
According to formula (26), the total energy of such a system strictly 
diminishes. 


By way of illustration, let us consider the forces of resistance of the medium 
applied to points of the system, the forces heing proportional to the first power 
of the velocities of the points: 


F,=— Be, (Vea) 4n05-4¥) (27) 
In this case 
N 
> Fyv,=—2R (28) 
v= 1 
where 
i N 
R=—-B >) 3 (29) 
v=i1 


9. Electromechanical Analogies 


In this section we will show how the equations of analytical 
mechanics may be applied not only to mechanjcal systems but to 
electrical and electromechanical systems as well. 


c 


R 
Fig. 25 


Consider a circuit with inductance L, resistance R and capacitance 
C connected in series (Fig. 25). For these elements, the relation bet- 
ween the voltage u (the difference between the potentials at the ends 


of the element) and the current i (i = a where q is the charge | 
will, respectively, be equal to 
di : 1 ; 
wb, u= Ri, u=z ide (1) 


If in addition the circuit has an external source of electromo- 
tive force e(t). then we write that the electromotive force is equal 
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to the sum of the voltages across the separate elements, and we have 


La +Ri+G |idt=e (2) 
or 
2 
LotR B+ tHe) (3) 


This equation is an analogue of the equation of mechanical 
oscillations: 
d2q dq 
aT +b +09 = Q(t) (4) 
Here to the inductance Z there corresponds the inertial coefficient 
(generalized mass) a, to the ohmic resistance A the dissipative coef- 


u(v) C R 


Fig. 26 


ficient b, to the coefficient ~ , where C is the capacitance, corres- 


sponds the reduced coefficient of elastic force c; the charge qg corre- 
sponds to the generalized coordinate q, and the electromotive force 
e (t) to the generalized force Q (t). 

On the other hand, in the circuit shown in Fig. 26 the currents 
passing through the inductor, the resistor and the capacitor are 
additive, and so 


u 1 
ate | vat eGaie (5) 
Differentiating termwise, we get 
d2u 1 du di 
Can atte ae, 


Here we have another system of analogies in which the voltage u 
corresponds to the coordinate g, the mechanical coefficients a, 6, c 
: = ; + and the quantity a corresponds to the 
generalized force Q (t). 

Two electric systems having the same (up to notations) equations are 
two different electric analogues of one and the same mechanical system. 

To the kinetical and potential energies, the Rayleigh function, 
and the generalized force of a mechanical system with one degree 


are replaced by C 
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of freedom 
T= Sai, R= + be", N= cq", Q=@ (t) 
in the first system of analogies there correspond the quantities 
—~!4y772 piipe 7pAL_tp,p ,_ 
r= 5 Lq*, R= z= Rq : N=s79 , e=e(l) 
and in the second, the quantities 
a 5 a: ee ey a 9 jee 
P=>Cu, R=5_u*, T= 
Thus, the systems of electromechanical analogies are determined 
by the following table: 


Mechanical: qg a|lbjlcji @Q T= 5 ag? R= 5 og? I} = —¢q~ 
é 1 1 -« 1 4 
ist electrical: ¢ ] L| R Gl e x La? > Rg? aor 
2nd electrical: 4)1) di 1. 1» 4 
GN ee Wie <=: as —— 12 
u Rizt| a | 3°" | oR an " 


Let us consider the electric circuit shown in Fig. 27 as anexample 
of a more complex illustration. 


Fig. 27 


We form the Lagrange equations adhering to the first system of 
analogies; first we compute 


e 1 e ° 
r= > Lygit+ > Les (G2 — 9s)? 
sonwnd 1 - 1 “a 1 7 
R= > Rg+sz Ret > P3q3 
I] 


| 2 1 2 
IC; aT By (91 — 9) 
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Also, e¢2=e3=90. Put 
a= A sin Qt 


Now write down the Lagrange equations: 
e¢¢ ¢ 1 4 ; 
- R a 91 — 7m 92 = A Sin Qt 
191+ £049) + oon? in 
ee ee . e 1 4 
coos a — Los Ist+Rogeto n—a us | 
ee Ss ; 
Lys 93 — Las92+ Rast G da= 0 


These equations will be the equations of the electric circuit 
depicted in Fig. 27. 


10. Appell’s Equations for Nonholonomic Systems. 
Pseu docoor dinates 


In this section we shall derive the Appell equations that deter- 
mine the motion of a nonholonomic system. Let d finite and g 
differential constraints be imposed on a nonholonomic system (see 
Sec. 4). First utilizing only d finite constraints, we express the 
radii vectors of the points of the system in terms of m = 3N —d 
independent coordinates qi, ..., dm and the time ¢: 


My 9 ls Gigs oto Om) WS weg dy) (1) 
From this 
ra 4 ee (v=4,..., N) (2) 
and = 
bn S se 8q; v=4,..., N) (2') 


i=1 
However, ry, and r, (v=1,..., N) also satisfy the differential 
constraints* 
w e 
>) Upvrv + Dp=0 (B=1,---, 8) (3) 
v==1 


where Zs, and Dg are functions of ¢ and r, (v=4,..., N). 


* The functions (1), when substituted into the equations of finite constra- 
ints, convert the latter into identities. Therefore, when using the representation 
(1) it suffices to consider only the differential constraints. 
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Substituting expressions (4) and (2) for », and ry into the con- 
Straint equations (3) we represent these equations in the form 


D Apigi t+ As=0 (B=1, .--, 8) (4) 


where the coefficients A,; of q; and the absolute terms Ag, are func- 
tions of ¢ and qi,..., Ym- 

Thus for a nonholonomic system the coordinates gi, ..., Gm 
can take on arbitrary values, but then the generalized velocities 


q1, acer Qn can no longer be arbitrary; they are connected by the 
relations (4). Considering the g constraints of (4) independent, we 
can express g generalized velocities from equations (4), for example 


Qn-+i1 +++, Ym in terms of the remaining qi,...,4¢, (nm =m — 
— g= 3N — d—g is the number of degrees of freedom of the 
system; see page 15). The velocities gy, ..., qn may be given arbi- 


trary values and then the values of the remaining velocities will 
be determined. 

However, we will take the more general path and for the indepen- 
dent quantities will take not 7 (n is the number of degrees of freedom) 
of the generalized velocities, but some nm independent linear combi- 
nations of these velocities* 


PI tsi9: (S15 eos, 2) (5) 


where f,; are functions of ¢ and q,, -.., Gm 
Only one condition need be imposed on “the linear forms (9): 
these nm linear forms together with the g linear forms 


3 Ana @=1. 8 


must constitute a complete system made up of m = n + g linearly 
independent forms; i.e. the determinant composed of the coefficients 
of these m forms must be other than zero. Then the quantities 


Tg (s = 1, ..., nm) can take on arbitrary values, since for any values 
of these quantities we will find the corresponding g; (i=1,..., m) 


* Jt will he convenient to denote the linear combinations (5) by Ts, although 
the symbol x, may be meaningless since the right-hand side of (5) may not be 
a total derivative. 
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by solving the set of linear equations (4) and (5). In this way we get 


gi= Dd) histe +h; (i=1,..., m) (6) 
s=1 
where h;, and h; are functions of ¢ and qi, ..-; Gm- 


The quantities Te, which are linear forms of the generalized velo- 
cities, will be called pseudovelocities, and the symbols 1,, pseudoco- 


ordinates (s = 1, ..., n). In particular, 1, can coincide with certain 
generalized velocities. But in the general case of m + n quantities, 


nm, and g; are connected by the relations (5) and (6). 
In order to find the restrictions imposed by differential constraints 
on the virtual displacements 5g; it is necessary (see Sec. 2) in equati- 


ons (4) to discard the absolute terms A, and replace the q; by 964; 
(21, ney 1) 
We then obtain 

™| 

& Asidgi=0 (G1, ..-, 8) (4) 


In accord with equations (5) we introduce the notation* 
™ 
én, = x f.idq; (s=1,..., n) (5’) 
z= 
By assumption, forms (4‘) and (5‘) are linearly independent. The- 


refore Om, can assume arbitrary values while the corresponding 
éq; will be determined from the set of equations (4’) and (5’): 


n 
dq;= >) Aish, (i==1,..., m) (6') 
s=1i 


The expression for the work of elementary forces in virtual 
displacements may be given as 


6A = > 0:59: (7) 


where, as for a holonomic system, 


N 
yp OM ag: os 
Qi By Pv ag (i=1,..., m) 
v= 


* In the case of a scleronomic system 89;-=dq; = 4; dt and therefore, in 
accordance with formulas (5) and (5’), én,=%, dt. 
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Now, substituting into (7) the expressions (6’) in place of 454;, 
we get 


m n Tr ™ 
§A = p2 Q; pa h,,6n, = x ( >) AisQ:) 87, 
i.e, 
6A= > TI,62, (8) 
s=1 
where 
II, > hur 3) 3) half F » (s= 41, ..., 7) (9) 
i=i{v=1 


We shall call ee quantities IJ, generalized forces that correspond 
to the pseudocoordinates nm, (s=1,..., n). 
On the other hand, substituting into (2) the expressions (6) 


for qi we get 
n 
ry = = CyMg t+ ey (v=4,..., N) (10) 
s== 
where e,, and e, (v=1,..., N; s=1,..., mn) are certain vector 


functions of ¢ and q,... 
From the equations (10) ae "find" 


= s éyong WH 1, 2.5, N) (11) 
s=t 
and 
ape n ee 
ry= Di eveits t+. (vet, ++.) (12) 
where on the right-hand sides of (12) we take only the terms 
involving pseudoaccelerations Ts (SNe eiatg Mt) 


By means of the equations (8) and (44) we write down the 
general equation of dynamics 


5A > my? OT y= (13) 
v= 


* The quantities ry, Ts and « qi are connected by the relations (2), (4) and (5). 


Eliminating g; from these relations we find the formulas (10). The quantities 
Sry, das and dq; Satisfy the homogeneous relations (2’), (4’) and (5’), which differ 
from (2), (4) and (5) solely in the absence of ahsolute terms. For this reason, 
also the formulas (41), which are the result of eliminating Sq; from (2’), (4’) 


and (5’), are obtained from (10) by replacing ry by 6r,, ms by Sn, and by re- 
jecting the absolute terms e,,. 
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as follows 


n N a 
Di (II, — » MyPyevs) Sm15 = 0 (14) 
v=1 


s=1 


Since $n, are quite arbitrary multipliers, it follows that 
N ee 
p> MyYyeys=Il, (s= 4, ...,7) (15) 
v=1 


Let us now bring into the discussion the “energy of accelera- 
tions” 


N 
U=5 >» myr, = U (t, di, sy Ts) (16) 


Noting that on the basis of formulas (12) 


Cys == ors (WT, eg ds GS 1,.445 2) (17) 


Ong 
we can write equations (15) as follows: 


Le eee eee (18) 


ONg 


The equations (18) were first derived by Appell and are called 
Appell’s equations. 

These »=3N —d—g differential equations, togéther with the g 
constraint equations 


2 Asigi + 4p =0 (Eas eee) (19) 
and the n differential relatiors 
y= 2 fiGt (20) 


form the system of differential equations that determi:e the motion 
of a nonholonomic system. 
Let us write the Appell equation in expanded form. To do this, 


put expressions (12) in formula (15) instead of ry. Then we get 


D Mostte + (*) =H (o=1, ...,n) (21) 
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, v 
Il, = II, (t, qi; Its), Uns Ups (t, qi) = x, My€ys€yp 
v= 


(p, s=1,..., 7) (22) 
The symbol (**) in equations (21) denotes the terms that do not 


contain pseudoaccelerations Tes (6=4, syn): 
It may he proved that a determinant made up of the coeffici- 
ents Ups is not identically equal to zero: 


det (Ups)? s=1 % 0* (23) 


Then equations (21) may be solved for the pseudoaccelerations 


Ts =H (ts qi, Mp) (= 1, ++, 2) (24) 
On the other hand, the relations (19) and (20) can also be represented 


in a form solved for q; (i = 1, ..., m) [see formulas (6). 
Thus, the motion of a nonholonomic system is determined by 
a system of n+ m differential equations of the first order in the 


unknown functions 91, ...; Gm; Th, act qn and these equations 
are solved for the derivatives, Then specification of the initial 
data, gi, .- +; Ym n°, er 1°, uniquely determines the motion of 


the system. ‘But with the aid of these initial data, formulas (1) 
and (6) are used to specify the arbitrary initial velocities and arbitra- 
ry initial position that are compatible with constraints. For this 
reason, Specification of the initial position of the system and the 
initial velocities that do not contradict the finite and differential 
constraints uniquely determines the motion of a nonholonomic system. 

Note 1. If in a special case, 2 independent generalized velocities, 


for example, Qh; » +> Qn, are taken for the pseudovelocities, then 
in order to determine the appropriate generalized forces QF, .. ., Qn 
it is necessary in (7) to express dq, 41, ..., 8q¢,, in terms of Sai, . 2 was 
-» OGn! 
m™m nm 
5A = 4 Q:6q: = py Q36q; (25) 
i= s= 1 


In this case the energy of accelerations, U, may be given in the 
form of the function B(t, qi, ...; 4m; qs Sates dn, qh; or +s In) and 


* This determinant may he zero at certain points. These singular points 
are not considered here. Inequality (23) is substantiated in a similar manner 


to the inequality det (4;,)? ~ hued %O On pp. 46-47. 
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the Appell equations take the form 


ou 
—~==Q3 (s=1,...,7) (26) 
095 
Note 2. In particular the Appell equations may also be applied 
to a holonomic system. In this case, all velocities g; are indepen- 
dent, Q;=Q} (i= 1, ..., m), and, equations (26) are simply another 
notation for the Lagrange equations of the second kind.* 
Example 1. By means of the Appel] equations we determine the motion 


of the system described in the example in Sec. 3 (see page 23). This will enable 
the reader to compare two methods of finding the motion of a nonholonomic 


Fig. 28 


system—by means of Lagrange multipliers and with the aid of Appell’s equa- 
tions—and to be convinced of the advantages of the latter. For the independent 
coordinates, we introduce the coordinates z, y of the centre of the rod and the 
is @ formed by the segment M,Mp, with the horizontal axis z (Fig. 28). 
Then 


z ple, z Bop tiies cos 
{4-5 C08 Dy. tg THz C08. H 


ts: oe ee 
Yi Y— SING, Y2=Yr-zSinP 
The equation of differential constraint in the new coordinates hecomes 


ol 
cos@ = sing 


It may readily he verified that the energy of accelerations, YU, can be ex- 
pressed in the following manner: 


4 ee ee ees ee ee ee ee e 
Ua (Rs HB By ZB Pt eh) 


* However, as applied to a holonomic system, Appell’s equations in pseu- 
docoordinates yield quite different forms of the equations of motion. 
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We introduce the pseudovelocity n, assuming 


z= cos q, yon sin @ 
then 


Sea phat jo: 


where the nonwritten terms do not involve accelerations. We now determine 
the generalized forces. To do this, write 


§A=Ilbin-+ OS = —2gdy = — 2g sin gbn 


From this 
=—2gsing, ®=0 
Now form the Appell equations 
7) 
YI, J 
on op 


In this case, these equations do not contain the coordinates x, y and have 
the form 


n=—g sin g, o=0 
Integrating, we obtain 


p=at+B 
eas a=—<£sing, ma cos gy 
We find z and y: 
Fe er ae cos g++ COs P 
ayia gnsin ga cos psing+— sing 


From this we have 


\ 


g Ms 

fe o+ (t+ 

y=—(24 2 cos 9) cos pe 
a 2a2 si 


Substituting a+ for g, we get the final equations of motion that contain 
five arbitrary constants, a, B, y, § and e: 


& : 
Dae 00S °) sing +6 


2 ohg (ot +f) +[ L +R cos (at +8) | sin (ot +B) +8 


y=—|2+ 55 cos (at +B) | cos (at-+f)+¢e, g=at--B 


Example 2. We will show how it is possible, from the Appell equations, 
to es the dynamical equations of Euler for a rigid body with fixed 
point 0. 

Let p, 9, r be the projections of the angular velocity @ on the principal 
axes of inertia O&, On, Of. They are known to be linear combinations of the 


generalized velocities , 6, 9, where , 9, @ are the Euler angles 
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(see pp. 35-36)*. We can therefore take p, g, r for the three pseudoveloci- 
ties. Let us calculate the energy of accelerations:** 


au = | wram= | (ex7r+e@ xX v)2 dm= 
= \(exrram42 \ (ex 7r)(@ xX v)dm+...= 


= j (eX r)? dm - 2€ { [7x (@ x v)Jdm+...= 


=| exmeamr[ox frxvam]+... (27) 
da dm éw d ) 
It will be noted that e=—— a ae qo TeXxe= Gr: Here, oF and ae 


denote, respectively, the ieeveniiaicd in a stationary system of axes 


and in a system of axes invariably fixed in a body. Thercfore p, q and r are 
the projections of the an Ape acceleration ¢ on the axes O&, On, OF. 
Then, by analogy with the expression for kinetic encrgy, 


EA he \ (@ x 7)2 dm= Ap? + Bq2+ Cr2 


(A, B and C are the moments of inertia about the principal axes of inertia 
O§&, Oy, OF) we can write 


\ (e x 2)2 dm == Ap?+ Bq? Cr2 


On the other hand, the kinetic moment G= \ rxvdm has the components 


rage Bq, Cr. For this reason, we finally obtain the following expression 
or 2U: 


2U == Ap? + Bg? + Cr2 +2 [(C—B) orp + (A—C) rpq+(B—A) par] +.. 
On the other hand, for the elementary work of external forces we ‘ave 
§A=Lo dt = [gp dt 4 Lyq dt-+ Ler dt 
Therefore, Appell’s equations yield Euler’s equations directly: 


“a -+(C—B)qr=L: 


d 
4 (BA) pq=Ly. 


* We get expressions for p, 9, r by projecting termwise on the coordi- 
nate axes the vector equation @=—@,)-+9+ @% where Oy= =, we == 0, 


Q. 
** Here we take advantage of the familiar identity 
rx(oaxv)t+ax(vuxr)tvx(rxa)=0 


the last term on the left is zero since w#—ox~r. The nonwritten terms 
in formula (27) do not contain the angular acceleration €. 


0 —3420 


CHAPTER 2 


The Equations of Motion in a 
Potential Field 


11. Lagrange’s Equations for Potential Forces. 
The Generalized Potential. Nonnatural Systems 


Let the generalized forces Q; be potential, i.e. let there exist 
a force potential (potential energy) Il =H (t, q:) (see Sec. 8) and 


all : 
aaa Tr (i= 1, ..., 7) (1) 
‘Then the Lagrange equations 
d oT oT 
ao, | Ot ~= (i= 4, eee, n) 
are written in the form* 
d 0b OL : 
— ———-=(0) Ue 2 
dt 04: 0g: ) ( ) 
where 
L=f—Iil (3) 
The function Z is called the Lagrangian function or the kinetic 
potential. 


The kinetic potential LZ, like the kinetic energy 7, is a quadra- 
tic function of the generalized velocities: 


L=L,+1,+ Lp (4) 
where 
nl nr tr : 
Ly=—5 Dy cindida, Li = Di cgi, Lo =e (4’) 
i, R=4 i=t 
rae the coefficients ¢;, ci, Co are functions of the coordinates 
..+;Qn and the time ¢ (i, k=1, ,”). A comparison of the 
fans (8) and formula (9) on page 45 yields 
Ly=T,, Ly=Ty, Lo=T)—Wh (9) 
* Since the potential energy II does not depend on the generalized velo- 
cities, and L=7—Tl, it follows that ——=~-- and OP ie A ot ON i= 
ag: 0qi ChE 


09; Ogi 
9 ere ae 
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Note that when the effective forces Fy=X,i-+Yyj-+ Zk 
(v=1,...,N) acting on the particles have a potential II (é, zy, 
Yy, Zy) in Cartesian coordinates zy, yy, 2) (v= 1, ..., N), ie. 


on oi on 
Ave a Y y= ar rae. Ly = —5Z- (Ved, veg dV) 
these forces have a potential even in the independent coordinates 
qi(i=1,...,m) (the converse assertion in the general case is 
untrue !), and this potential is the same potential I] only expressed 
in terms of the coordinates q,, ...,q¢, and the time ¢. Indeed, 


n N n 
II 
> Q;69; = S) (X,6zy + Y,6yy+ Z,62y) = —6U= — i bq: 
i=i v=1 ixt 


whence equations (1) follow. 
Let us now consider the case when in place of the ordinary 


potential Ji(t, q,) there exists a generalized potential V (t, dns Ie) 
in terms of which the generalized forces Q; are expressed by 
means of the formulas 


dv wv. 
Ca on (i=4,..,2) (6) 


ig a oie age 
g 


dq 99: 
will again be written in the form (2) where we now have 
L=Tf—V (7) 
From formulas (6) it follows that 
= 02V ee : 
OD tat (#8) G1, oo, 2) (8) 
h=t [9% OFR 


where (*«*) denotes the sum of the terms that do not contain genera- 


lized accelerations g, (kK = 1, ..., 7). 

Ynasmuch as in mechanics we consider only the case when the 
generalized forces Q; are not explicitly dependent on the general- 
ized accelerations but depend solely on the time, on the coordinates 
and on the generalized velocities 


Q: = Q; (f, Gk, qx) (Gi=1, a sceng n) (9) 


it then follows according to formulas (8) that all partial second- 
order derivatives of V with respect to the generalized velocities must 


5 
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be identically equal to zero, i.e. the generalized potential V depends 
linearly on the generalized velocities: 


V= DM +N=V,40 (10) 


where II, (i = 1, ..., nm) and I are functions of the coordinates 
91, » ++. Qn and of the time ¢. But then, according to (7), Z will 


again be a quadratic function in the velocities g; and in place of 
equations (5) we will have* 


Lx=Ts, [,==T,—V,, Ly=T)—U (41) 


Substituting expression (10) for V into formula (6), we get 


o=F-- [> Tge +0] = 
hut 


n 
_ all aM; alln\ * , OTs 
Ogi > (son 04g; ) qe + Ot (12) 


The formulas (12) show that when the linear part V, of the 
generalized potential does not depend explicitly on the time 


t[Ft=0 (pee AG, teats n) |. the generalized forces Q; are made up 


out of potential forces — (i=1,...,m”) and gyroscopic forces 
v 
Qi== di vinde (t=1, ..., 2”) (13) 
where 
all; Ol, ,, , 
Vik = — Yai = Ge" — Be, Gy kT) cacy) (13’) 


The importance of considering the generalized potential is evident 
from the following example. 


Example. A point electric charge in an electromagnetic field is acted 
upon by a Lorentz force 


F=e/e+2xH| (44) 


where w is the velocity of the point, e is the charge, c is the speed of light, 
and E and H are the intensities of the electric and magnetic fields. The 


* The coefficients in the expressions for L and 7 are interrelated. Indeed, 
for the ordinary potential, ¢; = a;, while for the generalized potential c; = 
= a; — II; (¢ =1, ..., m). In both cases, c,, = ay, (i, A= 1, ..., nm), co = 
=1 a, -I1, and L.= Tz is a positive definite quadratic form. 
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vectors E and Hf are expressed in terms of the scalar potential @ and the 
vector potential A by means of the formulas* 


0A 


aye ) H=rot 4 (15) 


1 
E=—grad eer 


We shall find the generalized potential V for the Lorentz force F. 
From the formulas (14) and (15) we have 


0A 


é 
re rot A)= 


F = —e grad 9—-— 


= Sorad pL ee (wv) A--e x rot _4J= 


0A 


é 
= —e grad De ar 


Se “. grad (vA) (16) 
where the velocity v in the expression grad (vA) is considered a vector that 
is independent of a field point**, 

Hence, choosing for the independent coordinates Cartesian coordinates 
of the point x, y, z and setting 


V=eg—— (vA) (17) 
i.e. 
V=eq— < (Ag+ yAy +2Az) 


we have 


* See, for example, L. D. Landau and E, M. Lifshits, Field Theory, 
Moscow-Leningrad, 1948, p. 55 (In Russian). 

** Here, for the expression (vV) A=vg 4 vy 94 4, a 

y vA 

advantage of the familiar formula of vector analysis (vV) A+vux rot A= 
= grad (vA), in which wv is regarded as a constant vector. We are readily 
convinced of the validity of this formula by comparing the projections on 
ae is y-, and z-axis of the left and right sides of the equation. Indeed, 
or the z-axis, 


we take 


aA 0A aA 
Vx a * ig ae “+ 
si dA, _ OAx )-» (“a _ OA, - 
Y\ Ox dy : dz ox 
Ax OA, 0A, a 
= Ye Ge Tgp +h Ge ae (WA) 


Analogous formulas hold for the projections on the y-axis and the zaxis. 
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Similar formulas are found for F, and F,. Thus, the generalized poten- 
tial of the Lorentz force (14) is determined from the formula (17). For the 
Lagrangian function ZL we have the expression 


L=T—V =-5 mot ep ¢ = vA) (48) 


Classical systems in which the forces have the ordinary potential 


If (¢, gi) or the generalized potential V (t, g;, q;) will be called natu- 
ral. For such systems the Lagrangian function Z is a quadratic 
function of the generalized velocities, i.e. it is given by the expre- 
ssion (4), where Ly is a positive definite quadratic form in the gene- 
ralized velocities. 


As an example of a nonnatural system we can examine, in relativistic 


theory, the motion of a particle in the absence of a force field. The motion 
of such a particle is determined by the Lagrange equations in which 


2 1 
Pe (1-5) i 
c2 


where p2 = 2-1 y24 72, and c is the speed of light. Here, Z is no longer 
a quadratic function of the velocities z, y, z. ; 
2; 


2 
) in a power 


If in the expression for the function Z we expand (1 


series of — and reject all terms of second and higher orders in —, i.e. set 


2 2 
(1-) mio, then we have the “classical” expression for the 


Lagrangian function for an isolated particle, namely: 
L = mvt + const 
In this and the following chapters we will confine our discussion 


to systems of the general type,* whose motion is determined by 


Lagrange’s equations (2) with an arbitrary function ZL = L (t, qi, qi) 
We shall only assume that the Hessian of the function Z with respect 
to the generalized velocities is not identically equal to zero;** 


det ( Ua \" 226 (19) 
Ogi 0dn/ i, k=1 


* Such propositions as hold onlyfor natural systems will be specially sti- 
pulated. 
2 2 
** For natural systems, aoe see — ay, (i, k=1i,..., ) and 
Oq:9¢n  _9gqiPqr 
hence, by what was proved in Sec. 7 (pages 46-47), inequality (19) holds 
true. 
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In expanded form, the equations (2) may be written as 


Sy ne) =0 (20) 


where (#*) denotes the sum of the terms that do not contain the 
generalized accelerations qg; (i = 1, ..., ). Insofar as the deter- 


minant of the system of linear (in qn) equations (20) is different 
from zero [see inequality (19)], it follows that the system (20) may 
be solved for the generalized accelerations and written in the form 


qi Gi (ty Qk, qn) G=4, nay 2?) 


Therefore the conclusion drawn in Sec. 7 as to the unique determina- 
tion of the motion of a system by specification of the initial data 


gq, gi (i = 1, ..., n) holds not only for natural systems but also 
for systems of a more general type that are here under consideration. 


12, Canonical Equations of Hamilton 


Lagrange showed how the differential equations of motion of 
a system are written down if the kinetical potential (the Lagrangian 


function) L =L (t, qi, q:) is known. 


We will call the variables ¢, q;, q,(i = 1,..., ”), in terms of 
which the Lagrangian function is expressed, Lagrangian variables. 
The system of these variables characterizes the instant of time 
and the corresponding state of the system, i.e. the position of the 
system and the velocities of its particles. As has already been noted 
at the end of the preceding section, specification of the Lagrangian 
function and the initial state uniquely determines the motion of the 
system. 

For the basic variables that characterize the state of a system, 
Hamilton proposed the quantities t, g;, pj (i = 1, ..., ”), where 
pi(i=1,..., n) are the generalized momenta defined by the 
equalities 

pes (61 sceag 2) (1) 
04; 
We shall call the variables t, g;, p; (ij = 4, ..., n) Hamiltonian 


variables. 
Since the Jacobian of the right sides of equations (1) with 


respect to the variables a: is the Hessian (different from zero) of the 
function LZ [see the condition (19) on page 70], it follows that 
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equations (1) may be solved for g; (j= 1, ..., n): 
Gi=, (t, Qa, Pr) (b= 41, +0, 2) (2) 


Thus, Hamilton's variables may be expressed in terms of the 
Lagrange variables and vice versa, and the state of the system may 
be described both as a system of values of the Lagrange variables 
and as a system of values of Hamiltonian variables. 

In the case of a natural system, Z is a quadratic function (see 
pages 66-68) of the generalized velocities and, according to equa- 
tions (1), the generalized momenta are linearly expressed in terms 
of the generalized velocities: 


P= 2 ainda ter C=, eee (| (3) 


Solving this set of linear equations for qs*, we again get linear 


expressions for q;: 
2 n 
a= 2 binPr thy (i =1, eee, 7), (4) 


where 0;, and 6; are functions of t, qy, ..-; Qn- 

If in a natural system the forces Q; (i =1, ..., 7”) have an ordi- 
nary potential II(¢, q:;), it follows from the equation L=7—TII 
that** 

F) 
Lis (5) 


It will be noted that any function of Lagrangian variables 
F=F (t, diy 41) 


after substitution of the expressions (2) or (4) into it in place of 
the generalized velocities qi: is converted into a certain function 
F (t, Gi» Pi) of the Hamiltonian variables. We shall call the 
function F (t, 9i, Pi) the associated expression of the function 


F (t, is @i)- 


* As was established in Sec.7, det (a;,)/ ,1 # 9. 
** Formulas (5) do not hold for forces that have a generalized potential. 
In this case [see equations (7) and (10) on pp. 67-68] 
oT 
Pie, —W;, (¢=1,..., 7”). 
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Example. For a free particle the Cartesian coordinates z, y, z are inde- 
pendoneee in the potential field T—II (t, z, y, z) the Lagrangian function 
as the form 


Lay m(at p+ey—T(t, 2, y, 2) 


To the Cartesian coordinates there correspond the momenta 


oL s e Py 
Py=—— MI, Py = MY, pr=mz (6) 
Ox 


If from this we determine z, y, z and put the expressions obtained into L, 
we will have the associated expression for L: 


~ (p+ p3 + p3)—I(¢, 2, y, 2) (7) 


2m 
If in place of I(t, z, y, z) we have the generalized potential 


V = Tyr My + Mge-+ U1, 


where [f,, W., Il3, and UW are functions of t, z, y, and z, then from the 
equation 


im 


Lam (22-4 y+ 2) — Me Ty —Iye— 
we find 
ob e Py e : 
Px =——- = mz—Th, py=my—IIe, pz =mz—Il3 (6’) 
oz 
and the associated expression Z has the form 
= 1 1 ; 
L=— (Pat Py t+ Pe) (+ 13 + 13) — (7’) 


Hamilton introduced the function H (t, qi, p;) defined by the 
equation 


H= 4 Pid = L, (8) 


and demonstrated that with the aid of this function the equations 
of motion may be written in the form of the following system of 2n 
ordinary differential equations of the first order: 

dgj OH dpi OH ,, _ 

dt ~ dp; dt ~ — dq; 4 cay) (9) 
These equations are called canonical equations or Hamilton's equa- 
tions*. The function HA (é, q;, pi) defined by equation (8) is called 
the Hamiltonian function. 


* These equations were first obtained in general form by W. R. Hamilton 
in 1834, 
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The derivation of the canonical equations of Hamilton will rest 
on the following mathematical theorem. 

Donkin’s theorem.* Given a certain function X (a, ..., 2,) 
the Hessian of which is different from zero: 

O2X n 
det ( aera )i, ner #9 oe 

Let there also be a transformation of the variables “generated” 

by the function X (z,, ..., Zn): 


Ox, 
Yi = Fp, (i=4, ..., 7) (411) 
Then there exists a transformation, the inverse of the transfor- 
mation (41), which likewise generates some function Y (y,, ..., yn): 
dY ,. 
a= (i=4,...,n) (12) 


Here, the generating function Y of the inverse transformation is 
connected with the generating function X of the direct transfor- 
mation by the formula** 


n 
Y = 2 Lyi — X (13) 
— 

If the function X contains the parameters a, ...,Qm, i.e. 
X =X (X44, ..., En} U1, -.., &m), then Y also contains these para- 
meters, i.e. Y=Y (yy, ..-, Yn} Gy, »--) Am), and 

oy ox 
da; Oa; (j=1, ...,m) (14) 


Proof. The Hessian of the function X coincides with the Jaco- 
bian of the right-hand sides of equations (11). For this reason, 
the condition (10) shows that using equations (11) it is possible 


to express the variables z,, ..., a» in terms of y%, ..., Yn: 
ti= fi (Ys «- +s Yn) (G=1,...,7) (15) 
Let the function Y (y,, ..., yn) be-defined by the formula (43), 


in which the variables zx; are replaced by the expressions (15). 
Then 


nr 


nr nr 
) Oz, OX Ox, 
Bi a | HX) = Data Dy se 
k=1 k=1 R=1 


* Philosoph. Trans., 1854. The transition from the variables z; to the 
variables y; (i = 1, ..., ”) which is dealt with in Donkin’s theorem, is fre- 
quently called a Legendre transformation. 

** It is assumed that on the left-hand side of (13) all the z; are expressed in 
terms of y;, that is that Y = Y(y1, ..., yp). 


Sec. 12] Canonical Equations of Hamilton 75 


But, by equations (11), the two sums on the right-hand side of 
this equation cancel and hence, the formulas (12) hold true. 
Now let X contain parameters a1, ..., @m in addition to the 
variables z,, ..., z,. Then these parameters occur in the direct 
transformation (11) and, consequently, in the reverse one as well: 


Hi = fi (Yay ++ Ynys Oty -- +, Am) (E= 4, .-., 2) 
The function Y is determined by equation (13) in which the z; 
are replaced by fi (yi, -.- Yn} Q, ---) @n) and so* 
n 
oY 0 
jar aj (Dy te —-X) = 
4 as 
_ way OX Oz; OX aX 
~y Gena aes ey 
ix1 i=1 
G1 ).ona5:%) 


This completes the proof of Donkin’s theorem. 

We utilize Donkin’s theorem to make the transition from the 
Lagrangian variables to the Hamiltonian variables by replacing 
in the theorem the function X by JL, the variables xz, ..., 2, 


by, UN, wey dns the parameters a), ...,Q@m by 44, ---, Qn and ft, the 
variables y,,...,Yn by p1,.--,Pn and finally (aking account of the foot- 


i 


note 2 on page 74), the function Y — >) ziyi—X by H= > PiQi— L 
Then, by Donkin’ s theorem [the Hessian of the function L with 
respect to the gi (i=1,...,”) is not zero!] it follows from for- 
mulas (1) that 
oH ob __ a 
— Opi? OGG: 
6b so aH ‘ 
F=-a 47) 


The equations (16) and (17) are identities resulting from the 
relation (1) between generalized velocities and generalized momenta. 
But the Lagrange equations may, by virtue of (1), be written as 
follows: 


(G1) 2.45%) (16) 


dp; ob an 
“dt dq; (C4; wesc 20) (18) 


ee si 
* In computing the derivative es the quantities y,,..., yn are regarded 
J 


as constants, 
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It is these equations together with the equations (16) that lead 
us to the canonical equations of Hamilton: 
dqj OH dp; 0H —_ 
at on ae ee (4 oe) (19) 
In addition to the Hamilton equations we obtained the iden- 
tity (17) which will be utilized in the sequel: 
From equations (19) there follows the identity 


nh 
dH dH dq; _, OH dpi __ 0H 
‘dt > Ge ‘dt ' Op; dt BY +S att (20) 


i=1 
We shall call a system generalized-conservative if the Hamilto- 
nian function H does not explicitly depend on ft, i.e. if 


H= HQ, 1) 
In this case oF 0 and, consequently, by virtue of identity (20), 


a =0, i.e. when the system is in motion 
HA (qi, pi) =const =h (21) 


where fh is an arbitrary constant. We shall call the function H 
the generalized total energy, and the relation (21) which does not 


contain g or p and includes an arbitrary constant h, the genera- 
lized integral of energy. 

We will explain this terminology by examining a natural system. 
Then Z is a quadratic function [see equation (4), Sec. 11] 


L=1,4+L£y+ Ly 
and 
n > ma n aL. ae 
Se ee —Uu-L= 
i=1 t=14 aq: 
-y % de +3 need deed i 
i=1 je i=1 


But by Euler’s theorem on oa functions, ** 


nr n 


OL OL, ° 
> <q = Loy SHaah (22) 
i=1 agi 4-1 0% 


* From (17) it also follows that 0 for a generalized-conservative 


system, i.e. ¢ does not appear explicitly in the Lagrangian function L either. 
** See footnote on page 49 
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Therefore, for an arbitrary natural system we finally get 


H = L.,—Ln (23) 
Let T=7,+-7,+ 7). If the forces have the ordinary potential 
[I=: I] (t, gi) or the generalized potential V=V,+ J, then L,=T,, 
L,=T,)-—Ml, and therefore 


H=T,—T,+0 (24) 
If the system is scleronomic, then 7 =T., T)=-0, and so 
H=T+0 (25) 


Thus, for a scleronomic natural system the Hamiltonian function 
Hi is the total energy* expressed in terms of Hamiltonian variables. 
Now let us consider a conservative system, i.e. a natural sclerono- 
mic holonomic system with an ordinary force potential that is 
not dependent explicitly on the time. 
In this case the time ¢ does not enter into expression (25) explicitly 
for the total energy H and so, according to (21), we have the law 


of conservation of energy 
T+il=h (26) 


A conservative system is a special case of a generalized-conser- 
vative system, and in this special case the generalized integral 
of energy becomes an ordinary integral. 

If the system is scleronomic and the forces have a generalized 
potential V=V,+ U in which II does not depend explicitly on the 


time ¢ (> = 0) , then the function A is again determined by the 


formula (25) and does not depend explicitly on ¢. For this reason, 
in this case too the system is a generalized-conservative system, 
and the energy integral (26) holds.* 


Example. A horizontal rack is in rotation about a vertical axis, and a 
weight of mass m is in motion along the rack. The force acting on the weight 
has the potential II (r), where r is the distance of the weight from the axis of 
rotation. 

Denote by g the angle of rotation of the rack and by J = md? its moment 
of inertia about the vertical axis of rotation. Then r and @ are independent 
coordinates of the system and 


P51 m (724 1292) Em [24 (24 a2) Ge 
From this 
ar ar ; 
Pra mr, pyp= =m (2+ 2) G 
or ag 


_ * Given a generalized potential V = V, +II, we continue to call the quan- 
tity T + I (and not T + V) the total energy. 
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Since the system is conservative, it follows that 
2 


1 P. 
H=To == (73+-ea) +f (7) 


The canonical equations in the given case have the form 


dr Py dp Po 

dim’ dt m(r?4d% ° 
apy Pop (r) O85, 
dt m(r24-dap caer la 


and the energy integral is written as 
3 


P 
Pet say ge tamil (r)=hy (hy =2mh) 


13. Routh’s Equations 


For the basic variables characterizing the state of a system at 
a time t, Routh proposed taking part of the Lagrangian variables 
and part of the Hamiltonian variables. The Routh variables are 
the quantities 


t, Gir Ja, Ji, Pa (i= 1,...,m; a=m-+-14, ..., 2) (1) 
where m is an arbitrary fixed number less than n. 

In order to pass from the Lagrangian variables to these variab- 
les, we have to express all the g, in terms of py (a=m-+4, ...,n), 
utilizing the relations 

Pa=— (a=m-+-4, ...,n) (2) 
O49, 

Suppose that the Hessian of the function Z of the generalized 

velocities qq (the “smal! Hessian’) is different from zero:* 
det (——}" #0 (3) 
04a,99g /a, B=m+1 


* In the general case this inequality does not follow from the inequa- 
lity (19) on page 70 but is an auxiliary condition. Now for a natural sys- 
nr 


1 ae 
tem, the inequality (3) follows from the fact that ln=5 > GrsGyQs iS a 


rT, s=i1 
positive definite quadratic form. In this case, the principal minor compo- 
sed of coefficients of the quadratic form: 


O27, n 2 
det ( — ) = det (ag)? gem44 
990998 4a, p=m+1 


must be positive. 
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Then, applying the Donkin theorem that was proved in the pre- 
ceding section, we get a transformation that is inverse to the 
transformation (2), namely 


qu =F (a=m-+14,..., n), (4) 


where R= A(t, gis da; qs, Po) is the Routh function defined by 
the equation 


~ 


R= » Pada — L; (9) 
a—m-+1 


the sign~ signifying here that all the Qa are expressed in terms 
of Da. 

The variables t, gi, go, gi (t= 1,..., mj a=mt+1,..., n) 
are now regarded as parameters and for this reason, by virtue of 
the same Donkin theorem, 


Loe ee eee le Ce ee) (6) 
04; Ogi 0g; 0g; 
OR OL 
j= Gh w=mtt,... m), “) 
OR OL 
“Ot. —~*«<*CS (8) 


Lagrange’s equations of the coordinates gj; may be rewritten, in 
accord with the equations (6), as 


~*~ =0 (i =1, ..., m) (9) 


Lagrange’s equations of the coordinates qu 


dp, OL _ 
dt = Nae (a=m--4, cee n) 


together with the formulas (4) and (7) yield 


dq, OR dda 
dt 0p,’ at 


Equations (9) and (10) 


=-= (a=m-+t44,..., n) (10) 


d OR OR 
dt ° — 0 = 0 (i= , t m), 
‘ qi 
ee (41) 
dq, OR dp, OR | _ 
ae Oo, at = gee (a = m- 1, eeey r) 


80 The Equations of Motion in a Potential Field {Ch. 2 


form a set of Routh equations. They consist of m second-order 
differential equations of the Lagrange type and 2 (n — m) first- 
order differential equations of the Hamiltonian type; and the 
.Routh functions in the first equations play the role of the Lagrangian 
function, while those in the latter equations play the role of the 
Hamiltonian function.* 


14. Cyclic Coordinates 
The coordinate ga is called cyclic (ignorable) if it does not enter 
the Lagrangian function L explicitly, i.e. if 4 =0. 
a 


When deriving the Hamilton and the Routh equations the follo- 
wing equalities were established: 


pea ee { 
09a, 04a 09a, = ) 
From these equations it follows that the partial derivatives ign 
ie 4 
) : ; 
en and oo can only vanish simultaneously. For this reason, 
a 


ie 4 
the cyclic coordinate may also be defizred as a coordinate that 
does not appear in the Hamiltonian function AH or the Routh 
function R explicitly. All these definitions are equivalent. 

The generalized momentum that corresponds to the cyclic coor- 
dinate g, maintains a constant value during motion. Indeed, from 
the canonical equations it follows that 

dpa 0H 
do 04a, =n) 


i.e. Dg = const = cg. 

Now suppose that we have r =n —m cyclic coordinates qq 
(a =m+1,..., n). The cyclic coordinates g, do not enter into 
H explicitly while the momenta p, corresponding to these coordinates 
can be replaced by the constants cy. Then** 


H=H (t, iy Pir Ca) (2) 
Let us write down the canonical equations for non-cyclic coor- 
dinates: 


dt Op; ’ at 64; 


* If we wish to retain the connection betwee the generalized momenta 
and the Lagrangian function, we must take it that in the first equations 
of (44) the role of the Lagrangian function is played by the function —R, 


dq; OH = dp; oH Gi=1,..., m) (3) 


a = 
since, according to (6), pe ee CET 5 ang 2): 
0g: qj 
** The index i runs through the valucs 1, ..., m, while the index a@ runs 


through m+ 1,..., nm. 
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From the structure (2) of the function AH it follows that equations 
(3) form a system of 2m first-order differential equations in 2m 
unknown functions q;, p; (i = 1, ..., m). Integrating this system 
we find 


qi =i (é, Car Ci, ci), 
(es eee m), (4) 


Pi=Pilt, Ca, Ci, C4) 


where c;, ci, (i =1,..., m) are 2m new arbitrary constants. By 
substituting expressions (4) into H we can determine the g, from 
the equations 


dq, OH, 
a= a (a=m-+1,..., n) (9) 


by quadratures 
aH ; 
qa= | Fe dt +0 (a=m+1,..., 2) (6) 


Thus, essentially the whole question reduced to integrating the 
system (3) whose order, 2m, is less than the order of the initial 
system, 2n, by 2r units, where r = n — m is the number of cyclic 
coordinates, i.e. the presence of r cyclic coordinates made it possible 
to lower the order of the system by 2r units. 

The system of equations (8) is Hamiltonian. We shall show that 
with the aid of the Routh equations it is possible to obtain an auto- 
nomous* system of m second-order differential equations of the 
Lagrangian type. Indeed, by replacing the generalized momenta 
Pa, Which correspond to the cyclic coordinates 9, , by the constants 
Ca (w= m-+4, ..., nm), we can write the Routh function as a function 


of t, gi, gq; and ¢, (i= 1,...,m; a=m-+1,..., n): 


R=R (t, dis Wis Co) (7) 
Then the Routh equations for non-cyclic coordinates , 
d OR OR F 
a5, iS i= 14, aes m) (8) 


form the desired autonomous system, while the cyclic coordinates 
Ya are determined from the appropriate Routh equations (14) of 
the preceding section by means of quadratures: 


OR ‘ 
qu== |S dt+c, (9) 


* Here, by an autonomous system is meant a system of differential equations 
that contains no “superfluous” unknown functions which should have been de- 
termined prior to integration of the given system of equations. 


6—3420 
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Here, first all the g; and qi: in oe are replaced by the functions of 
a 


2m+41 arguments ¢, c; and cj (i=1,..., m), which functions are 
obtained by integrating the system (8). 


Example. In the example considered at the end of Sec. 12, 


L=T—II = m[r2-+ (72-2) @2|—I (r) 


@p is a cyclic coordinate, and 
Po =m (r2+d?2) = const = cy 
We form the Routh function 


R= pop —L=-5-m[ 724 (rf a2) p2] + 


1 4 Po 
Tl SS ea aig THt)= 


ce 


1 be 9) 1 
= —_..—- 2 — 
a mr 4 Im Te +-II (r) 


Determining the motion reduces to integrating one second-order diffee 
rential equation 


Get 208 
dt ar or : 
which in expanded form reads 
we cD Pio say (" 


mr =n (r?-+ dae 
It will be noted that this is an equation of the relative motion of a 
weight along a rack, since the right-hand side involves the centrifugal 
force 
m (r2-+ d2)2 


Cyclic coordinates are sometimes called ignorable or kinosthenic 
coordinates. This name stems from the fact that in integrating 
the system of equations (3) or (8), we ignore the existence of the 
cyclic coordinates, regarding the p, as constant parameters. 

In the example we have examined, ignoring the cyclic coordinate 
led to ignoring the rotational motion of the rack and we obtained 
a differential equation for the relative motion along the rack. 

The actual name “cyclic coordinate” is associated with the fact 
that in many problems in mechanics the angle @ which describes 
motion in closed trajectories (cycles) does not enter the expression 
for L explicitly and for this reason is a cyclic coordinate. 


= mr? (Cp = Pg) 
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We note a certain analogy between a holonomic system having 
a cyclic coordinate and a generalized-conservative system. For 


4) 
the former system, se = 0, for the latter, = = 0. For the former, 
te A 


we have the integral p, = const, for the latter, H = const. The 
roots of this analogy will be revealed later on when we consider 
the principal integral invariant of mechanics. 

A more profound investigation of the motion of systems with 
cyclic coordinates will be carried out in Chapter 7. 


15. The Poisson Bracket 
In this section we consider some properties of integrals of a Hamil- 
tonian system of equations of motion. 


A certain function f (¢, 9;, p;) is called the integral of the equa- 
tions of motion 


———— 


at "6p; ? at Og; i= 4, asey MN), (1) 


if for any motion of the given system this function retains a con- 
stant value c:* 


f(t, Ji, pi)=c (2) 


Sometimes the relation (2) itself is called the integral. 
For a generalized-conservative system the function H (q;, p;) is 


the integral. If the g, are cyclic coordinates, then pg will be the 
integral. 


Obviously, if the functions f,, ..., f; are integrals of the equa- 
tions of motion, then an arbitrary function of these integrals 


F (ft, «+ fr) 


will also be an integral. Henceforward we shall therefore be interested 
only in independent integrals. 


If the “complete” system of integrals consisting of 2n independent 


integrals fi, ..., fon (m is the number of degrees of freedom of 
the system) is known, then, solving the relations 
Jey Giy PY) Sen (R= 41, 6.5, 2n) (3) 


for g; and p;, we get the final equations of motion 
Gi = Qi (¢, C4, ee ey Con)s pi =v; (t, C4; eee, Con), (4) 


which contain 2n arbitrary constants cj, ..., Cop. 


* This value of ¢ may change when we pass from one motion of the system 
to another. 


6% 
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Thus, if 2n independent integrals are known, then all the motions 
of the system are known. If we know 2? independent integrals 
fi, +--+, fir, where 1 < 2n, then we have only a partial idea of the 
motions of the system, and the greater / is, the more exhaustive 
our conception is. We are therefore always interested in finding 
the greatest possible number of independent integrals. 

We shall familiarize ourselves here with the method of finding the 
integrals of the equations of motion proposed by Poisson and Jacobi. 

Let f (¢, 9;, pi) be the integral of the equations (1). Then substitut- 
ing any solution of the Hamiltonian system (1) in place of q;, p; 
(j= 1, ..., n), the function f is converted into a constant ec, i.e. 
in accord with equations (1) 


df of , wv (of O8 af ay _ 

ar art 2 an on te oa (9) 

Poisson introduced a special term, the Poisson bracket, for the 

following expression composed of the partial derivatives of two 
arbitrary functions g (¢, qi, pi) and p(t, qi, pi): 
_ St (20. 2b a9 ay 

(PY) = 23 ( Ogi Opi = Opi: 8 (6) 

By means of the Poisson bracket, equation (5)—the necessary 


and sufficient condition for the function f(t, 9:, pi) to be the 
integral of the equations (1)—is written as follows: 


of 
{tt (fH) =0 (7) 


We note the following properties of the Poisson bracket: 

For any functions g (t, Gis Di), w (¢, Gis Di), x(t, qi, pi): 

1°. (pp) = — (bp); 

2°. (cpp) =e (pp) (e is a constant); 

3°. (p+ x) = (Px) + (HX); 

4°. (Cow) X) + (OX) Q) + (x) ) = 0; 

0 NY 

8°. 5 (ov) = (4 ¥) + (9a) 

The identities 1°, 2°, 3°, 5° are obtained directly from the defini- 
tion (6) of the Poisson bracket. 

Identity 4°, which is called Poisson's identity, is established by 
means of special reasoning. Let X and Y be differential operators 
of the first order on the function f (2, ..., 2m): 


m m 
of a af 
Xf= Juz, Wie 2 ea (8) 
k=1 = 
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where X,, Y, (k=1,..., m) are functions of the variables 
L14, +.., Lm. Then the “commutator” Z=XY—YX will also be a 
first-order operator:* 
m af 
Zf=X(Yf)—Y (Xf) = >) ([X (Va) —Y (1 gz, (9) 
kh=i 


Let us return to the Poisson bracket (gf). It may be regarded 
as the result of applying a linear operator M of the form (8) to 


the function f of the variables g;, pj (i= 1, ..., n): 
_ _ . op of dp of 
DP) oa a oe) a) 


t=1 


This first-order differential operator is fully determined by the 
function @. Analogous operators ¥, X are determined by the functi- 
ons and y. 

Let us now undertake directly to establish the Poisson identity 4°. 
After removing the complex brackets, any term on the left-hand 
side of 4° will contain as a factor a second-order partial derivative 
of one of the functions o, }, xy. But ((g) x) does not contain 
second-order partial derivatives of y, and the sum 


(bx) DP) + ((XP) H) == ( (MX)) — (H (Hx) = (PO — OP), 


is a first-order differential operator relative to y. Thus, the left- 
hand side of the Poisson identity does not involve second-order 
partial derivatives of y, and hence, by virtue of symmetry, there 
are no second-order partial derivatives of p and wp. In other words, 
all the terms on the left-hand side of 4° cancel, which is what we 
sought to prove. 

Let us now prove the basic theorem. 

Jacobi-Poisson Theorem. If f and g are integrals of equations 
of motion, then (fg) is also an integral of these equations. 

Proof. Tt is required to prove that for the function (fg) the 
relation (7) holds: 


o 
8) 4 (fg) H) =0 (14) 
when the same relation holds for each of the functions f, g: 
Ft ¢H)=0, 2 +(gH) =0 (12) 


* Direct calculations show that on the right-hand side of (9) all terms in- 
volving second-order partial derivatives of the function f cancel. 
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Indeed, by 5° 

6 7] 7) : 

$y (fe) = ($5 e) + (fF £) =) )- (€) = (Hf) 2) + (8) 
Therefore, using the Poisson identity, we get 


en (fg) H) = ((fg) 2) + (8) f) + (Ef) g) =9 


thus completing the proof. 

The theorem just proved yields an automatic rule that permits 
obtaining a third integral from the two integrals f (t, q;, pi); 
g(t, qi, pi) by means of algebraic operations and differentiation: 


n 
Of og Of og 
(fg) = py ( Og; Opi Opi Oi ) 

Taking the Poisson bracket of, for example, f and (f g), we again 
get an integral, and so forth. However, it should not be forgotten 
that the new integral may prove to be either identically zero or 
a function of earlier known integrals. Thus, only by special choice 
of the independent integrals f,, ..., f, (1 << 2n) can we be sure 
that it is possible to obtain, by means of the Poisson bracket, the 
integrals f,4;, ..., fo, that are lacking when we want a complete 
System. 


By way of illustration* let us consider the integrals of momenta and 
ay ee Momenta for a system of free particles that is isolated from exter- 
ha 


actions:** 
P= >) Px Py= >) Pp Pis= )) Pos 
My,= b} Nx = bs (yPz —2Py), M,= > my =>) (2py~—-Zpz), 


M,= Bb? mz= >» (tPpy—YPx), 
where 


Px=Mmt, Py=my, Ppz= ms 


The functions P,, P,, Pz, Mx, M,, M, are integrals, i.e, the “conser- 
vation integrals” 
Py=Cy, Py=Ce, P,=¢3, (13) 
My =, M,, = 5, M,= cg, 
hold if the system is isolated. However, in the presence of an external 
force field witl principal vector R(X, Y, Z) and principal moment 


* See Landau, L., Pyatigorsky, L. Mechanics, Moscow-Leningrad, 1940, p. 154 
(in Russian). 

** In this example the summation is taken over all the particles of the 
System, 
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Eo (Ly, Ly, Lz) any of these integrals occurs if the corresponding one of 
the quantities X, Y, Z, Ly, Ly, Lz is equal to zero. 

Form the Poisson bracket for the quantities relating to a single particle: 
Op, IMy = 
OP» Ox = Pz, 


aoe dmx dmy = am, dm, 
Me, 02 OD, Op, 


(Px Py) =0, (Pymy)= — 


=£Py —YPx=Mz 


It will be noted that the Poisson bracket, in which one quantity (p or m) 
refers to one particle, and the other to another particle, is always zero; 
for this reason, 


(P,Py)= > (PxPy) = 9, 
(PM y) = > (Pym y) = Bb} Pz=P2, (14’) 
(M,M,)= >} (mzmy)= ps m,=M, 
Cyclic permutation of the letters z, y, z yields similar relations: 
(Py P,)=0, (P,P,)=0, 
(PyM;) =P,, (P2Mx\=Py, (14”) 
(M,M,)=M,, (M,M;)=My, 


The six laws of conservation (13) are not independent. It follows from the 
relations (14’) and (14”) that if we have the integrals 


Py=cy, My=cy, My= cs (15) 
then we also have the integrals 
Py=ce, P,=C3, M,=ce (16) 


This is all true, of course, of a potential field of force. In a nonpoten- 
tial force field, 


X=0, Ly=0, Ly=0 (17) 
do not yield the equations 
Y=0, Z=0, L,=0* (18) 


* The conservation integrals (45) hold only if equations (17) are satisfied. 
Similarly, integrals (16) hold only if we have the equations (18). 


CHAPTER 3 


Variational Principles and Integral 
Invariants 


16. Hamilton’s Principle 


We consider an arbitrary holonomie system with independent 


coordinates g,, ..., %, and the Lagrangian function L (t, q;, qi). 
The integral 
ty 
w= \ Las (1) 
to 


is called the action (in Hamilton’s sense) during a time interval 
(t, t#,) and the expression Ldt is the elementary action*. 


Since the function L is of the form L = L (t, q;, q;), it is neces- 

sary, in order to compute the action (1), to specify the functions 

qi =qi(t) (i =1,..., n) in the time 

t M, interval t7)<<t<t,. In other words, the 

action W is a functional dependent on 
the motion of the system. 

[f we arbitrarily specify the functions 
qi = qi (t) (i= 1, ..., n), then we get 
a certain kinematically possible motion 
(that is, motion admissible by the const- 
raints). In the extended (n + 1)-dimen- 
sional coordinate space, where the quan- 
tities gq; and the time ¢ are the coordi- 
nates, this motion is depicted by some 
q curve. We shall consider all possible such 

curves, or “paths”, passing through two 

Fig. 29 specified points of space Mo (to), gi) and 

M, (ti, q}) (see Fig. 29 for mn = 2), i.e. all possible motions that 

translate the system from a given initial position (q%), which it 

occupied at time ¢), to a given final position (g}), which it occupies 

at time ¢, Here, from the start we fix the initial and terminal 

instants of time ¢ 9 and ¢,, and the initial and terminal positions 
of the system. The motions are otherwise arbitrary. 


* For natural systems, £ = 7 — II has the dimensions of energy. There- 
fore the dimensions of action are energy x time = force X length X time. 
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If the system is natural and constrained, then the motions discus- 
sed here are subjected to only one restriction: during motion of 
the system the constraints imposed on particles of the system must 
not be violated. This condition is fulfilled automatically when we 
vey the motion in independent coordinates, assuming 9g; = 4; (2) 
G@=1,..., n). 

Suppose that among the paths considered there is a so-called 
“straight” path, i.e. one along which the system can move for a 
specified function ZL (i.e. in a given field of force). For a straight 


path the functions q; = q; (t) (i =1, ..., n) satisfy the Lagrange 
equations 
ad OL OL 
20 (1S 4 y esd Z 


All the other paths passing through the points M, and M, will 
be called “circuitous’ paths. (In Fig. 29, the straight-line path 
is depicted by a solid line, the circuitous paths by dashed lines.) 
We shall prove that the action W has an extremal (more precisely, 
stationary) value for the straight path as compared with the circui- 
tous paths. Therein lies Hamilton's principle.* 
Let us consider an arbitrary one-parameter family of paths 


Gi~=4i (t, &) (9<t<hy; 
=< OK Vp bah, 2s55. 2) 


containing, at ~=0, a given straight path; for a-+40 the paths 
are circuitous. Let all these paths have a common origin M,) and 
a common terminal point M;,: 


Qi (to, &) = @?, Qi (ts, *) = GQ 
(=< G9 b= 1,..<25-2) 


The action W as computed along a path belonging to this family 
is a function of the parameter a 


ty 
W(a)=( Lit, alt, @, alt, alae 


to 


* This principle is given in the works of W. Hamilton published in 1834- 
1835. Hamilton proceeded from the assumption that the initial system was 
scleronomic (he proceeded from the concept of kinetic energy 7 as a quadratic 
form of the generalized velocities). This principle was formulated and substan- 
tiated for the general case of nonstationary constraints by M. V. Ostrogradsky 
in 1848. For this reason, the principle is sometimes called the Hamilton-Ostro- 
gradsky principle. 
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We compute the variation of the action W, i.e. the differential 
with respect to a: 


ty ti on 
OL OL 58 
aw = | éLat=\ > (F- 5a toe qi) dt = 
to a qi 
1 7 
oL ty oL d ob 
= >» —6q¢;| + Boe) OG a = 
a1 9: ee 4 ( Ou at 9g, 
t 
_(S\(aL_ 4 a), oy 3 
= { >; (<--a—) qi (3) 


to i=1 09: 


Here, we transformed the integral by means of integration by 
parts, making use of the commutability of the operation of varia- 
tion 6 and the operation of differentiation with respect to the 
d 
time a 7 

: d 66d 
dq; = 6-- qi (t, 0) = 35> a qi (t, @) ba = 


d a) ad 
= Lae Hh 2) da] =F da 


The straight path and all the circuitous paths pass through a fixed 
initial point and a fixed terminal point in extended coordinate 
space. Therefore, at ¢ = ¢) and at ¢ = ?#, the variations 6q¢; = 0 
and the integrated part vanishes. 

From equation (3) it is seen that for the straight path, i.e. for 
a = 0, the “expression under the sign of the transformed integral 
is zero by virtue of Lagrange equations. And so 


for the straight path 6W=0 (4) 


This is the mathematical expression of Hamilton’s principle. 
The converse proposition is valid as well: if for some path 6bW = 0, 
then the path is straight. Indeed, because of the arbitrary ature 
of the variations 5g; (i =1, ..., m) (at the ends they are zero, 
while at the remaining points of the path they are quite arbitrary) 
there follow from the condition 6W = 0, by virtue of the equation 
(3), the equations (2), i.e. the Lagrange equations for a straight path. 
Since from the Hamilton principle there follow the Lagrange 
equations in independent coordinates (and vice versa), Hamilton’s 


principle may be placed at the foundation of the dynamics of 
holonomic systems. * 


* The statement of the Hamilton principle given above presumes (in the 
case of a natural system) the existence of a potential of force. The more general 
formulation of the principle, which embraces the case of nonpotential forces 
as well, will be given below [formula (9) on page 93]. 
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The straight-line paths, i.e. the “true” motions for a given func- 
tion Z, may be characterized both by means of the differential 
equations of motion in the Lagrangian form and also by means 
of the variational principle of Hamilton. However, there is one 
fundamental difference between the differential equations of motion 
and the variational principles. 

The differential equations of motion express a certain relation 
between the instant of time ¢, the position of the system, and the 
velocities and accelerations of its points at that time. If this rela- 
tion holds at each point of some path, then the path is a straight 
line. The variational principle characterizes the entire straight 
path as a whole. It formulates the extremal (stationary) property 
of a certain functional, which property distinguishes the straight- 
line path from among other kinematically possible paths. The 
variational principle has a more surveyable and compact form and 
is frequently used as a foundation for new (nonclassical) domains 
of mechanics. 

Note. The differential equations (2) are necessary and sufficient 
conditions for the first variation 6W, where the integral W has the 
form (41), to be equal to zero. In the calculus of variations the equa- 
tions (2) are called the differential equations of Euler for the varia- 
tional problem 

I 
5 \ L(t, 91, q;) dt = 0 
to 

Lagrange’s equations in independent coordinates were utilized 
to substantiate Hamilton’s principle. But the equations themselves, 
in the case of a natural system, were obtained from the general 
equation of dynamics 

N 

pa (Fy—myr,) dry =0 (5) 

V= 
We shal! show how Hamilton's principle can be substantiated directly 
by means of the general equation of dynamics (5). Then Lagrange’s 
equations are obtainable directly from Hamilton's principle. 

If in the expressions for 7, 


rH Ty (te Gd) WH ly... N) 
we put in place of q; the functions q;(t, a), then », will become 


a complex function of ¢ and a. We differentiate it with respect 
to a, i.e. we compute the variations 


n 
bry= > ae dq, (va=4,.... N) (6) 
imt 
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These formulas coincide with the formulas (8) on page 37, which 
determine the virtual displacements of points of a holonomic system. 
Thus, the variations of the radii vectors for any ¢ are virtual 
displacements of the points of the system. 

It is possible to convince oneself of this without resorting to 
formula (6) but by proceeding solely from the definition of a varia- 


: wee ar 
tion and of virtual displacement. Indeed, the variation 6r, = — ba 


is an infinitesima! displacement of a point of the system P,, which 
transfers the point of the trajectory produced for a certain fixed 
value of a (for a straight-line path a = 0), to the point of an adjacent 


Fig. 30. 


trajectory which corresponds to the parameter a + da (Fig. 30). 
Here, both points are taken for one and the same instant of time t, 
since in differentiation with respect to a the value of ¢ is fixed. 
Consequently, 67, accomplishes the transition from one possible 
position of the point P, at time ¢ to another possible position for 
the same time ?¢, i.e. 6a, is a virtual displacement of a point P, of 
the system. 

Thus, in the general equation of dynamics (5) we can consider 
ér,y to be a variation of the radius vector r,. But then it is possible 


‘ d , 
to change the sequence of the operation Fr and the operation 6 
of differentiation with respect to a: 
d d @ : 7 
ap Oe = ap aq Tet a)ba= Ge y(t, 2) Sa = bry 
Therefore 
N N N 


ee dad e e d 
> MyPrWOry = ZG, } myr ory — > My Py Ory = 


ér, 


v=1 v=1 
N 


v= 1 
ra = 
e e e dad a 
AE > My Vr Ory — >, MyPy Ory “dt >; myr Ory — dT (7) 
v=1 


! 


v= v=i1 


'N 
where 67’ is a variation of the kinetic energy T= >; myr. 


v=i 
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As before, denoting by 6A the elementary work of effective for- 
ces F, in virtual displacements 67, (v=1, ..., N), we can, using 
the transformation (7), write down the equation (95) in the form 


N 
ad e 
67 + 6A ——- >) myrdry =0 
v=1 
Integrate both sides of this equation with respect to ¢ from 
t=t, to t=t,: 


ty 


N 
\ (87 +84) at—| >} myryory |), =0 (8) 
lo v=1 


Here | ltt denotes the difference between the values (for t=t, 
and t=t)) of the expression in the square brackets.. But when 
t—t) and t=—12,, the radius vector 7, does not vary since the ini- 
tial position and terminal position of the system are fixed: 


Vy (fo, DH, Py(i, DHT, (v=l,...,N) 
Therefore 6%,=0 for tt) and for t=?¢,. The second term in (8) 
is zero, and this equation takes the form 
ty 
f (87 +64) dt =0 (9) 
to 


We consider the case when the forces have the potential [T= 
=I (t, q:). Then 
6A = —SII 


where OII is the virtual differential (variation) of the function 
IT (é, q;)* and equation (9) is written 

ty ty 

j (8T ~ dIl) dt = j 6L dt =0 

to io 
whence 


ty th 
We) cae SL dt=0 


Thus, the basic equation of dynamics (5) has led us to Hamilton's 
principle 5W=0, and from this, as was indicated above, we imme- 


n 
aml 
* That is, S= >) 3— d9i. 


i=1 
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diately obtain Lagrange’s equations: 
o 7] ‘ 
ooF oe =—0 (i=1,...,n) 
Ogi 


In order to obtain Lagrange’s equations, in the case of the 

nonpotential forces Q; one should proceed from the equation (9) 
ty 

{in place of (4)}. Applying formula (3) to the integral { 8rd, 
to 


i.e. replacing the function ZL by the function 7 (t, 4:, q:), and 
using the expression for the elementary work of the bpecuee forces 


5A = y Q;59:, we find 
i=1 


ty on 


oT ad of 
[3 (Q:+37- a) brat =0 (10) 
fo i=1 z 
From this it follows that since the quantities dg; (i = 1, ..., n) 


are arbitrary, the expressions in the brackets under the integral 


sign (10) must be zero, i.e the Lagrange equations must hold for 
the straight-line path: 


= — = = 2: (=, = aay Zt) (14) 


Let us find out whether the value of the action for a straight- 
line path is the least when compared with circuitous paths. 

By way of illustration let us consider the motion of a particle 
constrained to move on a sphere in the absence of a field of foice 
(inertial motion on a sphere). Let the mass of the particle m = 1. 
In spherical coordinates oe — 


L= =~ 7 = (@? + sin? py?) 
For the straight-line part 


OL 
og and —— = const 
0@ ? Op 


(where tp is a yen coordinate), 


—sin 9 cos pip? = =, sin? pp = = sin? Po'bo 


Without i of generality, we may say that the initial velocity 
vw, for a straight path is directed along a meridian (p—const), 


i.e. Po = 0; then 
p=0,  =const and vp? = Ry? = const 
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Thus, the straight-line path amounts to uniform motion along 
an arc of a great circle. Here, 


ty 
Weir—We =z \ (V?—v)) dt = 
ty 


ty ty ty 
= Vp \ (v — vp) at + + \ (v — vp)? dt > vo { (v —v 9) dt = V9 (Oczr — Gt) 
to to to 


The length of the arc of a great circle o,; is Jess than the length o.;, 
of any other curve on the sphere connecting the same two points My 
and M,. For this reason, 


W st < Weir 


However, this is valid only wheno,; = U M)M,< aR. lfoa,,;>aR, 
then W,, will no longer be always less than W,:, and the least value 


Zz 


) 
LPS] 


Mo 
Fig. 34 


of the action W will be attained on an auxiliary arc of a great circle, 
which in this case will be the shortest distance between M, and M,. 
If we move the point M, along an arc of a great circle, increasing 
the arc, then the critical point Mf (prior to this point, W,; will 
be a minimum, and after M, passes through M* it will no longer 
be such) is a point diametrically opposite the point M,,. 

The situation is similar in the general case. It may be proved that 
if the point M, is chosen sufficiently close to My, then one straight- 
line path passes through M, and M;,. But if the separation between 
M, and M, is sufficient, then two straight-line paths can pass 
through M, and M, or even a pencil of straight-line paths. Such 
a position M* of the point M, is called the conjugate kinetic focus 
of My. It has been established that an action directed along the 
straight-line path M,M, is of least value compared with those 
along circuitous pathways if on the arc M,M, there is no kinetic 
focus My conjugate to M>. 
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17. Second Form of Hamilton’s Principle 


Let us examine yet another form of Hamilton’s variational prin- 
ciple. In place of an (m+ 14)-dimensional extended coordinate 
space we consider a (2n +- 1)-dimensional extended phase space 
in which the quantities g;, p; (i = 1, ..., m) and ¢ are the coordi- 
nates of a point. In this space we consider a straight-line path pas- 
sing through two points Bo (q?, pi, to) and By, (qi, pi, t,) and also 


Fig. 32 


all other possible curves connecting these points (circuitous pathways; 
see Fig. 32, n = 1). 

The functions q; (t) and p;(t) (i =1,..., n), which specify 
the straight-line path, satisfy Hamilton’s equations 


dq; 4, OH 
dt —s- Op; 
ap; OH , 
age lm a 


We introduce a function of 4n-+-1 independent variables 
L* (t, Qi, Pis Vis Pi) defined by the equation* 


L* ae Pina —H (t, Gis Pi) (2) 


* The Di actually are not involved in the right-hand side of (2). There- 
fore, the function Z* is, in this case, independent of these quantities, 
* 


=0 (i=1,...,2). : 


and 


Opi 


Sec. 17] Second Form of Hamilton’s Principle 97 


With the aid of this function, Hamilton’s canonical equations (4) 
can be written, as is readily seen, in the Lagrangian form: 


d aL* OL* d OL* oL* 
—~--—_ — —=0, —-——--=— =0 (i=1,...,n 3 
dt 94, qi dt 5,  9Pi j ey. <2) 


Since a straight-line path is characterized by equations (3) of the 
Lagrangian type, the straight-line path in extended phase space 
stands out among the circuitous pathways, as was earlier established, 
by the fact that for it the integral 


ty 
{ L*(t, gis Pas a4, Pi) at (4) 
to 
has the stationary value 
ty th n ; 
6 { red=6[ (> pgi—H) dt =0 (5) 
to to i=1 


At first glance it might appear that the second form (5) of Hamil- 
ton’s principle does not differ in any way from the first, 6W = 0 
since, according to formula (8) on page 73, the expression for L* 
coincides with the function ZL. This is not always so, however; it 
is true only for motions of a system, i.e. for paths such that g; = 
=q;(t), pi=pi(t) @ =1,..., ”), for which the functions 
q; (t) and p; (¢) are connected by the relations 

ee a | (6) 
Ogi 


However, in the second form of Hamilton’s principle (in contrast 
to the first!), arbitrary curves of (2m + 1)-dimensional extended 
phase space passing through the points By) and B, are admitted for 
comparison as circuitous pathways. These paths may not satisfy 
relations (6) and for this reason, in the general case, for them L* 
«I. But if in formula (5) we confine ourselves solely to those 
circuitous paths for which (6) holds, then the second form of Hamil- 
ton’s principle passes into the first form, 6W = 0. 

Note also that unlike the points M, and ™, in the first form of 
Hamilton’s principle, points By and B, cannot be chosen in arbitrary 
fashion because it is impossible in the general case to draw a straight- 
line path through two arbitrary points of extended phase space. 
The points By and B, are chosen on the straight-line path for which 
Hamilton’s principle is formulated. 


7—3420 
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18. The Basic Integra) Invariant of Mechanics 
(Poincaré-Cartan Integral Invariant) 


Let us derive a formula for the variation of action SW in the 
general case when the initial and terminal instants of time, just 
like the initial and terminal coordinates, are not fixed but are 
functions of a parameter a 


to = to (a), Gi =4qi (a) 
ty=t1(%), Gi =qi(a) (GG=4, 2... 7) (1) 


ty 


Here, differentiating the integral W = \ Lat with respect to the 


to 
parameter @ and integrating by parts we find 


ty (a) 
5W = 6 L at == L,8t, — L Sto +. 
to(a) 
fyi n 
+ \ 3 (aj bn + ban) dt L084, + 


i i=1 


+ S Pi (84: ]2=1, — Lodto — > pi (59; ]e=t5 + 


ix=i t==1 


+3 (3 (sc- + ~--) 84: dt . (2) 
to i=1 agi 
[Sqihim, =| Gout 2) |, 8 (i=4,...,n;4=0, 1) (3) 


On the other hand, for the variations of the terminal coordina- 
tes qi = qi[t,(a), a] we have the formulas 


éqi = gibt, + | oe EE eG “ue | da 


{==t 
or 
bgi = [Sqi]sat, + Gils (i =1,..., 7) 
From this 


[Sgilimt, =SGi—G16t, (i= 41, ..., 2) (4) 


In similar fashion 


[Sgi}t=ty = dq; — q'Sto (i=1, ..., 2) (5) 


Sec. 18] Basic Integral Invariant of Mechanics 99 
Pa | Mc ac esac lle Rie nike eee ee 


Substituting the expressions (4) and-(5) for [69;]:1, and [Sai ]iaty 
into expression (2) for 6W, expressing as usual q; in terms of pj, 
and noting that 


~ 


2 pigi—L = Hf 


we obtain the following formula for the variation of action 6W 
in the general case: 


éW = [> p64: — H6t |’ BP 


1 on 
+) (- $4) one (6) 
to i=1 t 


where 
[ d, Pi6qi—HOt]o= Dd) pidai— Hibt.— 2 pbgt+ Hobto 


In the special case when for any a the appropriate path is a 
straight line, i.e. when gq; = q; (t, a) (i = 1, .-., n) is a family 
of straight-line paths, the integral on the right of (6) is equal to 
zero for any a, and the formula for the variation of the action takes 
on the following simple form: 


SW = [> pidg: — H6¢]5 (7), 
i=1 4 


In place of the (nm + 1)-dimensional extended coordinate space 
we take the (2m + 1)-dimensional extended phase-space in which 
the quantities g;, p; (ij = 1, ..., m) and ¢ will be the coordinates 
of the point. In this space we take an arbitrary closed curve C, 
given by the equations 


d= (a), Pi= pi (a), = to (a) (8) 
G=1,....m4 0<a<c) 


Here, we have one and the same point of the curve C, for a = 0 
and a = l. Taking each point on the curve Cy, as the initial one 
we draw the appropriate straight-line path. Such a path is uniquely 
determined (after specifying the initial point) by a system of Hamil- 
ton’s canonical equations. We obtain a closed tube of straight 


7 
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trajectories (see Fig. 33, n = 1) 
Gi=at, &), pi=pilt, a) (t= 4,...,n; O<a<l), (9) 
where 
qi (t, 0) = qi (t, l), Pi (t, 0) = Pi (t, l) 
G4, eng) 
On this tube we arbitrarily choose a second closed curve C, 
around the tube that has only one common point with each gene- 


t ly 


aS 


Co 
Pr 


Qt 
Fig. 33 


ratrix. The equations of curve Cy, may be written in the form* 


gi=G (a), pi=pi(a), t=t, (2) (410) 
Let us examine the action W along the generatrix of the tube 
from the curve Co to the curve C\: 
f1(a) 
W = L dt 


to(&) 


Then for any a, by formula (7), 


OW =W' (a) 6a =D! pidqi— HOt] o 


* To each value of @ of the interval 0 <a < I there corresponds a definite 
“generatrix” of the tube (straight-line path) and on this generatrix there is 
only one point belonging to the curve C;. Therefore, to each value of a there 
comosponds only one point of the curve C,, i-e. the coordinates of the point of 


the curve C, are functions of the parameter a. 
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Integrating this equation termwise with respect to a from a=0 
to a=1, we get 


0=W()—W (0) = [ 3} pda —H6¢]! = 
6 i=t1 
l bie l n 
= [3 pidgi — 1,64, |] — [ py pig! — Hobte | = 
= -§[ pidqi — Hot. — §[2 pibar— H6t] , 


Cz, i=1 


§ [> pidgi — HOt | =§ be Pidgi — Hét | (44) 
Co i=1 Cy i=1 


It is thus established that the line integral 


r=§ [ 3 pidgi— Ht | | (12) 


taken along an arbitrary closed contour does not change its value 
in the case of an arbitrary displacement (with deformation) of the 
contour along a tube of straight-line trajectories, i.e. it is an integral 
invariant. We shall call the integral J the Poincaré-Cartan integral 
invariant. 

We now prove the converse proposition. Let it be known that 
the straight-line paths are defined by the following system of first- 
order dilferential equations: 


At. Q, (t, Qj Py), = Pilt, is Ps) 
Beaten s (13) 


This supposition is natural in that the motion of a system must 
be defined uniquely on the basis of the initially given g?, p? (t=4, 
..., n). Besides, let it be given that the Poincaré-Cartan integral 
(12) is an integral invariant with respect to the straight paths 
defined by the set of equations (13), i.e. for any tube of these paths 
the Poincaré-Cartan integral computed round the closed contour 
embracing the tube does not change its magnitude when the points 
of the contour are arbitrarily displaced along the generatrices of 
the tube. We will now prove that the following relations hold bet- 
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ween the function H and the functions Q;, P;: 


OH OH : 
Qi Ga tk is aa (i=1,..., 7) (14) 


That is to say, we will prove that equations (13) are Hamilton’s 
canonical equations with the function H that enters into the expres- 
sion under the sign of the integral J. 

To proceed with the proof we introduce an auxiliary variable 
(parameter) pp, supplementing the system (13) with yet another 
equation: 

aq an apy @Dn dt 
ao eee een —=-L!. ——__ — nd 15 
Q1 Gis oP Rea 

Here, = = 1 (¢, q;, Pi) is an arbitrary function of a point in 
the extended phase space. Integrating the system (15), we find the 
expressions for g;, p, and ¢ in the form of functions of the variable u 
and of the arbitrary initially given values, g?, p? (i = 1, ..., n), 
and fp (for p = 0): 

qi =i lus Qj, P}, bo), 
Pi=YPi (us 93, Pj, to), (7=1, ..-, 2) (16) 
t= (py; qi, Pi, to) 


We have thus obtained parametric equations for the family of all 
straight-line paths. Since we only need those straight-line paths 
that form the given tube, we have to choose the initial point 
My, (qj, P}, ¢) on the curve Cy, i.e. we have to put 


q (), P§ (x), to (a) 
into equations (16) in place of qj, pj and fy. Having done that we 


will find the parametric equations for the straight-line paths that 
form the given tube: 


gi~=Qi(b, %), Pi=pi (uy, &), 
t=t(p,a) (i=1,...,n; O<a<l) (17) 


Here, the value of a isolates a definite straight-line path (the “gene- 
ratrix” of the tube), while the value of the parameter p fixes a 
definite point on this path. 

Assuming » = const, wecobtain a point on every generatrix, 
and on the tube we get a closed curve. We take it that in the integral 
(12), 9:;, p; and ¢ are replaced by their expressions (17). Then the 
integral J will be a function of the parameter p and for every fixed 
value of p, it will be a line integral along the corresponding closed 
curve » = const. 


Sec. 18] ‘Basic Integral Invariant of Mechanics 103 


By virtue of invariance, 
al =0, 


where the letter d denotes differentiation with respect to the para- 
meter uw. Differentiating under the sign of the integral, we find 


o=4 ry (dpi8q; +p: d8q;) —dH8t—H dé | 
i=1 


Writing 6dq; and &d¢ in place of d&g; and dét, and integrating 
by parts round the closed contour, we get* 


0 =$ [ 3 (dp.dq: — 6p; agi) —dH6t + 6H de | = 


ix=1 
$§ {35 [eoer eae)on + (an + a) + 


+ (—dH + at) sth, 


or, by virtue of (15), dividing termwise by dp = 


Jt 9 
o=$ {> | (Pi+-3S) but (—O+ 5) op: |+ 
i=1t 
+(—4- +47) obs (18) 


The expression under the integral sign must be a total differential 
with an arbitrary factor x; but this is only possible when the expres- 
sion in the braces is zero. Equating this expression to zero, we get 


aH _ oH 


(i=1, 5.., 7), 


which completes the proof.** 


* The operations d and may be interchanged since they represent diffe- 
rentiation with respect to different independent variables p and a. Further, 
when integrating by parts, the integrated part is lost (is equal to zero) since 
the terminal point of the integration path coincides with the initial point. 


Thus, for any two functions u and »v, G ubv = -§ vdu when integrating 
over a closed contour. 
‘ : .,. aH OH rae , 
** We also obtain the identity ae an which is a consequence of Hamil- 


ton’s canonical equations [see equation (20) on page 76}. 
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From what has been proved it follows that the invariance of the 
Poincaré-Cartan integral may be placed at the foundation of mecha- 
nics since from this invariance it follows that the motion of a system 
obeys Hamilton’s canonical equations. 


Note. In the proof we introduced an auxiliary variable w and used the cir- 
cumstance that the integral J does not change its value in passing from one 
curve of the family uw == const to another curve of the same family. Because 
the function x (¢, qi, pi) is arbitrary, the family of curves y = const is actually 
an arbitrary family of nonintersecting closed curves embracing the given tube 
of straight-line paths. If we had not introduced the parameter yp, and had taken 
the time ¢ for the parameter, then, by the same reasoning, we would have only 
partially made use of the invariance of the integral J (only for the curves of the 
simultaneous states t = const) and we could not have arrived at the desired 


result. 


Now let us take a more detailed look at the structure of the 
PoincaréCartan integral. 

In the Poincaré-Cartan integral (12) the time ¢ enters as the coor- 
dinate g;, and the role of the corresponding momentum is played 
by the quantity —H, i.e. the energy taken with opposite sign. 
This is a far-reaching analogy. 

We change the variables in the integral J by introducing a new 
variable z connected with the old variables by the relation 


z= —H (t, qi, Di) (19) 


Using this relation let us express p,: 
Pa=—Kie, Qty «2 +5 Qn, L, P2, «++, Dn) (20) 


Then the basic integral J in the new variables will read 
T= 28t + podgo+ ... + PrSgn— K6qs (24) 


Thus, in the new variables the integral J has the aspect of the 
Poincaré-Cartan integral, but the role of the time is now played 
by the variable g; and in place of the earlier energy H we have 
the momentum p, taken with reversed sign, i.e. K. Thus, by what 
has been proved, the motion of a system in the new variables should 
be described by the following Hamiltonian system of differential 
equations: 


dt  <oK dz 6K 

dq, @2 ' dg et’ (22 
dq; aK 4P3 aK (j=2 n) ) 
dq, Op;’ “dy gy 


Where, g, is the independent variable. 
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We can illustrate this in the case of a linear oscillator for which 


_ p* , eg@ 
oe 2 


Form the canonical equations taking q for the independent variable. 


To do this, put 
= p2 cg2 
a ( 2m a +) 


whence 
p=VnV ama 
Thus, we have 


K-=—VmV — 2—c¢@ 


The appropriate canonical eee (22) will then read 


oe 7 
Cafe ae a ae A =0 


From the second equation, z=const = —h. We find ¢ by means 
of a quadrature: 
wt = j ua 


1 afar. 
OP 8 
rs q 
{fc ; : 
where o=/ —e and a is an arbitrary constant, or 


, oe 
wt ++ @ = arc sin oa 


q= Asin (ot-+ a) ( A= *) 


19. A Hydrodynamical Interpretation of the 
Basic Integral Invariant. The Theorems of 
Thomson and Helmholtz on Circulation and 
Vortices 


i.e. 


For a concrete interpretation of the concept of an integral invariant 
let us consider the motion of an ideal fluid under the action of 
external forces with a potential II (¢, z, y, z). AS we know from 
hydrodynamics the equation of motion of a particle of this fluid 
has the form 


a= —grad Il— — grad P, (1) 
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where @ is the acceleration of the particle, ¢ and p are its density 
and pressure, while the potential IJ is referred to unit mass. 

We take it that 0 and p are connected by the functional relation 
o =f (p) (in particular this occurs in an isothermal development 
of the process). Then, putting 


II = Rha ah 
veer 
we can write equation (4) as 
= —grad Il (1’) 


This equation shows that the motion of a particle of the fluid 
is identical to the motion of a particle with mass m = 1 in a poten- 


tial field Tl = U (t, x, y, 2). Therefore, the integral invariant for 
the motion of fluid particles will be the Poincaré-Cartan integral, 
which in the given case is of the form 


I =§ uda + vbdy +-wbz— Et (2) 


where u, v, and w are the components of velocity of the particle 
(in the given case—for m = 1—they are the momenta p;), and 
E is the energy defined by the formula 


B= (ubtvt+u%) +f, 2, y, 2) (3) 


Thus, the integral (2) taken round an arbitrarily closed contour 
in the seven-dimensional space (f, x, y, 2, wu, UV, Ww) does not change 
its magnitude in an arbitrary displacement of points of the contour 
in accordance with the motion of the fluid. This motion obeys 
the differential equations, which, by virtue of the formula (1’), 
have the form 


ao yy Wy de 

Ae ee ap ap ee (4 
CL | Se | rv ) 
dt oz ' dt Oy ’ at Oz 


For the given special case, equations (4) are Hamilton’s canonical 
equations, 

If the specific motion of a fluid is given for which the field of 
velocities is known, i.e. if we know the functions u(t, z, y, 2), 
v(t, x, y, 2), and w(t, 2, y, 2), then the integral (2) may be 
regarded as an integral in extended coordinate space, i.e. in the 
four-dimensional space ¢, z, y, z. The value of this integral does 
not change if the points of the path of integration are displaced 
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arbitrarily along the paths of motion of the particles; i.e. the integral 


§ u(t, x, y, z)dz-+uv(t, z, y, 2) dy+ 
Cc 
+w(t, 2, y, z)dz--H(t, xz, y, z) dt (9) 


is an integral invariant in extended coordinate space for the motion 
of a fluid with a given field of velocities. 

If the path of integration consists of simultaneous states 
(t = const), then the integral (2) takes the form 


& udz +- vdy + w6z (6) 
Cc 


In hydrodynamics this integral is called the circulation of the 
velocity along the contour C. Along with this we obtained Thomson’s 
theorem on the conservation of the circulation of velocity: the 
magnitude of the circulation (6) does not change if the fluid particles 
forming the contour at time t, are transferred to positions that they 
occupy at any other arbitrary instant of time to. 

(f the fluid particles at some time form a line, then these same 
particles will form another line at another instant of time. We 
shall speak of a “fluid line” that moves and is deformed with time. 
In similar fashion we define the concept of a “fluid surface”. 

The theorem on the conservation of circulation states that to 
every closed fluid line there corresponds a definite circulation. 

Note that by the Stokes formula the integral (6) is written in the 
form of an integral over the surface S bounded by the contour C: 


\ \ ESydz + ndzda + Cdzrby, (7) 
s 
where 
— Ow Ov _ Ou Ow. 
ey ae? Ge ae? 
Ov Ou 
ay ama (3) 


are the components of some vector @ called the curl (rotor) of the 
velocity or simply the curl. Integra] (7) is ordinarily given in the 
form 


\ \ Q,, dS, (7") 
S 


where @, is the projection of the vector 2 on the normal to the 
surface, and dS is an element of the surface S. From this it is seen 
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that the integral (7) gives the magnitude of the vortex flow through 
the surface. The theorem on the conservation of the circulation of 
velocity passes into the theorem on the conservation of vortex 
flow: to every bounded fluid surface there corresponds a definite 
magnitude of vortex flow through this surface.* 

The motion of a fluid with a given field of velocities is determined 
by the differential equations 


&=ult, L,Y, 2), 

(9) 
dy az 
a = Ut, 2, y; 2), at =w(t, Ly Y, 2) 


With respect to the integral curves of the system (9), the inte- 
gral (5) is an integral invariant. 
e now pose the question of what other systems of differential 
equations of the type 
dz = dy = dz i dt (10) 
Pi(t,z,y,2) Q(t,z,y,2) R(t, z,y,2) U(t, x, y, z) 


besides the system (9), possess this property; in other words, for 
what other systems is the integral (5) an integral invariant? 

To answer this question, let us introduce a parameter uw for the 
trajectories of the system (10) and, as was done in the preceding 
section, let us equate the relations (10) to the product x(t, xz, y, 
z) du, where zm is an arbitrary function. Let us consider a tube of 
integral curves of the system (10) and a closed contour C around this 
tube, for which contour » = const = c. Note that the value of 
the integral (5) along the contour C does not depend on the quanti- 
ty = ¢. 

Denoting by d the differentiation with respect to uw and reasoning 
as on page 103 we get [using formulas (8)] 


0=d§ ubz + vby ++ w82— E6t = § dubz + dvdby +- 
+- dw6z — dE6t — 6u dz — Sv dy — Sw dz +- 8F dt = 
E 
=§| —Cdy4-ndet (S24) de] 8+ [+] by + [+] 62 + 
du Ov dw OE 


where the coefficients of dy and 6z are obtained from the coefficients 
of dz by a cyclic permutation. 


* From this it follows in particular that vortices in the fluid volume of an 
ideal fluid can neither vanish nor appear [if of course the forces have a potential 
and the relation p = f (p) holds]. 
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Replace dz, dy, dz, dt by the denominators of the fractions in 
(10) multiplied by wm (¢, z, y, z) dt. Since for any choice of the 
function x(t, x, y, z) the expression under the integral sign must 
be a total differential, it must be identically zero. And so the 
expressions in square brackets are equal to zero (after the differentials 
dx, dy, dz, dt in them are replaced by the proportional quantities 
P,Q, R, U); i.e. we have the equations 


m0 ($42) 0-0 ) 
tP—ER+ (3+) U=0 | (14) 
sme (EE) =O | 


and 
(Ste) P+ (Sta) C+ (G+E) RH0 


The relation (12) is a consequence of the equations (11) if J 0, 
and of the equations (11) and (1’) if U = 0. 

The equations (11) together with equations (10) determine all 
the differential systems with respect to which the integral (5) is 
an integral invariant. Among these systems we shall seek those 
for which J = 0, i.e. dt = 0. Then from (11) we get 


eran a 
a 
and the system (10) takes the form 
d d. d dt 
5 aaa eae Ae (13) 


The integral curves of the system (13) are called vortez lines. 

Thus, the system of differential equations of vortex lines is the only 
system with dt = 0, with respect to which the integral (5) is an integral 
invariant.* 

From this important proposition follows an important corollary. 

In the space (z, y, z, ¢) take an arbitrary tube of vortex lines 
and two contours C; and C, bounding it (Fig. 34). By virtue of the 
invariance of the integral (5) with respect to the vortex lines, 


$ ubz +-vdy + wz — Edt = > uda t-v6y + wdz— Et 


Cr C2 


* The integral (5) is an integral invariant for other systems as well [for 
example for the system (9)] for which dt + 0. 
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We arbitrarily specify the magnitude t > 0 and transfer any 
point of the space (#, y, z, t) to the point (z’, y’, z’, t+ t) where 
x’, y’, 2’ are the coordinates at the time ¢ -+ t of the fluid particle 
which at time ¢ had the coordinates z, y, z. In such a displacement 
along the trajectories of the fluid particles the vortex lines will 
move to certain new lines which we will call “displaced lines”. 
The tube of vortex lines that we took will move to the tube of 


Le 


Fig. 34 


displaced lines, and the contours C, and C, will move into the con- 
tours D, and D, (see Fig. 34).* Since the displacement was accomp- 
lished by the motion of fluid particles, the integral (5) does not 
change its value during the displacement: 


sea a ae 


Ci Dy) C2 Do 


§=§ as 
De 


Dy 


but then 


It may be taken that D, and D2 are two arbitrary contours bound- 
ing the tube of displaced lines. Therefore, the equation (14) expres- 
ses the invariance of the integral (5) with respect to the “displaced 
lines”. Here, dt = 0 along each displaced line, as it is along a vortex 
line. Consequently, displaced lines possess the same properties that 
(as was shown earlier) only vortex lines can possess. Hence, the 
displaced lines are vortex lines. And the time of displacement t 
is arbitrary. Thus any vortex line always remains a vortex line during 
the motion of the fluid particles that comprise it. 

We have arrived at the Helmholtz theorem, which may be formula- 
ted as follows: a vortex line is a fluid line. 


* The tubes of vortex lines considered here are located in the four-dimen- 
sional space (z, y, z, t) but the t-axis is not depicted in Fig. 34. 
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At the same time we found that with each vortex tube there 
is associated a definite “intensity” defined by the integral 


§ wda 4- vdy + wb2— Eét (15) 
Cc 


The magnitude of this intensity does not change during motion 
of the fluid. If we take the tube of vortex lines for one and the same 
instant of time ¢ (6¢ = 0), then the intensity (15) is the circulation 
of the velocity round the contour C: 


6 udz -+- vdy + whz 


Cc 


20. Generalized Conservative Systems. 
Whittaker’s Equations. Jacobi’s Equations. 
The Maupertuis- Lagrange Principle of Least Action 


We consider a generalized conservative system, i.e. an arbitrary 
system (and perhaps a non-natural one as well) for which the func- 
tion H is not explicitly dependent on the time. For it we have the 
generalized integral of energy 


A (qi, pis) =h (1) 


This integral is analogous to the integral of conservation of 


momentum p; = c, which holds when q, is a cyclic coordinate, 
i.e. when on =3°0; 

Proceeding from the analogy between the variable of time ¢ and 
a cyclic coordinate, we may expect to be able, with the aid of the 
energy integral (1), to reduce the order of the set of differential 
equations of motion by two units. 

With this purpose in mind, we consider an ordinary (i.e. nonex- 
tended) 2n-dimensional phase space in which the quantities q:, p; 
(i= 1, ..., m) are the coordinates of a point. We confine ourselves 
to only those points of the phase space whose coordinates satisfy 
the equation (1) with fixed value of the constant hy. In other words, 
we confine ourselves solely to those states of the system to which 
the given magnitude of the total energy corresponds: 


H =H (qi, pi) = hp 
Then the basic integral invariant J will appear as 


I= >> pidgis (2) 
i=t 
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since, by virtue of equality (1), 
@ Hdt = ho bt =0 


Now solve equation (1) for one of the momenta, for example p,: 


Pr= —K (Ops «0+ Any Por «+s Pry Mo) (3) 


and put the expression obtained into the integral (2) in place 
of py; then 


T=4 bE p;6q;— K6q, | (4) 
j=2 


But the integral invariant (4) again has the form of the Poincaré- 
Cartan integral if it is assumed that the basic coordinates and 
momenta are the quantities g; and p; (j =2,..., m), and the 
variable q, plays the role of the time variable (in place of the func- 
tion H we have the function K). For this reason (see Sec. 18), the 
motion of a generalized conservative system should satisfy the 
following Hamiltonian system of differential equations of order 
2n — 2: 


=i =, —¢=— 2 (Fo) diet) (5) 


These equations were obtained by Whittaker and are known as 
Whittaker’s equations. 

Integrating the system of Whittaker’s equations we find the qy, 
and p; (j = 2, ..., m) as functions of the variable q, and 2n — 2 
arbitrary constants ¢;, . .-., Co,-2. Moreover, the integrals of Whit- 
taker’s equations will contain an arbitrary constant ho, i.e. they 
will be of the form 


qd; =; (M4: ho, Cay ee ey Con—2)s 
P3=%; (M1; ho, 7 Con—2) G= 2, erg n). (6) 


Then by putting expression (6) into formula (3) we find an ana- 
logous expression for 


h= Ws (M1; ho, Ciy see, Con) (67) 


All the trajectories in phase space (i.e. the geometrical pattern 
of motion) are determined in this way. 
We obtain the dependence of the coordinates on the time ¢ from 


the equation a by means of a quadrature: 
dq 
i= \ saa + Con-4 (7) 
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where all the variables in the partial derivative i are expres- 
i 


sed in terms of q,; with the aid of the equations (6) and (6’). 
The Hamiltonian system of Whittaker’s equations (5) may be rep- 
laced by an equivalent system of equations of the Lagrangian type: 


ss =0 8 86(j=2,..., 2) (8) 


dq: 
where gost, and the function P (the analogue of the Lagran- 


gian function) is connected with the function K (the analogue 
of the Hamiltonian function) by the equation* 


P=P (q,, «++ Gn» in o++1 In) = 2 pigi— K (9) 


Note that the system (8) contains not n but n—1 second-order 
equations. In the latter part of this relation the momenta p; must 
be replaced by their expression in terms of 


which may be obtained from the first n—41 equations (5). 
We transform the expression for the function P by proceeding 
from the equations (3) and (9): 


ei cca of fey sa 
P= >) Psi +P =-— >) Pigi=— (L+ FA) (10) 
j=2 11 im 7 


In the case of a natural, i.e. an ordinary conservative system, 


L=T—TII and H=T-+-TJ; consequently, 


P=—+(L4+H)=— (41) 
qt %1 
and the kinetic energy 7 may be written as 
nr 
1 e806. e j ; 
fas »s QinGiGe = GG (915 oe ey Ino Tar cers Gn) (12) 
i,k=1 


where 
4 


EQ 6-1 da Gee => Dd) angigh G=) (13) 
t,k=1 


* See equation (8) on page 73. 
8—3420 
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From equations (1) and (12) we find 


Tl (4) 


and for the function P we get the following expression: 


p= ~2VGih—IN (15) 


qi 


The dilferential equations (8), in which the function P is of the 
form (15) and which therefore belong to the natural (i.e. ordinary) 
conservative systems are referred to as Jacobi equations.* 

Integrating Jacobi’s equations, we determine all the trajectories 
in the coordinate space (qi, ...-, Qn): 


qj= Qj (%1, h, Cy, «> +> Cana) (16) 


The relation between the coordinates and the time variable 
is established from (14) by a quadrature: 


G rn 
t= VV eda eons (17) 


Let us now establish the principle of least action of Maupertuis- 
Lagrange. Since the equations (8) are Lagrangian type equations, 
there follows the variational principle according to which for the 
straight-line path 


6W* —0 (18) 
where 
a 
wr= \ P dq (19) 
qy 


is the Lagrange action. Here, all the motions of a generalized-conser- 
vative system that transfer the system from a given initial position 
qi to a specified terminal position g} (Fig. 35) are permitted to con- 
tend. The instants of time ¢) and ¢,; are not fixed and may vary 
when passing from the straight-line path to circuitous paths.** 

Expressing the function P in the integral (49) with the aid of 
equation (10), we find the counection between Lagrange action W* 


* These equations were derived by the German mathematician K.G.J. Ja- 
cobi and are found in his classical Vorlesungen tiber Dynamik published in 1886. 
In the case of a non-natural generalized-conservative system, the function P 
involved in the Jacobi equations is determined by the formula (9). 

** Equation (18) states that for a straight-line path, the Lagrange. action 
has a fixed value. The question of when the action W* is least for a straight-line 
path is solved by invoking kinetic foci in the same way as for Hamilton’s prin- 
ciple. 
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and Hamilton action W: 


ty ty t 
We (L+H) dt = \ Ldt-+h 
t 


to to 


dt=W-+h(t;—t)) (20) 


0 


For an ordinary (natural) conservative system, it is possible to 
take advantage of expression (11) and represent the Lagrange action 
in the form 

1 


th ti N N &y 
w*-2|Tdt= | >) muydt= >) | myvy dy (21) 
to to v=1 v=1 sy, 


But it has already been assumed that only those motions of a system 
are permitted to “compete”, for which the total energy of the system 
has one and the same value of h. 


Fig. 35 


The expression obtained for W* indicates that the Lagrange action 
W* is equal to the work of the momentum vectors of points of the 
system in a corresponding displacement of the system. 

The variational principle (18) is referred to as the Maupertuis- 
Lagrange principle of least action.* 


By way of illustration let us compare the optical principle of Fermat and 
the principle of least action of Maupertuis-Lagrange ** 


* First formulated vaguely by Maupertuis in 1747. In 1760 Lagrange gave 
a rigorous formulation and substantiation of the principle. 
** See, for example, H. V. Rose Lectures in Analytical Mechanics, Part 1. 
Leningrad, 1938, pp. 93-94 (in Russian). 


8* 
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According to Fermat’s principle, pent is propagated in an inhomoge- 
neous medium so that the time of flight 


oe pe (22) 


is a minimum, 
{ntroducing at each point of the medium the refractive index n= — : 


i.e. the ratio of the speed of light c in vacuo to the speed v in the given 
medium, we transform the formula to 


js nds 
c 


SC Cammy 


where » is a function of a point of the medium. Then the Fermat principle 
is written as 


s 
So 
On the other hand, for a single particle of mass m the Maupertuis- 


Lagrange principle yields (since + m+ I= h) 
8 & 
) \ my ds= Ym \ V2 (k— H) ds=0 (24) 
So So 


The trajectory of a light ray coincides with the trajectory of a particle 
if [see formulas (23) and (24)] 


=k n2 (25) 


If it is assumed that near the earth’s surface the refractive index n 
diminishes as a linear function of the altitude z 


n=Ng (1—# 4) (26) 


where H is the height of the atmosphere, then, neglecting small terms of 


the order of (+) we can write 
Hahn} (1-20) =c-4gz (27) 
where 
cmh—— rh, = ns (28) 


Formula (27) defines the potential of the force of gravity near the surface 
of the earth with a modified value of g. 

Therefore, if the refractive index ” varies with altitude in the manner 
indicated, light will be propagated in a parabola with a vertical axis. 


Sec, 21] Inertial Motion 117 


21. Inertial Motion. Relation to Geodesic Lines 
in the Arbitrary Motion of a Conservative 
System 


Let there be given an arbitrary scleronomic system; its kinetic 
energy is 
1 nr 
Via, > Qin(Q1, - +++ In) Vide (1) 
i, k= 
We introduce a metric in the coordinate space (q,, ...-, @,) by 
determining the square of the arc length ds? with the aid of the 


positive-definite quadratic differential form 
nr 


dst= 3 am (Qs, «+++ Gn) dqidq | (2) 


i, A=1 


Then the magnitude of the arc of the curve connecting two points of 
coordinate space, (g:) and (q;), will be determined by the equation 


(q;) (q;) n 
s= \ ds = \ Qip aq: agp (3) 
(qj) (gg) =A 


Comparing formulas (1) and (2) we find that in the motion of the 


system 
r=5($) (4) 


That is, the kinetic energy of a system [given the metric (2)] always 
coincides with the kinetic energy of the representative point in the n-dime- 
nsional coordinate space if to this point we assign a mass of m = 1. 

Now consider the inertial motion of the system (II = 0). Then 
in that motion all possible trajectories of the image point are 
referred to as geodesic lines [with respect to the metric {2)]. From 
the energy integral 

T=h 


by formula (4), it follows that 
ds — 
aa 2h (5) 


That is, to inertial motion (and also to any motion with a constant 
value h of the kinetic energy) there corresponds in the coordinate 
space (4, .. -,@,) a uniform motion of the representative point with 
velocity V 2h. 
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In accordance with the principle of least action, the geodesic lines 
are extremals* of the variational problem 


5w* = (6) 


where W* is the Lagrange action. However, in the case under 
consideration we have the energy integral T—h with fixed value 
of h both for the straight-line path and for a circuitous path. 
Therefore, 

t 


We = \ 20 dt =2h(t—t) =V dhs (7) 
to 
where s=) 2h(t—to) isthe length of the curve in the coordinate 


space (41, ..., Qn). 
The variational problem (6) takes on the form 


qj 
bs == 8 {V3 e0dnan Sain dq: dq, =0 (8) 


t,Rk=1 


Thus a geodesic line is distinguished by the fact that the are 
length of the curve has an extremal (stationary, to be more precise) 
value as compared with the arcs of other curves having the same 
end points as the geodesic line** (see Fig. 35 on page 145). 

When for a straight-line path the Lagrange action is a minimum, 
the arc length of the geodesic is less than the length of any other 
curve connecting the same points as does the arc of the geodesic. 

That is why geodesic lines are also called the shortest lines in space. 

Now consider a conservative system, i.e. a scleronomic system 
with potential energy Il = Ii (q, ..., g,) not explicitly dependent 
on t. Then, . (15) and (19) of the preceding section, 


q; n 
=2|Veu=m If) dq, = FV om Dd) @irdgidqn (9) 
@ a? i, kh=1 


‘Therefore, the molion of a conservative system with a given value 
of total energy h is accomplished in a coordinate space along the 
extremal of the variational problem (with fixed end points): 


(q;) 
sf (h ~\M) 5 ain dg; dq, =0 (10) 


\ i, k= 


* That is, curves ror which W* has a stationary value. 
t* This always occurs when the ends of the arc of a geodesic line are suf- 
ficiently close together. 
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Comparing (10) and (8) we conclude that for a conservative system 
the trajectories of straight-line paths are geodesic lines in a coor- 
dinate space with the metric 


ha (ea 2, Mik dq; dq, (11) 


22. The Universal Integral Invariant of Poincaré. 
Lee Hwa-Chung’s Theorem 


Now consider the integral r= [> pidg: — Hot | round the 
i==1 


contour C consisting of simultaneous states of a system. Such 
a contour results if a tube of straight-line paths (see Fig. 33 on 


Pr 


fr 


Gt 
Pig. 36 


page 100) is cut by a hyperplane t=const. For such a contour, 
6¢=—0O and the basic integral invariant takes the form 


= 5 pidai (1) 
ix1 


This integral was first introduced by Poincaré. Later, Cartan exten- 
ded the integral to contours consisting of nonsimultaneous states 
by introducing an additional summand —Hét. 

Poincaré’s integral invariant 7, does not change its value if the 
contour C is displaced along the tube of straight-line paths to the 
contour C’ which again consists of simultaneous states. It is conveni- 
ent to consider the integral J, in the ordinary (nonextended) 2n-di- 
mensional phase space (q;, Pi, - - -; Gn; Pn). In this space, to the con- 
tours C and C’ (Fig. 33) there correspond the contours D and D’ 
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bounding the tube of “straight-line” paths (Fig. 36). Here, 


n n 
§ ps pia= >) Bidgi 
D i=t D’ i=1 


Note that one of the contours D and D’ (say D) may be chosen quite 
arbitrarily. It may be taken that the points of the contour D are 
different states of the system at one and the same instant of time f; 
then the corresponding states of the system at time ?’ will form the 
contour D’. 

In place of the phase space we consider nm separate phase planes 
(qi, pi) i = 1, ..., ”). Project an arbitrary closed curve (contour) 


Gi 
Fig. 37 


D situated in the phase space onto these planes (Fig. 37). We get the 
contours D; (ij =1,..., m). Then for any i 


§ pioqi= § piai= eS; (2) 
D Di 


where 5; is the area of the region bounded by the contour D; in the 
plane (g;, Pi;) (§ = 1, .-., m). The sense of circulation about the 
contour D induces the sense of circulation on the projection D;. 
In formula (2) the sign before S; is plus if the circulation of D; 
is clockwise (that is, in the direction of the shortest turn of the axis 
p; to the axis q;), and it is minus otherwise. 

Then 


1.=§ > pida= > +5: (3) 
t==1 i==1 


Thus the contours D and D; vary during the motion of the system, 
and the areas S; also vary, but the algebraic sum (3) of these areas 
remains constant. That is the geometrical interpretation of the inva- 
tiance of the Poincaré integral. 

H does not appear in the expression for 7,. Consequently, Poin- 
caré’s integral J, is invariant with respect to any Hamiltonian sys- 
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tem. That is why the integral J, is called the universal integral 
invariant. 


The following proposition may likewise be readily proved. 
If for some system of differential equations 


SB = Qi (ty an, Pa) Ph =Pi(ty gay Pa) (i= 4, e-em) (4) 


the integral 7, is invariant, then the system (4) is Hamiltonian. 
Indeed, in this case 


0=£1=§ x (SF 60: +p: dar) = 


-§ (4 E bq: + pid) PX <P 8; —-4tt 6p) = 


=§ >) (Pda: — 1831) 
i=t 


From this it follows that the expression under the integral sign is 
a total virtual differential of some function — 4H (t, qr, pr):* 


NT 
2 (P:dqi— Q:5pi) = — 4H (t, dx, Pr) 


that is 
OH OH 
Cage RES age aa) 


and the proof is complete. 

Note the following terms: the Poincaré-Cartan integral J and 
the Poincaré integral /, are called relative integral invariants of the 
first order. The term ‘relative’ means that the domain of integration 
is a closed contour and the ‘first order’ implies that the differentials 
enter linearly in the expression under the integral sign. Note that 
the relative integral invariant of the first order 7, may, by means 
of Stokes’ formula, be represented in the form of an absolute integral 
invariant of the second order: 


Lge eaigitt 

§ > 5 A,6x;= i) 2 ( aes 5) 62,62 (5) 
i=1 t 

* Here, ay (= 6g: +52 61) : 


i=1 
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where the integral on the right is taken over the surface S bounded 
by the closed contour D. 
This formula, as applied to the integral /,, yields 


=f 2 bpidq: 


In 2n-dimensional phase space there are known to exist the fol- 
lowing universal relative integral invariants /o,-, of odd orders 
and the absolute integral invariants J, of even orders, 


1=§ > pdgi =F2= {| >» Spd: 
[3= qi >) 7:6q:5 p2dqn = J, = { \J j >, 6p:5qi5 padan 


- *. < + 8 Se ee ee ee ee ee ee ee ee ee ee ee 


Tony = d= >») Pi,Sqi, v8 8 PinSGin = 


ren oe \ ve \ Spizdgi, --. 6pindGin 


In 1947, the Chinese scientist Lee Hwa-Chung proved the unique- 
ness of these universal integral invariants. He demonstrated 
that any other universal integral invariant differs by a constant factor 
from one of the enumerated integrals. 

We shall need the Lee Hwa-Chung theorem Jater on for an integral 
invariant of the first order; we therefore formulate the theorem for 
an arbitrary mn and will prove it for n = 1. 

Theorem of Lee Hwa-Chung. [f 

n 


L =§ [Ai (t, qa, pa) 89: + Bi (t, Ga, Pr) Opi] 
i=1 
is a universal relative integral invariant, then 
V=cl, (6) 
where c is a constant, and I, is the Poincaré integral. 
Proof. Let 


I’ =§ A(t, q, p)8q+B (t, a, p) 6p 


be a universal integral invariant. The integration is taken round 
a closed contour in the phase plane (q, p). Further, let there be given 
some Hamiltonian system of differential equations with the function 


H(t, q, Pp): 
(, a P) dq oH dp —s-ot (7) 
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The general solution of this system is of the form 


Q=4(t, do, Po), P=P(E, Qo, Po) (8) 

where gg, po are the initial values of q and p for t= fy. 

Let 
q=40(%), p= Po(@) (9) 
[O<a<l; qo (0) = 40 (4), Po (0) = po (2)] 

be the equations of the closed contour D, in the phase plane (Fig. 38). 
The points which at the time ¢ = ¢) were located on the conlour Dy 
form the contour D at some other arbitrary instant of time ¢. The 


Fig. 38 


parametric equations of this contour are obtained from the equalities 
(8) if qo and po are replaced by their expressions (9). This yields 


q=a(t,%), p=p(t,a) (0<a<l) (10) 


Putting these functions in the integral /’ in place of q and p, 
we get /’ as a function of the parameter ¢. From the invariance 
al’ 


of Lf’ it follows that aS Q. Differentiating under the integral 
sign and integrating by parts* we find 
0-5 $F 64-4 ép+ As 8q4 Bo, 6p= 
=h 4 8q4- 3 dp - Ad + BBE 
= § 4 3q—84 at 4 S bp—oBS = 
9 [ (35-37) ae +r) 9+ [Cae — ap) ae tae] oe 


* See the footnote* on page 103. When making transformations, we 
assume 6.4= OA ee OE and sp 22 dg Bens! dp and then use the equ- 
Og Op ag ' Op 


atious (7). 
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OA OB 
cae dala 


The last integral is equal to zero for any value of the variable 
t considered as a parameter and for an arbitrary path of integration. 
Therefore the expression under the sign of the integral must be a to- 
tal differential with respect to the variables g and p. From this, 
i) OH GA\ 24 OH 0B 
ap Cag Fon ae op ae) 


or, after elementary transformations, 


OZ OH OZ OH OZ 
op Oa Or bere oF 


Since the function H may be chosen quite arbitrarily, it follows 
that 


Op oq. dt =0 
that is, 
0A @B _ 
L= 7, — Gq = const = 
Then 


a(A—cp) _ aB 
ap ~— Oq 


and, consequently, there exists a function @(t,q, p) such that* 
aD, . aD, 
(A—ep) 6q + Bop = | 84+ ZG bp =8® 
But then 
Aéq + Bop = cpbq +50 
and therefore 
r=§ Abq-+ Bp =e & pig =cl, 
which completes the proof. 
For n> 1, the idea of proof is retained, though the proof itself 


becomes more involved. 


* Here, the time ¢ is taken as a parameter. 
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23. Invariance of Volume in the Phase Space. 
Liouville’s Theorem 


We consider the “total” absolute integral invariant 
T= \ ee j 59184, +.» Opn8Gn (1) 


The invariance of this integral implies the invariance of the phase 
volume in a 2n-dimensional phase space and is established in the 
following manner.* 

Let us write down in the following form the final equations of mo- 
tion that result after integration of Hamilton's equations: 


gi =4i (t, Gh, Ph). Di= Di (t, Ths Dh) 
(i= 4, ...,n) (2) 


where gi, p, are the initial values of g,, p, fort = (R= 1, ..., 7). 

In phase space we choose some volume Jy and take each point 
of this volume as the initial point (for ¢ = ¢)). Then by time ?¢ the 
transformation (2) will have carried the volume J) into the volu- 
me J. Here, 


y= \ see j Tdq°Sp° ... 6g26p% (3) 
eee 
Jo 
where 
0 (91, Pty -++s Gnv Pn) 


a 
0 (g8, po, «.-, 2 pd) 


that is, f is the Jacobian composed of the partial derivatives of 
qj, py with respect to the initially given q?, p? (i, j= 1, ..., n). 
Without loss of generality, we can consider that the Jacobian under 
the integral sign in (3) is positive and we can drop the absolute- 
value sign. 

When ¢ = 2%), this Jacobian is equal to 1 since for this value of ¢ 
all the q, = qz and the p, = pz. When ¢ varies, the Jacobian varies 
continuously without vanishing, since the singular points at which 
this Jacobian might vanish are eliminated from our consideration; 
i. e. it is assumed that there are no such points in the volume under 
examination. Then the Jacobian is positive in this volume.** 


* Henceforward (see Sec. 31) the invariance of the phase volume will be 
established on the basis of the general properties of motion of Hamiltonian 
systems. 

** No assumptions concerning singular points are required in the proof on 
pages 161-162 mentioned in the preceding footnote. 
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onan) with respect to ¢ under the integral sign we get 


hea he ) Se a |. 80821 2210s 


Compute the derivative of a“ Jacobian 7: 


2n 
d] 
| ar hip = py | Li ltato 
= 


where /; is the determinant obtained from the Jacobian by differen- 
tiation of the ith row. Now taking into account that 


1° for i Fea 2| eee = 
j 09? linty | OP? i=to 
2° for any i | 241 =| 3 opr 
OP? |t=to mt 
3° for any i ale | 
093 [t=t) | OPS i 
we find 
09; , 
Tis leat =| Ser | for (=14,...,7 
! | : oq} t=1to 
and 
ap: : 
|i lomto=| Spr for ix=n+i1,...,2n 
OPE |t=ty 
therefore 
“3 2n n - fe 
= = mal Pi a 
ar eae | fi Jtxto = 2 | 0q9 2 Op? i= 
= 
n 
=S[< OHy re) a) Lge aan |= 
cae dg? ap? Op? dq° 0q} Op? = Ap} dq 
dJ 
Thus (=), a =—(. Since the initial instant fp) may be chosen quite 
arbitrarily, it follows that for any ¢ 
dJ 


which is to say that the magnitude of the phase volume J does not 
change upon a displacement of the points of this volume from 
states occupied at time fy to states occupied at any other arbitrary 
instant of time ?. 
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From the invariance of the phase volume there follows one of the 
basic theorems of statistical mechanics, Liouville’s theorem. 

Imagine a very large number of absolutely identical replicas 
of a system differing from one another solely in their initial states 
gq, pi (i = 141, ..., m). All these replicas form a statistical ensemble. 

An instance of a statistical ensemble is the collection of mole- 
cules of a gas in a given volume. 

To each volume element dV of the phase space we can assign a 
“mass” du that describes the quantity of replicas per given element of 
volume dV. By virtue of the proved invariance of volume in phase 
space, the magnitude of dV does not change with time. Physical- 
ly speaking, the magnitude of du does not change either, since the 
replicas which at some time are in the volume dV will be displaced 
together with the volume. That is why the density of the statistical 
ensemble remains unchanged during motion: 


qi in 
9 (t, dis Pi) =e (5) 
i.e. 

dp 6 

wo (0) 

In expanded form, equation (5) may be written thus (see Sec. 45): 

0 ' 
+ (pH) = 0 (6) 


where (pH) is a Poisson bracket. According to (6), the function 
e (tf, 9:, p;) is the integral of motion. 

We have thus proved the following theorem. 

Liouville’s theorem. The density of a statistical ensemble is always 
an integral of motion. 

Thus, for example, for a conservative system any function of the 
energy of the system may serve as the density of the statistical 
ensemble. 


CHAPTER 4 


Canonical Transformations and the 
Hamilton-Jacobi Equation 


24. Canonical Transformations 


The transformation of coordinates in a 2n-dimensional phase space 
(containing, in the general case, the time variable ¢ as a parameter) 


i= 4i (t, qk, Pr) (i=1 ; "ae a(q1; Tas besy Gn: Pn) 0) (1) 
pi = pi lt, Ghy Pr) 7 ee 0(91, Pas +++ Ins Pn) 


is called canonical if the transformation carries any Hamiltonian 
system 


dq: 0H dp; OH 
Ge a ae (C1, saxy 7) (2) 


again into a Hamiltonian system (generally speaking, with another 
Hamiltonian function #): 


gai Of dp; oH. 
ae ee a 
Pi gi 


The importance of studying canonical transformations is due 
to the fact that these transformations permit replacing a given 
Hamiltonian system (2) by another Hamiltonian system (3) in which 
the function A is of a simpler structure than H. 

If in a phase space we perform two canonical transformations 
in succession, the resulting transformation will again be canonical. 
Furthermore, a transformation that is inverse to a certain canonical 
transformation will always be canonical, and the identical transfor- 
mation 9; = 9i, Pi = Pi (i = 1, .-.., m) is canonical. Therefore, 
all canonical transformations taken together form a group. 


Example 1. The transformation 


Gi=Ogi, Pi=Bri (i= 1,..-, 2; a0, B # 0) 
as may readily be verified is canonical. It transforms the system (2) into 
the system (3) with a 
H=aphd 
Example 2. The transformation 
=p, Pi=Pqi (i=1, ..., m5 «#0, BO) 
will be canonical. In this case, 
H=—afH 
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Example 3. The transformation 
i= pitant, Pi=% cott (i=4, ..., 7”) 


will be canonical because it is readily verifiable that from the equations (2) 
we always get equations (3) for 


n 
~ _w 1 ~_w —/ 
H=—H+ cos i qi Pi 
=i 


To derive the conditions under which the transformation (4) 
is canonical, we consider two extended (2m + 1)-dimensional phase 


spaces (qi, Pi, ¢) and (qi; p;, t), one passing into the other under 


Fig. 39 


the canonical transformation (1), and two tubes of straight-line 
paths of Hamiltonian systems (2) and (3) (Fig. 39). 

Let us take two arbitrary closed contours C and C that bound 
these tubes and correspond to one another by virtue of the transfor- 
mation (1). Furthermore, cut both tubes with one and the same hyper- 
plane ¢ = const. In the cross-section we get two “plane” contours 
Cy and Cy. These contours likewise pass one into the other under 
the canonical transformation (4), since the quantity ¢ remains un- 
changed in a canonical transformation. From the invariance of the 
Poincaré-Cartan integral it follows that 


n 


& > Pi9qi — Hbt| = b Pda: (4) 
C i=! 1 


Co i= 
$ [3 nea — Hee] = § hia f 
¢ #1 G i=t 


9—3420 
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On the other hand, if in the universal integral invariant 


nr 
§ a piog; we pass to the variables gi. Di (i=1,..., m) by means 
of the canonical transformation (1), then this integral will pass 
into a certain universal integral invariant of the first order 


in 2n-dimensional phase (qi, p;)-space; by the theorem of Lee 


Hwa-Chung, the invariant obtained can differ from & > pi8q; only 
is=4 


in the constant factor c. Therefore 


§ y pidqi =e § y pidqi (6) 


Co i=1 Co i=1 


From the equations (4) to (6) it follows that 
§ [ > rida: — #62] = & [ D>} pidai— HOt] (7) 
aq i= C i=t 


If in the first integral we consider the variables De aotes. Da 
to be expressed in terms of the variables q;, ..., Pn (here, the path 
of integration € is replaced by the path of integration C), then 
the equation (7) may be written as 


§ be pidg: — Ht | —¢ be 0:89; — Ht | —0 (8) 
C i=1 i=1 


But C is an absolutely arbitrary contour in a (2n + 1)-dimensi- 
onal extended phase space. Therefore the expression under the 
integral sign in (8) must be a total differential of some function 


of the 2n + 41 arguments q, Py, -. +) Q%> Py and ¢. We will find it 

convenient to denote this function in terms of — F (t, q;, pi); then* 
3 8g, — Hot =e ( 5! pidqi— H8t) — OF (9) 
i=l ix1 


Note that the constant c in the identity (9) is always different 


from zero, c=£0, since the expression y pi8gi — H8t is not a total 


differential** and therefore cannot be al to —O6F. 


n 
or OF OF 
* Here, 6F = » (Sr 61+, 8p1) +S dt 
ixd 
** With respect to the independent variables 93, Pir t and, hence, with 
respect to the independent variables 9;, pi, ¢ (¢=1,...,7). 
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We shall call the function F the generating function, and the 
constant c the valence of the canonical transformation (4) under 
consideration. The canonical transformation will be called univa- 
lent if for it c = 1. 

A necessary and sufficient condition for the transformation (1) to be 
canonical is the existence of a generating function F and some constant 
¢ for which the equation (9) is identically satisfied by virtue of the trans- 
formation (1). 

Note. If the transformation (1) is canonical, then there exist 
a generating function F and a valence c = 0 such that the equation 
(9) holds for any function H and the corresponding function H. 
However, if (9) holds for one pair of functions H and H, then trans- 
formation (41) is already canonical.* 

Indeed, in addition to H take another arbitrary function A, 
and define H, from the condition 


H,—H =c(H,—H) 


Multiplying both parts of this equation by 6¢ and subtracting 
termwise the resulting equation from (9), we get 


Thus, (9) holds for any function H, and the corresponding func- 
tion H,. 

Canonical transformations are sometimes also called contact 
transformations. 

In the literature, only univalent canonical transformations are 
frequently considered, and many authors erroneously hold that 
these transformations exhaust all the transformations (1) that carry 
Hamiltonian systems again into Hamiltonian systems. These authors 
do not notice the arbitrary constant factor c which must figure 


in the general formula for an arbitrary canonical transformation. 


* It does not follow from this however that a canonical transformation may 
be defined as a transformation that carries one given Hamiltonian system into 
some other Hamiltonian system. win «iy 

Thus, for example, the arbitrary noncanonical transformation 9; = q; (gp, 
Ph), Pi = Pi (qky Pr) (© = 1, ..., n) carries the Hamiltonian system with 
H = 0 into the Hamiltonian system with H = 0, 


Q* 
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25. Free Canonical Transformations 


Let us investigate in more detail the so-called free canonical 
transformations. These transformations are characterized, in addi- 
tion, by the inequality 


6 (a, eany qn) 0 4 
O (P14, --+5 Pn) ~ (1) 
that ensures the iudependence of the quantities t, q,, ..., Qn; 


91, » ++) 9, Which can now be taken as the basic variables.* Indeed, 
this inequality enables us, using the first n equations (1), Sec. 24, 
to express the generalized momenta p,, ..., Py in terms of 2n + 14 
quantities ¢, 9:, 4; (i = 1, ..., m) and, consequently, to represent 
any function of the variables ¢, g;, p; (i= 1,..., m) as a function 
of the variables t, q;, q; (i = 1, ..., m). In this case it may be taken 
that the generating function is represented as a function S of these 
variables: 


F(t, Qiy Pi) =S(t, is 9) 


Then the basic identity (9) of the preceding section will 
be written as 


n n 
2 Pibdgi— H8t =e ( D pidqr—H8t)—8S (t, gi, 0) (2) 


Fiquating the coefficients of 5g;, 6g; and dé on the left and the 
right, we get the following formulas 
os os a : 
Gq; CPi ‘OCU Gi=—1, ee ey n) (3) 


H=cH += (4) 


Equations (3) define the canonical transformation under conside- 
ration. We shall show that they can be reduced to the form (4), 
Sec. 24. 


The partial derivatives — (i==1,..., m) on the left-hand sides 
t 
of the first m equations (3), as functions of the quantities g,, ..., Qn 
are independent because by virtue of (3) the relation** 


as as 
Gar EN py eS qn) =0 


e a the case of a nonfree canonical transformation, the quantities %, q;, 


q (i= 1,..., 2) are connected by certain relations. 
af ta this relation, the quantities 9, ..., g, are taken as parameters. 
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would pass into the equality 


Q (cp, sees CDny Wy +2 +4 Qn) = 0 
but this is only possible when Q = 0, since the coordinates of a point 
of phase space qg;, p; (j= 1,..., m) are independent quantities. 


From the independence of the derivatives oa (i= 1, ..., ”) con- 
t 


sidered as functions of the variables g,, ..-, g, it follows that 
the Jacobian of these functions is not identically zero. Thus, for 
the generating functions S of a free canonical transformation the 
determinant must be different from zero, i. e.: 
028 n 
det {——— 0 5 
: rr Ne es ™ 2 

From the inequality (5) it follows that the first n equations (3) 
may be solved for @; (j=1,..., m) and thus all the new phase 
variables qi, pi (i =1,..., n) may be expressed in terms of the 
old variables g;, pj (t=1,..., ). The transformation of the 
form (1) thus obtained will be reversible, i.e. for it SMtay ss En) om —"! ee -0 

yeees Pn 

since by virtue of inequality (5) the last m equations of (3) may 
be solved for g; and, consequently, all the g;, p; may be expressed 
in terms of gi, pi (i=1,..., m). Thus, the equations (3) define 
a free canonical transformation with a given generating function 
S(t, Qi, 9;) and with a given valence c-£0, while the formulas (4) 
establish a simple relation between the Hamiltonian functions H 
and #f. 

By running through the different generating functions S that 
satisfy the condition (5), and the different valences c= 0, we can 
obtain all the free canonical transformations* with the aid of the 
formulas (3). 

For univalent (c = 1) free canonical transformations, the formu- 
las (3) and (4) take on a simpler form: 


as as Ee 
Gq; Pe ue GC=4, erry n) (6) 
and 
ow os 


The Jast equation shows that after applying one and the same 
free univalent canonical transformation to various Hamiltonian 


* For nonfree canonical transformations there exist defining formulas si- 
milar to (3). These formulas will be established in Sec. 29. 
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systems, the difference between H and H will be one and the same 
(equal to ) in all cases. 


From (4) it follows that H = cH when and only when 2 = (, 


i.e. when the generating function S does not depend explicitly on f. 
In this case, by virtue of (3), the time ¢ will not enter explicitly 
into the formulas of the canonical transformation. Under such 
canonical transformations the function H does not change essential- 
ly, it is only multiplied by the constant c. For this reason, if we 
desire to obtain a new system with an essentially simpler Hamilto- 
nian function, we must definitely take a free canonical transforma- 
tion containing the time ¢ as a parameter. 


Example {. On page 128 we considered three canonical transformations: 


(4) Gi=aqi, Di=Bpi; (2) 4i=aDi, Pi=bai; 


~ 


(3) gi=pitant, py=qzcott (i=1,..., 7) 
The transformations (2) and (3) are free. They have generating functions 


n n 
and valences, respectively, S= —B by qidis c= —afp, and S= —cot? > iis 
i=1 i=1 
c= —1. But the transformation (1) is not free. For it, c=aB, F =0. 
Example 2. Consider an arbitrary affine transformation of the phase 
plane (q, p) (with »=1): 


q=aq+ bp, ! 

P=O49+B8,p (aBy—ouf # 0) 
Put the right-hand sides of (8) into the basic identity (9) on page 130. 
Since the variable ¢ does not enter into the right-hand sides of (8), we shall 


also seek F in the form of a function not dependent on the time explicitly: 
F =F (q, p). Then the basic identity will take on the form 


(419+ Bip) (a5q-+ Bb p)—cpdq= — dF 


(8) 


or 
1 1 
$ (= aay g? Bip?) + a,Bq5p +- (aBy—e) pbg= — OF 
The Jeft-hand side of this equation will be a total differentia) provided that 


c= af,—o48 
Thus, the transformation (8) is canonica) with vajence c, equal to the deter- 
minant of the transformation, and with the generating function 
1 Atha 
F= yy GOI BB, p?-+ asBap 


This transformation wil] be free if B -& 0. 


Example 3. The transformation ¢= Vq cos 2p, p= Vq sin2p is a free 
univalent canonica) transformation with the generating function 


1 q ie = 
S =— q are gp q Vi-& 
2 V¢ 2, 
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For a natural system, the coordinates q,, ..., g, define the 
position of the system, and together with the momenta py,..., Dn 
they define the state of the system, that is, the positions and velo- 
cities of its points. This specificity of the coordinates is lost in 


a general-type canonical transformation. The quantities q,, ..., dp 
no longer define the position of the system, and only together with 


the p,, ..., px do they define the state of the system. The variables 


di, - ++, Gq Will as before define the position of the system only 
in the particular case of a point canonical transformation for which 


the functions q; (t, x, Px) actually do not contain the momenta: 
qi=41(t, Qn) (=1, n055/n) 


Note that subsequently the transformation of an arbitrary Hamil- 
tonian system into a system with the function H of simple struc- 
ture may be effected with the aid of a free canonical transformation. 
But a free canonical transformation is not a point transformation. 
Thus, nonpoint canonical transformations play an essential role 
in the theory of Hamiltonian systems. 


26. The Hamilton-Jacobi Equation 


The theory of canonical transformations leads us directly to the 
Hamilton-Jacobi equation. 

Let there be given a holonomic system whose motion obeys the 
canonical equations of Hamilton: 


“dt OD; ? dt, j (i= 4, e004 1) (1) 
We shall try to determine a free univalent canonical transfor- 
mation such that in the transformed Hamiltonian system 


oa a (iat, ..., n) (2) 
the function H will be identically zero: 
H=0 (3) 
Then the system (2) is integrated directly: 
qi=%, Pi =Bi (4) 


where a; and f; are 2n arbitrary constants. Knowing the canonical 
transformation, i.e. the relation between q;, p; (i=1,..., n) 
and q;, p; (tj = 1, ..., m), we can express al] the g; and p; a8 func- 
tions of the time ¢ and of the 2n arbitrary constants a,, 6, (k = 
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= 1,..., m), that is we can find the final equations of motion of 
the given holonomic system completely [all the solutions of the 
system (1)]. 

How are we to determine the canonical transformation that 
we need? To do this, by virtue of formula (7) of the preceding 
section, it is necessary and sufficient that the equation 


oe +H (ty qi, pi) =0 (9) 


hold for the generating. function S (#, qi, gi) of the desired cano- 
nical transformation. This, together with the formulas (6) of the 
same section, yields 


ST +H (t, qi, $—-) =0 (6) 


The resulting partial differential equation (6) is called the Hamil- 
ton-Jacobi equation. Thus the generating function S (¢, q;, q;) with 


basic variables ¢ and q; (the g; are regarded as parameters) satisfies 
the partial differential equation of Hamilton-Jacobi. Besides the 
Hamilton-Jacobi equation, the condition 


; ( nik ), h=1 me (7) 


must hold for the generating function S(t, 9:, q:). 
As soon as the generating function S(t, q:, qi) is found, the 
formulas 


as os oa ’ 
=p), ‘i= 4 coos 
qi Pis aa: Pi ( 9 ’ ) 


will define the sought-for free canonical transformation. If in these 


formulas we replace the q; by a; and the p; by Bi, we will get the 
equations of motion of the given holonomic system in closed form. 
This whole process is more conveniently described if from the very 


start the q; in S are replaced by a; (i = 4, 72). 

We introduce a definition. The solution S (¢, qi, & a) of the partial 
differential equation of Hamilton-Jacobi containing n arbitrary 
constants @,, ..., Q, is called the complete integral of this equation 
if the condition 

aS \n 
ae ar OXb J k=41 =e (8) 
is fulfilled. 

Now let us formulate the theorem we have proved. 

Jacobi’s theorem. If S (t, g:, a;) is some complete integral of the 
Hamilton-Jacobi equation (6), then the final equations of motion of 
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a holonomic system with the given function H may be written in the 
form* 


as os . 
Oq, Pe bay 7 Bi ‘(hae Fae n) (9) 


where a; and £§; are arbitrary constants (i = 1, ..., n). 

Thus, a knowledge of the complete integral of the partial differen- 
tial equation (6) relieves us of the necessity of integrating the 
system of ordinary differential equations (4). The problem of inte- 
grating this system is replaced by an equivalent problem of seeking 
the complete integral of the partial differential equation of Hamil- 
ton-Jacobi. 

Note. The general solution of the partial differential equation 
depends on several arbitrary functions. For this reason a complete 
integral of the Hamilton-Jacobi equation is by no means a general 
solution. A complete integral embraces only a small number of so- 
lutions when compared with a general solution. It is nevertheless 
possible, on the basis of a complete integral, to restore the initial 
equation (whence the name “complete” integral). Indeed, differen- 
tiating the complete integral, we get 


as : 
cia (é, Gh, On) (i=4, ..., n) (10) 
os 
sr to (¢, Qn, On) (14) 
If the complete integral S (¢, qx, @,) is known, then the func- 
tions f; (t, Gx, @a) (i =O, 1, ..., m) are also known. From relation 


(10) it is possible to express every oa, in terms of the partial 


derivatives s , £ and q; since, by virtue of condition (8), 
t 


0 (fi, veces fn) = 025 . 

O (G4, ---, On) = det ( Ogi Op ) tye 0 (12) 
Putting the expressions obtained for a, into (11) we get the initial 
partial differential equation (6).** 

As an instance of a complete integral of the Hamilton-Jacobi 
equation, we consider what is called Hamilton’s principal function. 
To do this, we return to formula (7) on page 99 and to Fig. 33 
on page 100. We now consider only the special case when f) (a) = 
= const =‘ty, i.e. we assume that the contour C, consists of the 


* Here, in place of the arbitrary constants —B; we write simply B;. By virtue 
ot the condition (8), the last n equations (9) may be solved for g; and we can 
express qi, ..., g, as functions of ¢ and the 2n arbitrary constants a;, B;. 

** It may be considered that the complete integral S also contains an (n + 
+ 1)st additive arbitrary constant-a,4;, since only the derivatives of S enter 
into equation (6) and not the function S itself. 
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initial states of the system when ¢ = to. Besides, in place of 4, 
qi, pi, Hy we shall write simply ¢, q;, p:, H. Then, if W is the 
action along a straight-line path (i.e. along the generatrix of the 
tube) from the initial point (¢ = to) to the terminal point correspon- 
ding to the given value of ¢, we get 


8W = >) pidq:— Hot — >) pa’ (13) 
i=1 i=1 
If we take advantage of the final equations of motion 
i=: (f, hs h 14 
qi=i (ts qh» Pr) = (14) 


= pi (t, Gk, Ph) (10) 


and in place of q;(¢) put their values (14) into the expression 
for the action 


t 
W= \ L(t, 4, qi) at 
to 


then W will be a function of ¢, qi, p? (i = 1, ..., m). Hamilton 
proposed using the final equations of motion (14) to express ph 
in terms of ¢, gf and q; and thus to represent the action in the form 


W=Wt, ais 9%) (16) 


The action W given in the form (16), i.e. in the form of a function 
of the initial coordinates, the terminal coordinates and the terminal 
instant of time ¢, is called Hamilton's principal function. Considering 
that in (138) W is Hamilton’s principal function, we get (on the basis 
of this equation) 


aly aw 
Mp oe) ae ee a ee) (17) 
and 
aw 
Sr = A(t, ais Bi) (18) 


From the equations (17) and (18) it follows that Hamilton’s 
principal function satisfies the Hamilton-Jacobi equation 


ow ow 

StH (t, qi, 53, ) =° (19) 
and the relations (47) are the final he leeaee of motion containing 
2n arbitrary constants qf, p? (i= 1, ..., n). 


Thus, Hamilton demonstrated how the final equations of motion 
are written by means of a complete integral of the equation (19). 
However, in Hamilton's case this complete integral was not arbit- 
rary; and the arbitrary constants in it were the initial values of the 
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qi and the p}. The result was a vicious circle: to write the final equa- 
tions of motion (17) one needs Hamilton’s principal function, and 
to construct this function, as has already been demonstrated above, 
one needs to know the final equations of motion. 

Jacobi’s contribution consists in the fact that he continued Hamil- 
ton’s investigations and broke the vicious circle. He demonstrated 
that the final equations of motion might be written in the form (9) 
by means of an arbitrary complete integral S (t, q;, a;) of the Hamil- 
ton-Jacobi equation. 

Let us return to the identity (13) and compare it with the identi- 
ty (2) on page 132. It will be seen from this comparison that the 
formulas (14) and (15), which are the final equations of motion and 
which express the Hamiltonian coordinates qg;, p; of the state 
of the system at time ¢ in terms of the initial coordinates q), ..., p>, 
may be regarded as a free univalent canonical transformation from 
the variables gf, p? (i =1, ..., m) to the variables q,, p, (k = 
== 1,..., ); —W is the generating function of this canonical 
transformation, and W is Hamilton’s principal function.* 

Thus, a transformation of phase space carried out by means of the 
motions of any Hamiltonian system is canunical (and also free and 
univalent). 

Example. Form the Hamiltonian function for the inertial motion 
of a free particle. In this case (assume fp = 0) 


L=Zo+2t, y=YotYot, 2=29-+- Zot 
and so 


t 
Wa | +P +A) aE TAT =F eat + 
0 


+(¥— yo)? + (2—2o)?] 
[f we proceed from Hamilton’s principal function that we found 
t 


W = 5 [(e— 20) + (y— Yo)? + (@—20)") 


then the equations of motion are obtainable from the formulas (47), which 
in the given instance appear as 


OW _ r—Zo, 9 OV | r— 2 
Px = Bete ;? Px = dtp i 
OW y= Yo ow y—Yo 
Py =GZ Mm = a a aa 
_ ow Z—Zq x? Z—-2y 
BA apg tg egg 


* For the inverse canonical transformation from the variables q;, p; to the 
variables g°, p?, Hamilton’s principal function W will be the generating func- 


tion. 
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Suppose we have a generalized-conservative system (<;=0) : 
Then the Hamilton-Jacobi equation has the form 


Sen (a 2) =0 en 


and its complete solution may be found in the form 
S=—ht+V (qa, see9 Any Ody o ++) Ants h) (24) 


where A and oy, ..., Qn_4 are arbitrary constants. 
Putting this expression for S in equation (20), we get the follo- 
wing equation for determining the function V: 
el 
H (qi, an)=h (22) 
Finding the complete integral of this equation, i.e. the solution 
V (qij Oy -.-, Ona, 2) for which the inequality 
a2y \n = 
det tsa eae er fa 0 (On =h) (23) 
holds, we obtain with the aid of formulas (9) and (24) the following 
final equations of motion of a generalized-conservative system: 


av ‘ ' 

Gap Gi=1,..., 7) (24’) 

OV : 

Gay Bs (id, ..-) m4), 

OV ” 

ry ee an (24") 
where aj, Bj (f =41, ..., 2 — 1), ® and y are arbitrary constants. 


By virtue of the condition (23) the coordinates q,, ..., dg, may 
be determined from the equation (24”) as functions of ¢ and the 2n 
arbitrary constants a;, B;, kh and y. Putting the expressions obtained 
into equations (24’), we get similar expressions for the generalized 
momenta p; (i= 1, ..., ).* 

In the case of a. generalized-conservative system we replaced 
equation (6) by equation (20), in which the number of independent 
variables is less by one. A similar reduction in the number of inde- 
pendent variables in the partial differential equation may be also 
accomplished when one of the coordinates is cyclic (ignorable). 

Let us consider at once the general case when several coordinates 
Im+is ++ +> Gn ave cyclic. Then H=AH (t, q, - ~~, Gms Pts + +3 Dn)s 


* Using the first » — 1 equations of (24”) it is possible to express n — 1 
coordinates in terms of the remaining nth coordinate and 2n — 4 arbitrary con- 
stants. We then obtain the equations of trajectories in coordinate space. The 
last equation of (24”) connects the coordinates with the time variable ¢. 
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and the complete solution of the Hamilton-Jacobi equation may 
be sought in the form 


S= a GiGi Soy Ginaach Gwy Civassy On) (25) 
For the function S, we get the equation 


as os as 
SE+H (t, Gir cers Gms Wa? oeey Fan Omsiy 229 On) = 0 (26) 
If in a generalized-conservative system the coordinates Qm44, --+) Qn 
are cyclic, then the function S is sought in the form 


n 


Sa —htt DS) aydptVo (ass + +> Gms Oy; +09 On, kh) (27) 
p=m+i 
where the function V, is determined from the equation 


ov ; OV, 
H(a,-- » Ams mt Bag 2 Cematy oes An) =h (28) 


27. Method of Separation of Variables. 
Examples 


We have shown that integrating a system of canonical equations 
reduces to finding a complete solution of the Hamilton-Jacobi equa- 
tion. The interest here is not only theoretical. It turns out that many 
problems of dynamics, including problems of interest in theoretical 
physics, may be conveniently solved in this way. 

We shall now examine the method of separation of variables 
for finding a complete solution to the Hamilton-Jacobi equation. 
This method is applied in cases when the Hamiltonian function 
H of a generalized-conservative system has a special structure. 

1°. Let 


H=G[fs (Qt Pads ++) Fn (Qns Pr)I (1) 


Here, the variables in the expression for the function H are sepa- 
rated, i.e. only one pair of conjugate variables q;, p; enters into 
each function f;. 


Equation (22) of the preceding section will now be written as 


Gi (a ae ee + fn( an > 5G, 3-)|= =h (2) 
Put 


fila G-)=or (Pte. 2) (3) 
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where 4, ..., &n are arbitrary constants. Then, by formula (4), 
the constant h may be expressed in terms of the constants a,, ... 
., QO, aS follows: 


h=G (a4, ..., Gn) (4) 
Solving (3) for —, we find* 
FHF, o4) (P= 1, -005 O), 
Va \ Fi (Gi, Oi) agi (9} 
and - 
56 Gp kek an) t+ 5 \ F (qi, 1) dq; (6) 


i=-4 

In this case 
aS OF; aS _ 
0q; 0a; Oa; ’ Og; OaR =Q0 for ixk (i, k=1,..., m) 


and the basic condition 


a2S \n ze 
det (Serax )s, waa * © () 
reduces to the inequality 
aF; 
9a, 9 
i=1 
Since the relation 
fi(Qir pi) = % (8) 
is equivalent to the equation 
pi= Fi (Gi, i) (9) 
it follows that 
OF; Of; \—1 ‘ 
se = (54) +0 (i=4,..., n) (10) 


* We assume that each function f;(q;, pi) actually contains the momen- 


tum p;, i.e. that slg 0. In this case equation (3) may be solved for 
t 


Pii= a each function F; is a function of the two variables qj and oi; 
i 
Pad, shag the 
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and condition (7) always holds. Therefore formula (6) defines 
a complete integral of the Hamilton-Jacobi equation. 
In the given case the final equations of motion 


os os . 
Gq, Pi Ga; — Bi (t= 4, are n) (14) 
will be written as* 
0G , dq; 1 
are ammonia | 
Opi /py=F; (a;» &;) f (42) 
D=FiQi, a) (=4, n) J 


Thus, the final equations of motion are found by quadratures. 


Example t. Consider an oscillator with one degree of freedom. Here 


p? cg? 


f= on DO 


and, thus, 


1 ( dV } cq? 


Put ha; then 
S=—at+ \ V 2ma— meg? dq 


and from the final equations of motion (11) we find the expression for 
the momentum. 


p= Vina — megs (13) 
and the equation of motion itself will be written as 


=p (14) 


ES: \ V AH @ 


* In (5) and (6) by the integral ez (q3, &:)dq; we mean the integral 
Wy 


| (Gi, &;) dq; where the constant y; is fixed and is independent of the 


Vi 
values of the arbitrary constants o,; then 


n 

0 7) OF ; 

Bor >; \ Fr (dr, pr) ddr = Gar \ Fi(@i, @)dqgi= \ Soe 2a 
k=] 


We then make use of (10). 
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where 
Ata ot ghee 
c m 
Noting that the integral in (14) is equal to arc sin + , we get the equation 
of motion in the following form: 
g=A sin (t-+ 8) (45) 


2°. Let 


H = gr{.- : g3{e2(81 (41, Ps); 2s Po), 35 Ds} 2+ Qn, Pn} (16) 
Then the equation determining V will be written thus 


Bn { o.. gs { e2[a(% Sa) +d Sa | a = oe ans 5} = 


We introduce the arbitrary variables a,,...,On_, and on=h 
and, successively, put 


ov 
& (a, a) = %, 
ga (a4, q2, <—) = Oe, (17) 


- e © © @ e « © 8 28 @ 


Determining from this the partial derivatives, we find * 


OV 
Oa, Gy (q1, %), 
ov 
Oe Gz (qe, O14, Qe), 
ork ae ee oe te 
Gay an (Qn; On-4; On) 
W hence 
V=D J Gigs ona, a1) dq io) 
ix=1 
S = —ont + >) j Gi (dis @i-s, 27) dq; (19) 
i=1 
98: 


* We assume that 


tion gi (Gi, Pi). . 

** Here and henceforward in this section, the indefinite integral is under- 
stood to mean (a8 in Item 1°) the definite integral with variable upper limit and 
fixed constant lower limit independent of a, ..., ap. 


Bp: 0, i.e. that p; actually enters into the func- 
t 
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Here 
02S 0G; 02$ 


Oq:00; Ga; ’ OgiOap, = 
for ixck(i, k=1,...,n) 


And so the condition (7) reduces to the inequality 
IL Gi 
oa 


which always holds since the equation 


Bi (2i-1, Gis Pi) = Hi (20) 
is equivalent to the equation 
= Gi (qi, Gi-1, Mi) (21) 


and for this reason 


OG; _ ( Og; 
OP; Ip y=G lays Gy_qs &;) 


a -~Q (i=1,...,n) (22) 
For what is to follow we need the expressions for the 


derivatives oot which are found from equations (20) and (24), 


' Oaj- 
namely: 
Ogi 
0G; OOi-4 
=— 23 
0054 Ogi (23) 


OP; Pi=G (G5, Aq» Oj) 


Putting expression (19) into the final equations of motion (11) 
and taking into account the formulas (22) and (23), we finally 


get 
{ Bi 8 ee 
(5) 
Op; p,;=G; (5» Gi_4> a5) 
O8i+4 


On; 
7 ai. =B: 
\ oT Vist = Bi 
OPist /Pigy=GiyaGiggr Fer F744) 
(@=1, ’ oat dy, 
dqn es, 
Sal a j (#2). =P 
OPn Pp=G)(p, a a.) 


) 
(24) 
J 


10—3420 
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and 
Pi= Gi (ig Gis, Gi) C= 1, 20257) (25) 


Here, the first n — 1 equations of (24) are equations for a family 
of trajectories in coordinate space; these equations contain 2n — 1 
arbitrary constants a@,, ..., On, By, ---, Br. The last equation 
of (24) contains a new arbitrary constant 8, and connects the coor- 
dinates g; with the time variable ¢. 

After substituting into equations (25) the functions gq; (t, ox, 
B,) GG = 1, ..., m) found from (24), equations (25) determine the 
momenta p; (i= 1, ..., ~) as functions of ¢ and all arbitrary 
constants a;, fb; (i = 1, ..., ). 


Example 2. Consider Keplerian motion in which a particle of mass m 
is attracted to a centre with a force inversely proportional to the square 
of the distance from the centre. 

In this case, in spherical coordinates, 


T => (r2 4. r2Q24. 72 sin? Orp2) 
n=—t (> 
= PA y 
ss sa P ies re - aay + 


and (he equation that determines V is of the form 


2m — = L(Ge) 


Put 


1 
§3 = 3 (r+42)—t=a,=n 


Then, by formulas (24), we find 


a6 
ae _ a 
as Sic sin? 6 
——e 
-y 


p— ay j =, (26a 
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73 ar 
2Y/ rma EY — Se 
—t+] a =Bs (26c) 
amy Go, 
2mag-+}——* 2 


We have obtained the final equations for Keplerian motion. 
In studying this motion, it may be taken, without loss of generality, 
that the initial velocity lies in the plane of tne meridian p=const. Then 


. 


at the initial time, a0 and, hence, by formula (26a), 
a,=0 (27) 


and ~=6,=const, i.e. the motion is plane motion. Differentiating the 
equations (26b) and (26c) termwise, we find that the sector velocity* is 


4 9 d8 / ae 


=~? 


5° dt ~~ Im 


= const 


which means that the motion in the plane p=const occurs in accordance 
with the law of areas. ; 
Finally, to determine the trajectory we put —=2 and from (26b), 


taking (27) into consideration, we find 


dz 
a a8 
\ oes B 


where 
Fc 
a2 Oe 
B=2 Vas fe (28) 
Computing the integral we get 
arc Cos Paes ca.) 


Ve +e 


and, hence, 
t=k+ Vk +e cos (8—f) 
Finally, recalling that rat, we have for the trajectory an equation 
of a conic section, in one focus of which is the centre of attraction: 


ae Pp 
"= 7720s 0—f) (29) 


* That is, the time derivative of the area described by a radius vector 
drawn from the centre. 


10* 
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where the parameter and eccentricity of the conic section are determined 
from the equations 


_1_ % = ea. Zargers 
=F OHV ttgeV 1+ (30) 


Let a point describe a closed orbit (the motion of a planet attracted by 
the sun). Then this orbit is an ellipse at one focus of which is the centre 
of attraction (sun). 

Denoting by F and a, b(a>)b) the area and the semi-axes of the ellipse, 


2 
we find ( since it is known that p=) that 


F2  742@2b2 


an VP 
. anF ; 
Let « be the period (of revolution), t= Var . Then on the basis of (30) 
a 
1 v2 = m2 F2  n2m2p nem 02 a 
4a a2 a OO WY (uz) an 


where by Newton’s law of gravitation, y, depends solely on the centre of attra- 
ction. We have obtained Kepler’s three laws of planetary motion about the sun: 
(1) the planets are in motion with constant sector velocity in plane orbits; (2) 
these orbits are ellipses in one focus of which lies the sun; (3) the ratio of the 
squares of the orbital periods to the cubes of the major axes of the orbits is 
the same for all planets. 

3°. By way of further illustrating the application of the method of separa- 
tion of variables, consider the case when 


ag (94, Pi)---+- +n (Gn> Pn) (32) 


Then the basic differential equation 


oV OV 
H (a4, ---, n> 9g, ' coy ) 


) Odn 
may be written as 
n 
OV av 
> E (4. sar) he (a 57) |=9 (33) 
i=1 
Pat 
av OV ; 
fi (9, sar) he (a, sy) =o (i=1, easy P) (34) 


where 4, ..-, @,-4 ate arbitrary constants, and the constant a,, by virtue 
of equation (33) and equalities (34), is expressed in terms of a4, ..., @n-4, 
namely 


On = — Ay 1 os Any (35) 
i . ov 
Salve (34) for the derivatives OG 
Z 
0 co 
z =F; (4d, Qi, h) (i=1, wee, 72) (36) 


0g: 7 
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Take the solution of (33) in the form 
nr 
v=) | Fila as, maa (37) 
ix1 
Therefore a complete integral of the Hamilton-Jacobi equation has the form 


nr 
S=—mt Sy | Fila, a, maa (38) 


i=i 


Then the final equations of motion (11) are obtained by means of quadra- 
tures: 


OF OF , 
\ aap = \ Ga, 29n =By (j=1, ..., n—1), } 
n F; 
Dd) | Goaaae + Bo. (39) 
im | 
pix Fi (g;3, &z, h) (Gass, Bos. n) 
(o4-f ig... an =0) J 


Solving the equation f; (qi, p:)—hgi(9i, Pi)=o%; for pi, we get pi= 
=F; (qi, a, h) (i=1,..., ). It is assumed that the following condition of 


solvability holds: Spe cet +0. In this case the derivatives of the 
; : 

implicit function F; are 

OF; =( Ofi __,, Oa: |~! 


0a; ‘Opi OPE. 


Six {[s4- el sips y} i==1 n 
Oh He Opi OD; 8i (gi, Pi) p,=F ,(q;, a, A) ( ’ ’ ) 


In final form, the equations (39) are 
(a ee 
Op; Op; D =F 9; & j» h) “J 


Ofn see | ‘ 
= —h=—— dqn—B; (J=1, -..., n—1), 
\ [ OPn OPn P,=F LG,» Ons h) ne Bj ) 
nu 


| 
Of i 6g; ]—1 i 
2 iL api = api f an eee a;, h) qgi=t+Bns | 


(40) 


pi=Fj (qi, @i, kh) (i=1, -.., 2) 
(@+@g+...+An=0) 
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As a special case we get Liouville’s theorem: 
If the kinetic and potential energies of @ system have the form 


nm n 
; 1 
r=s( >) 4) >) sat, 
t=1 i= 
nr 
2M 
PS (41) 
nr 
py Aj 
i=1 
where Aj, By and VW; are functions of one variable gj (i=1, .-., m), then the 


final equations of motion of the system may be obtained by quadraiures, 
Indeed, for a Liouville system 


(42) 


but this is a special case of formula (32). 


28. Applying Canonical Transformations to 
Perturbation Theory 


Let the motions of a system with a given function H be known, 
that is, we know the solutions 


qi =i (t, Ry PR), Pi=Pi (t, Vhs Dh) (1) 
of the system of differential equations 

aq: ot ap; oll ‘ 

de ape? dee age ¢) 


and let it be required to delermine the motion of a “perturbed” 
system with Hamiltonian function H-+ H,; i.e. let it be required 
to determine the solutions of the system of differential equations 


Me x OUI Pe ee Apes ot (3) 


dt — OP; > at 04; 
If in formulas (1) we regard gj and p, (kK = 1, ..., m) as new 
variables, then, as has been elucidated on page 139, formulas (4) 
determine a free univalent canonical transformation. This transfor- 
mation turns the Hamiltonian system (2) into a Hamiltonian system 
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with function H = 0 [see formula (13) on page 138] 
aq}, dp 


0 
k 
ae 4: = = 0 (A=141,...,n) (4) 


and the Hamiltonian system (3) into the Hamiltonian system with 
function H, which will be equal to A,:* 


ag, 9H, 4Ph OWy (5) 
di Opt’ “di ag 
(A=1,...,7) 


Thus, the new variables qj} and p} possess the following remarkable 
property; for unperturbed motion, they preserve constant values, 
which are equal to the initial values; for perturbed motion, they 
are functions of the time and of the initial values 


a(t, gf, Pi), phi (ts @, pi) (G) 
(A=1,...,n) 


defined as a general solution of the Hamiltonian system (5), in 
which the “perturbation energy” AH, is the Hamiltonian function. 
The final equations for perturbed motion in the initial coordinates 
qi, Pi (i = 1, ..., nm) are obtained by substituting the functions 
(6) into the formulas for unperturbed motion (1) in place of the 
constants gq, and ph. 

We have succeeded, through the use of the theory of canonical 
transformations, to replace integration of the Hamiltonian system 
(3) by integration of the Hamiltonian systems (2) and (5). We ob- 
tain the general solution of the system (3) from the general solutions 
(1) and (6) of these systems by means of superposition: 


di=Qi lt, ah l(t, gi), Ps), Pe (t, a), ps)I 
pi-= vi lt, a(t, gf, pS), pei (t, 99, p5)I (7) 


(ie eneerere ()) 


Actually, we have shown that “perturbation in the energy” of 
a system is equivalent to “perturbation of the initial conditions”. 
This is illustrated in Fig. 40. 

In the hyperplane ¢ = 0, of an extended phase space, take a fixed 
point //, and draw through it an unperturbed straight-line path. 
i.e. a straight-line path (4) for the system (2). In Fig. 40, this is de- 


* This follows from the relation H — (H + 17,) == 0—//. The left and 
right sides of this equation are equal toz , Where S is the generating function 
of the free univalent canonical transformation under consideration (see p. 133). 
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picted as the heavy line M,N. The light line M,M, depicts the 
displacement, in the hyperplane ¢ = 0, of the initial point given 
by the functions (6). From point Mo, of this curve draw an unper- 
turbed straight-line path Mo,No; (it is shown dashed in Fig. 40). 
On this path take a point P with a given value of the time coordi- 
nate ¢. This will then be the position of the system in perturbed 
motion at time t. In the case of unperturbed motion, the system 


occupied the position Q at time ¢. Thus, the perturbation appeared 
in the “shift” QP. The straight-line path in perturbed motion is 
shown by the heavy line M)P. Thus, perturbed motion may be re- 
garded as “compound” motion in phase space: a point is in motion 
along an unperturbed straight-line path but the path itself is dis- 
placed (in the general case it is deformed) due to the “perturbation” 
of the initial conditions. 


29. The Structure of an Arbitrary 
Canonical Transformation 


{n this and the subsequent sections of this chapter we shall 
give certain additional information about canonical transformations. 
For an arbitrary canonical transformation it is possible to estab- 
lish formulas that define it with the aid of a generating function and 
valence c, as was done in Sec. 29 for a free canonical transformation. 
For example, of the 4n quantities 


Vi, Pis qi, Di G=1, . +, 7) (1) 
connected by the canonical transformation 
qi=: (t, Gk: Pr)s P=; (t, Gk; Pr) 


= » 9G vos Pr) 
(f=4,....75 GG #0) (2) 
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it is possible to take the following quantities as 2n independent 
ones: 


Giy ++ +541, Dizss «+ +s Dn, ve sees Im Pm+i ree 
(O0<l, m<n) (3) 


Then with the aid of the identities 


>) pgdqg = 5 ( ps eRe) = Di qg5Pg, 
g=l+1 g=—T-+41 g-l1+4 
n 


nr Th 
DS pada =6( Dd) GaPr)— Dd) Bndpr 
1 h=m+1 h=m+1 


h=m+ 


we can write the basic defining equation (9) on page 130 in the 
form 


m n 
> j;8¢;— » qnS pn — Hbt = 
= A=m+1 


j=1i 
l n 
=c(> pida— >) dg5pg—H6t) —8U (4) 
1=1 g=l+i1 
where 
U=F+ > GnPn—C > deg (5) 
h=m-+1 g=l4+1 


Since all the 4m quantities of (1) are expressed in terms of the 2n 
quantities of (3), we may take it that U is a function of the quan- 
tities of (3). Then from the identity (4) we at once find 


SOO ee SOM a eres, GO tah 

0q; = CDi, OPg ia Qe: aq; DP}; 
ou — 
= = qh (6) 
apn 


The formulas (6) are equivalent to the formulas (2) and determine 
the canonical transformation under consideration with the aid 
of the valence c and the generating function U of the independent 
quantities (3). 

Below we shall prove a mathematical lemma, according to which 
it is always possible to choose 2m independent quantities of the 
4n quantities (1) connected by the transformation (2)‘in such a way 


that there will not be a single pair of conjugate q;, p; or q;, pj among 
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the quantities chosen. Then if we appropriately renumber the coor- 
dinates q;, Th (i,k = 1, ..., m) and do the same with the momenta 
Pir Pp (i, k= 1, ..., n), the chosen 2n independent quantities 
may be given in the form (3). Therefore, for an arbitrary canonical 
transformation there are formulas that can differ from the formulas 
(6) solely in the numbering of the quantities of (4).* 

As was done in Sec. 25 for a free canonical transformation, it may 
also be shown that for an arbitrary canonical transformation a deter- 
minant of order m composed of mixed second-order derivatives of the 
generating function U is different from zero.** For this reason, the 
first m equations (6) way be solved for the quantities g;, p, (j = 
=1,..., mh=m-+1,..., n). After substituting the expres- 
sion obtained into the last n equations of (6) we can represent the 
equations of the canonical transformation (6) in the form of (2). 

Let us state and prove the lemma which we used to obtain the 
structural formulas (6) for an arbitrary canonical transformation. 


Lemma. Kf there are given 2n independent functions g;, ..-, Qn; 
Dig. es As Pn of 2n independent quantities 91, .- +; Gn: Pts «+ +s Dns 
then out of 4n quantities 9;, Di, ¢i, pj (i = 1, ..., m) it is always 


possible to choose 2m independent ones in such a manner that there 


will not be a single pair of conjugate ones (9¢;, Dr) oY (Qn, Px) among 
them. 

Proof. Assume the converse, that is, that any 2n of the quantities 
under consideration, among which there is not a single pair of con- 
jugates, are always dependent. Then choose m + d independent 
ones of the given 4n quantities so that the first m do not have the 
sign ~, and the last d have this sign; choose these n + d quanti- 
ties so that there are no conjugate ones among them and so that 
the number d has the greatest of all possible values. By assump- 
tion d<in. 


Since, without altering the condilions or the statement of the 
lemma it is possible to interchange the roles of the two conjugate 


quantities gq; and p; or q; and ey and also to perform an arbitrary 
permutation of the indices 1, ..., m both of the quantities g;, p; 


* This proposition is given by Carathéodory in his book Variaiionsrechnung 
und partielle Differentialgleichungen erstes Ordnung, 2 Aufl., Bd. I, 1956, 
Sec. 96). However, the lemma on which our proof is based (see below) was estab- 
lished by Carathéodory for the special case when the transition from the variab- 


les g;, p; to the variables g;, pj (i= 1, ..., ”) is a canonical transformation. 
TL Aer ‘ 02 n A: 
** This condition may be written as follows: det ae # Oif 

2 or Or, uy k= 1 


DY iy sees ny Thy oeey Tn we denote, respectively, the quantities (3) in the 
order given above [see (3)]. 
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and q;, Dis it may be assumed that the chosen ones are the following 
n+ d quantities: 

Gir - +9 Qns Wty ++ +1 Ga (d<n) (7) 


We shall call the quantities of (7) the maximum basis. It is 
obvious that 


a=: oe er Any Uy sey qa), 
(j=d+1,...,n) (8) 


Pi=h (M ooey|ny Wy oe ey qa) 
where f is the functional symbol. * 
Without loss of generality, it may be taken that of the quan- 
tities 
Pas +25 Dry Ps, sey Da 
that do not enter into the formulas (8), the quantities 
Piy «+ +>Par Pty ++, Po (a<n, b<d) (9) 


are functions of the basal quantities (7), and each of the quanti- 
ties 


~ 


Patts ese, Pny Ports ceed Pa (10) 
is independent relative to the basis. Thus, 


=) peeey ae een 2 (anneal | ie 
P= Qn Qt qa) ( a (11) 


Pe=f Gyaes% Gm Oi, eee Ga) (i=1,...,0) 


We shall now show that the quantities gas, .. ++ Gn) Givagniay Ce 
which are conjugate to the “independeut” quantities of (10), actu- 
ally do not appear on the right-hand sides of (8). Indeed, let 


ga (4 >> a) enter into, say, the expression for a certain q; (j >>): 
O18 (oy Gay oe) 


Then the system of quantities q1,.-.,Qa-1) QaAtis e+ +> Qny Gagwids a3 
1 Udy q; is equivalent to the basis (7): 


(91, wees Gr-ty Wtis 200, ny Gir eeer Yds q;) el 


(dq, ees ny dh ve ey Ga) (12) 


* In different formulas, the same letter f is used to denote different functio- 
na] relations. 
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that is, every one of the quantities that appear in one of the two 
systems is expressed in terms of the quantities of the other and 
vice versa. * Therefore, the n+-d-+1 quantities 


Qty +++ QUa-t» Day GUntis s+ 22 Inv Wty 2+ +> Wado Qi 


are independent, which contradicts the “maximality” of the 
basis (7).Thus, the formulas (8) may be written as 


qi=F (a1, ee Oo qi, sty qv) 
Py=F (Qty ++ +s ar Wty 2+ +s Gd) (13) 
(j=d-+1,...,n) 

Denote by qi, ---5 Gay dh Sey an (a,;<a, b, <b) all the quanti- 
ties that actually appear at least in one of the right-hand sides 
of the formulas (13); then 

ag=fla, > +s Wary dh, ey 1) 
Pi=f (U, 299 Yayy qs cate Gn) (14) 
(j=d+1,...,n) 


Now we shall show that the quantities g,, g,(A>>a, w>d) 
actually do not appear in those formulas (11) where i<a,, and 
k<b,. Assume the contrary. For instance, let q,(A>>a) actually 
appear in the expression (11) for pi,, where i, < a, 


Pir=fl.--:d.---) (kay, AD>a@) 


But the quantity q;, actually appears in one of the expressions (14); 
for example, let it appear in the expression for q;(j >>): 


pf Goaediihes) (i4<a,, j>d) 
Then 
(Qay ees Vids Pizy Vintty 221 Qtr Unetr ee 
2209 On, qi; tesy qa; q;) % (M1, 2299 Qn, 11, sey qa) (15) 
and hence the n+-d-++1 quantities 
Qty eee) Giy-ty Digs Girttr «+ +> Wat» Day 
Qrttr s+ > Ins Qs vey qas qj 


* If g, actually does appear in some functional relation, this relation may 
be solved for q,. 
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are independent, which tact contradicts the “maximality” of the 
basis (7). 
Thus, 


Pip =F (Ms + +s Gas Gy «+ +) Gb) 
Phy=f (Qtr - «+2 Gas Gay «++ Qd) (16) 
(Gh shay Oly Ri Ay key Oy) 


~~ 


Denote aS daitis +++) Gan: Yoitis s+) Odo those of the quantities q:, 


Gn (i> a4, k>>b,) which actually occur in the right members of 
formulas (16). Then 


Dic = Fok Goss Diy a Os) (j= 1, ..., 043 a,<A,<a) } (17) 
Pra =F (Gay - + + Von Piduec dn) Cie Tp sig De by <b, <b) 


We shall now show that the quantities q,, gq (A >> a, » > b) 
actually do not occur in the expressions (11) for p;, Dh where 
i<d2, k<be. Indeed, let g,(A>>a) for example actually appear 
in the expression for p;, (@,< ig< ap): 


Dig=f(.0erQny---) (Ay <Cig<ae, A>a) 


But the quantity g;, actually occurs in one of the expressions (17), 
for instance in the expression for p:,. Then the quantity q;, actu- 
ally occurs in one of the expressions (14), for instance in the 


expression for qj (j >>): 
Pie=f (.- +s Gias s+) (iy <a, < lg < A) 
G3 F (eer Maye) (in<ay, fF >a) 


In this case an equivalence is established between the system of 
quantities 


Q1, 000) Yig—ty Diyy Giqtte oe > Vin-~4, Dior inti - 
20, Qrais VWatis e+ 0s ny re pandas 9; (18) 


and the basis (7). For this reason, the quantity p, is independent 
of the quantities of (18). Adding p, to the quantities of (48) we 
re hasis of n-++d-+1 quantities, which is impossible. 

Thus, 


Po=f (An eee, Wa, q1; <9 85 qb) 


Pro=f (ds; sey Jay sy vay qb) 
(ig ay+1, ..., do, ko =by +41, ..., be) 


(19) 
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Denote DY Gaels. aiming Gays Obat-As stores dbs those of the quanti- 


ties qi. Gh (i>>a2,k>>b.) which actually enter into the formu- 
las (19). Then (19) will be written as 


Pin =F (M1 ey Wags MN sty 903) 
(igs @y +41, ..., Ae} @y< a, <3 <a) 
Pus = f (G4: sey Jags G1; tng qos) 
(kp =O, +4, ..., De} by <beo<b3<b) 


This process may be continued until the equalities a, = a5,,, bs = 
=b,., are attained simultaneously; then 


(20) 
) 


Pig =F (M, ss Wass Us sey qs) } 
Ge tet pas a) BS Cee 8) (24) 
Pha =f (4%; pi ea | dass G1) Se bs) | 


eg Og hye (DE De cae 0 DY) 
In place of the formulas (14), (17), (20), (21) we can write 


G5 = FM) ++) Gass Wy +++ Qs) 
iGwvctutesas ae 
Dit Gi sass Gi dic ccev a: CHT ce) (23) 
Ph=f (ty ++ +5 ag ty -- +1 Gos) (R= A, . +5 bs) (24) 
Now let a, > 6,. Then from the formulas (23) we can eliminate 
@, -+-+, 9b, and obtain a relation between q; and p;; but this cont- 


radicts the hypothesis of the lemma. 

If a, < b,, then a, << b, + 1. Then from the formulas (22) and 
(24) we can eliminate all the g; and obtain a relation between q, 
and p,; this again contradicts the hypothesis. 

Thus, the assumption that there exists a maximal basis (7) in 
which d <n has led us to a contradiction. The lemma is proved. 


30. Testing the Canonical Character of a 
Transformation. The Lagrange Brackets 


Let us establish certain tests for the canonical character of a trans- 
formation, i.e. the necessary aud sufficient conditions that must 
be satished by 2n independent functions [with respect to qz, 
Pr(k=1,..., n)l 


qi =i (ts Gar Pr Pi= Wilts Gay Pa) (i=41, --., 2) (1) 
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so that the transformation defined by these functions should be 
canonical. 

Let the transformation (1) be canonical. We write out the 
defining identity for it: 


2 2i9Gi — Hét =C (2, pid: — Hit) as éF (Z, diy Pi) (2) 


Take an arbitrary fixed value t=¢. Then from the identity (2) 
we get 


Zz pidqi=c ps pidgi — OF (t, 41, pi) (3) 


But (3) is a defining identity for a transformation that does not 
contain the time explicitly, 


qi=Pilts Gn» Pr), Pi= Wi (tr Mes Pr) (i= 4, .-., 2) (4) 

Hence, formulas (4) define a canonical transformation with valence 
c which is independent of the chosen value of ¢ = ¢. 

On the contrary, let it now be given that all transformations 

obtained from the transformation (1) by replacing the variable 


t by various fixed values of ¢ are canonical and with one and the 
same valence c. Then, defining the function H by the equation 


n oe 

= Or ~ Ogi 

H=cH +5-+ >; pia (9) 
i=1 

we get equation (2) from (3) and (5), i.e. we find that the transfor- 

mation (1) that depends on the time ¢ is canonical. 

Thus, for the time-dependent transformation (1) to be canonical 
it is necessary and sufficient that all the time-independent trans- 
formations obtained from the transformation (1) by replacing ¢ 
with an arbitrary value of ¢ be canonical and with one and the same 
valence c. 

For this reason, when establishing tests for canonical character, 
we can confine ourselves to canonical transformations that do not 
contain the time variable ¢ explicitly: 


qi = Pi(Gr, Pr)» Pi=Wi (Tr Pr) 


WS acces e 8 (11, «++, Pn) 
Cote Tees # 0) (6) 


Yor the canonical transformation (6), the defining identity (2) 
is written as 


2, PrOGn = € >») PrOGx— 5K (qr, Pr) (7) 
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Here, express dq, in terms of 6q; and 6p; using formulas (1). 
Then (7) will take the form 


2 (D,5q; + Pidp:) = — 45K (ax, px) (8) 
where 
n se nr ag, 
i= D; woh = D; CGR ;— , 
®; 2 Ph Og1 7 rn 2 Pr ap, (ti=1,...,n) (8’) 


It remains to write out the conditions that the left-hand side 
of (8) should be differential and we will have a test for canonical 
character in the form of the equalities 

0; OD, OV; OV;, 


Og, 9¢; ’ Opp Opi ' 


OD; IV, ; oe 
Op, ON (i, k=4, angd) (9) 
Substituting the expressions (8’) into these equalities we find 
(after elementary transformations) 


3 (HHH) 9 


n ~ ~ ~ ~ 
> ( Gq; Opy 94; 5 | 0 (10) 
Op; Oph Opp Opi 


nr ~~ ~~ ~~ ~ 
0g; Op; 94; =) ; 
— —. — J] = 6; ,rk=1 seg TL 
> ( 0g; OD Opk OGi COin (2 : : yy 


where 6;, is Kronecker’s symbol: 6;, = 0 for ik; 6;, = 1 for 
P= BE, BS Ay soy). 

The conditions (10) may be written in compact form if we intro- 
duce what are called Lagrange brackets, which, for the given 2n 
functions g;, ; (ji = 1, ..., ) of the two variables q and p are 
defined as fol lows:* 

n 1) 
i Op; OP; 9M; APF y wy IGS, 5) 
gel = rae ap oe ae) = 2 O(n p) (11) 
j= j= 
"* The reader can compare the Lagrange brackets with the Poisson 


brackets introduced in Sec. 15. There, two funetions g, » were given of 2n 
variables qj, p; and the Poisson brackets equaled the sum of the Jacobians 


d(9, ‘p) . Here, however, 2” functions of two arguments are given and 


0 (Gi, Pi) 
the ‘Lagrange brackets are equal to the sum of the Jacobians (114). 
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Using this notation and taking for the g;, ; the functions dis 


Di (i=1,...,m”) defined by the formulas (6), we can write the 
conditions (10) as 


[7idx] = 9, [piPx] =O, [Gipx] =cbw (i,k =41,...,m) (12) 


where ¢ is the valence of the canonical transformation. 

The equalities (12) express the necessary and sufficient conditions 
for the transformation (6) to be canonical. In the case of a time- 
dependent transformation, the conditions (12) are preserved, 
provided that they hold for any value of ¢. 


31. The Simplicial Nature of the Jacobian 
Matrix of a Canonical Transformation 


Consider the Jacobian matrix of the canonical transformation 


0q4 9, O94 0q4 
0g, On OPA OPn 
An 89m 99n 09n aq oq 
0q, “°° O4n Op, ©" OPn 6q Op 
M=|| 2 ges ~ t= 2. (1) 
Opi Op, Opi Op4 Op Op 
q4 Oqn Op1 OPn 6q op 
On Opn Opn Opn 
0q4 OGn Op4 On 
oq: qi ae 
Here -_ is a Jacobian matrix of order n | 2 . Similarly, we 


: a ap ap 
define the n-order Jacobian matrices Be oo LP and 2? 
Op 0q op 


We introduce a special matrix of order 2x: 
Oo Ot ee 0 ]j 


« e e © ee « ¥ @© @ se ee 2& 


EO 
o° 
SS 
| 
oOo — 
oN 
° 
| 
Sy 
wee” 


ee @¢ @ © %* * e© @¢ e e# ee @ 


Oc eeecd OF cntd 0 
where # is a unit matrix of order n. Consider the matrix M and also 


its transpose M’; form the product M’JM and prove that by virtue 
of the relation (12) of the preceding section this product is identical- 


11—3420 


ly equal to cd: 
MIM =ctT (3) 


where c is the valence of the canonical transformation. 
Indeed ,* 


(a) (8) a) -(#) 
; q dq 0 —E x ) —{#=) 

M' J = ~~ r, ~ = ~ mae 
ay ey gy ay 

P op p (a) 
(Ce) as) eee 0g \' op 
pala ee ae ag) ap ae oe 
WIM ee ee ee a ee 
(2) 8a) £18) £-(8) 2 
p/ og dp} dy \ op p Ge “Op 

But 


ve oad ee ty nr ~ ~ ~ ~~ 
(By) a (% )‘ 2-5" OY) Bs ee 
dq og aq oq = 09; Oqp Og; 9p 


n 


i, A= 


=| {¢:qn] || =0 


Performing similar computations for the remaining three blocks, 


we get 
woe Q —cH 
JM = cE 0 Joon 


which is what we sought to prove. 
For a univalent canonical transformation, equation (3) is written 
as 


M'IM=JS (4) 


The matrices M for which the equation (4) holds are called simpli- 
cial. Since det-J =1, and the determinant of a product of matrices 
is equal to the product of the determinants of the matrices being 


multiplied, we find from (4) that 
det M=+1 


Thus, simplicial matrices are nonsingular.** 


* When the elements of the matrix are matrix blocks, multiplication is 
performed according to the same rules as when the elements of the matrix are 
numbers, i.e. the rows of the first matrix factor are multiplied by the columns 
of the second matrix factor. 

** As may readily be verified, the product of two simplicial matrices, the 
inverse matrix for any simplicial matrix and the unit matrix are again 
simplicial matrices. Therefore, simplicial matrices form a group, a simpli- 


cial group. (Continued on p. 163.) 
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We shall call the matrix M that satisfies the relation (3) a gene- 
ralized-simplicial matrix (with valence c).* 

Since the relations (42) of the preceding section reduced to the 
condition of the generalized-simplicial nature of the Jacobian mat- 
rix M, it follows that the test for the canonical character of a trans- 
formation may be stated thus: » 

For a certain transformation g; = q: (t, da, Pr), Di = Di (t, Qh,’ 
pr) (i = 1, ..., ”) to be canonical, it is necessary and sufficient 
that the Jacobian matrix M corresponding to this transformation. 
should be generalized-simplicial with constant valence c. (In the 
case of a univalent transformation, the matrix M/ is an ordinary 
simplicial matrix.) Then, the condition of the simplicial nature 
of (3) must hold identically relative to all the variables ¢, g;, p; (i= 
Se et ap SD) 

In Sec. 26 it was established that the motion of any Hamiltonian 
system may be regarded as a free univalent canonical transforma- 
tion. Consequently, its Jacobian matrix is simplicial and has the 
determinant J (see pages 125-126) equal to +14. 

Since at the initial time J (0) = +1,so/= +1 at all subsequent 
times, but it is precisely this determinant that serves as the integrand 
in the expression for the phase volume in 2n-dimensional space 
[formula (3), Sec. 23]. 

This remark may be regarded as a proof of the Liouville theorem 
that differs from the proof given in Sec. 23. 


32. Invariance of the Poisson Brackets in 
a Canonical] Transformation 


Let us give the condition of canonicity of a transformation written 
in the form of equation (3) in the preceding section in a somewhat 
modified form. Multiply both sides of this equation by (M’)-} on 
the left and by M-* on the right. We get 


(MY IMI= 2 J (1) 


Simplicial matrices are characterized by the following properties. In the 
Tr 
bilinear form {= bs (ti¥;—Yyiz;), we subject the 2n variables x;, yj; and the 


ix=1 
2n variables 2zj, y; to one and the same linear transformation with the 
simplicial matrix of coefficients W. Then the form f preserves its aspect in 
nr 


° * * e ey, vs f if 
the new variables z7, y* and x¥’, y*’: f= », (zfup’ —yfzt). 
i=41 


i= 
* All generalized-simplicial matrices (for all c +0) also form a group. 
Jf M is a generalized-simplicial matrix, then det M = -tc”, 


11* 
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Take the inverse matrices of both sides of the equation, noting 
that J7= —J:* 

MJ M'=cJ3 (2) 

The equality MFM’ =cJ is obtained from the equality M’ JM = 

=ceJ by replacing the Jacobian matrix M by its transpose M’. 

But this substitution [see formula (1), Sec. 34] reduces to repla- 

ag: 84: Op OP 


cing the ee Dan © Oy Gen, Op” respectively, by the 
‘ é re) 0. 4] é is . 
derivatives 2% , SPR, 242 PE. in other words, in each deriva- 


Ogi’ Og; Op,’ Op; 
tive the letters and indices above and below** are interchanged. 
Thus, if the equation M’JM-=cJ was equivalent to the system 
of equalities 


[9:92] = 0, [Pipa] =O, [Qipe] —=cOin (i, K=1,..., 7) (3) 
then the equation (2) will be equivalent to the system of equa- 
lities 

[a:9n]* =0, [pipa]* =O, [qipel*=5i, (i, k=14, ..., 2) (4) 
where the asterisk (+) indicates that the aforementioned interchange 


of derivatives is to be performed within the Lagrange brackets. 
But then the Lagrange brackets become Poisson brackets. Indeed, 


j= 


n ne cp PrP ~ 

ae 0qi OGn 99: 9% ) ee rae 

= x ( 69; Op; Op; 0q; (9:9x) 
IJ= 

where (qj, qr) are Poisson brackets of the functions g; and g, with 

respect to the independent variables q,, m1, ..., Qn, Pa Similarly, 


[pipal*= (Pipe), [aipal* = (GPa) 
Therefore, the conditions of the canonicity of transformation (4) 
may be written in the following form with the aid of the Poisson 
brackets: 
(9:9) =0, (PiPe) =0, (iPr) =COin (i, k=4,..-,m) (5) 


* Here we use the following rule: the inverse matrix of a product of matrices 
is equal to the product of inverse matrices im reversed order: (.4BC)-! = 
= C-1B-14-'. Besides, 


n=(48) (Wo a)=-(E a) 


that is, J-l1= —J. ; 
** As before, the sign ~ remains on top. 
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Let us now consider two functions g and tp of the quantities q;, 
pi (tj =1,...,m) and ¢t. Expressing in these functions the 4:, p; 
(i =1,...,m) in terms of gp, py (kK==-1,...,”) with the aid of an 
inverse canonical transformation, we can regard these same func- 


tions as functions of the variables g,, px (k=-1,...,7). Accor- 
dingly, the Poisson brackets of @, t» may be evaluated both with 
respect to the variables q,, p; [denoted (gip)] and with respect to 


the variables g;, p; [denoted (gip)~]. 
Let us prove the validity of the identity 


(Pb) = ¢ (HH) (6) 


Proof of this identity rests on a familiar expression of the 
Jacobian of a system of composite functions 


ap, ¥) _ s [2e ») 8G) , lh ®) 2G iy 
Aaj» Pi) AL OCGin Gn) (2 PH) * A (Diy Pr) 9 (GH PI) 
‘ich 
rm A(p, ~) (Gi, pr) 
yo O(qi, Pr) 9 (4s Ps) 

(io peer (> 


Summing these identities termwise, we get 


Ce ee eee <1 00, 
@p= > ey didn) + RS (Bupa) | + SY) ape) 


i noe LO (Vir QM) (Pi, Pr) 5 yet O (Yin Pr) 
‘ich ; 
From this, using ene (5), we find 
ACE 
(P)) = > 2A D6 (py) (7) 
0(¢ qj, P a 


The converse assertion - holds. If for any two functions 9 
and 1p, the identity (7) is fulfilled for one and the same constant 
c#0, then the transition from the 2n variables q;, p; to the 2n 
variables q;, p; is accomplished by a canonical transformation 


with valence c. 
For a univalent canonical transformation ¢ = 1, and therefore 


(PP) = (Pp) 


In other words, the Poisson brackets are invariant under univalent 
canonical transformations. This property of univalent canonical 
transformations singles out these transformations from among all 
possible transformations of phase space. 


CHAPTER 5 


Stability of Equilibrium and the 
Motions of a System 


33. Lagrange’s Theorem on the Stability of an 
Equilibrium Position 


We begin by defining a stable position of equilibrium. 

First recall* that a position of a system is called a position of 
equilibrium if the system, which at the initial time was in that 
position with zero velocities, remains in that position. 

Let the position of a holonomic system be defined by the indepen- 
dent coordinates q,, ..., gd, (where n is the number of degrees of 
freedom of the system). As was explained in Sec. 5, in a position 
of equilibrium (and only in that position) all generalized forces 


are zero: Q; = 0 (i = 1, ..., n).** Without loss of generality, we 
nay take it that the position under study of the system lies at the 
coordinate origin q, = ... = 4 = 0. Then the coordinates of any 
other position of the system q,, .-.-, 9, characterize a deviation 


of this position from the equilibrium position and for this reason 
are called deviations of the system. 

The position of equilibrium gq, = ... = q, = 0 (or the state of 
equilibrium gq =...=4, =0, 4 =...=4, = 0) is called 
stable if for sufficiently small initial deviations gz and sufficiently 
small initial velocities gf (i = 1, ..., m) the system does not go 
beyond the limits of an arbitrary small (preassigned!) neighbourhood 
of the position of equilibrium during the entire period of motion 


and has arbitrarily small velocities q; (ij = 1, ..., ”); that is 
to say, if for any e > 0 it is possible to indicate a 6 = 6 (e) > 0 
such that for all ¢ > t the inequalities 


In @l<e, |a@|<e (=4,...,7) (1) 
hold so long as at the initial time t=% 


lai<, |g?|<6 (as ere (2) 


* See Sec. 4. 
** If the generalized forecs Q; depend not only on the coordinates g, but 


also ou the generalized velocities g, (k = 1, ..., m), then the equalities Q; = 0 
must hold when the coordinates g, appearing in the expression for Q; are rep- 
laced by the coordinates of an equilibrium position, and the generalized velo- 
cities are assumed equal to zero. 
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a 


It is convenient to interpret inequalities (1) and (2) geometrically 
in a 2n-dimensional state space (q;, q:). For the case n = 1, Fig. 44 


depicts, in the plane (q, g), two neighbourhoods of the coordinate 
origin O that correspond to the inequalities (4) and (2). If the origin 
O is a stable state of equilibrium and for a given ¢ > 0 some 6 > 0 


Fig. 41 


is suitably chosen, then any motion starting at time ¢ within a 
square with centre at O and side 26 will occur all the time within 
just such a square with side 2e. 


Example 1. A heavy ball can move along a rim having the shape of a circle 
and being located in the vertical plane. There are two positions of equilibrium: 
the lowest and the highest point of the circle. The former is the stable position 
of equilibrium while the latter is the unstable position of equilibrium. 

Example 2. Linear oscillator. The position of equilibrium is stable. Indeed, 


fora linear oscillator 7 = + ma?, = > cq? (m > 0, c > 0), and the differential 


equation of motion mg + cq = 0 has the general solution 


qo .: ¢ 
= aoe he fics 2 — 
g== qo COS w (t— to) -+ SID  ( to) (o ; ) 


Therefore 
a ‘ ‘ 
Ig@i<lgltplal<e lg|<olglt+iwl<e 
only if | go |< 5, and lgl<6 where, for example, 6=min (= *) ; 


Example 3. A particle of mass m can move along the z-axis under the 
action of two forces: a restoring force proroeticnal to the deviation —cz, 
and a resisting force of the medium, which is proportional to the first power 
of the velocity ~—2fz (c >0, f>0). 

The point z=0 will be a stable position of equilibrium. We first consider 
the case when the coefficient of the force of resistance is small: 0< f< Vine. 
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Then the differential equation of motion mz + 2jz-+cr=0 has the general 
solution 
—~ — (t-to) d on: “Ed 
z=e a [ 1 005 S (¢— t0)-+ Ca sin = (¢— to) | 
where 
4 e 
d= Yme— ft, Cy=2p, Co= Zz (fo-+ mz) 
From this, for any value of 2, 
m e 
12) 1< 1G +1Cn1<(1+4) | eol+F lool <e 
and 


1S (144) cer tiean <4 (144) l2olt (144) lori <e 


provided that | z)|< 5, and lzpi< 5, where, for example, 


§6=min | ; saat 
2a(1+5) 
But if {2 > Vine, then the general solution of the differential equation of 
motion mz+2fr+ter=0 has the form 
t=O ei 40) 4 Coe Valt—to) 
where 


ft V ft—me > 0, Cy Stott Cys vip + Zo 


$ 


Vv — 
tye m Vvo-- Vy Vi— Ve 


Whence, for any value of ¢, 


(vy + v9) | zo |4+2| Zo | _flzoltm|zol — 

C eb we roy ee ee 
|z(t)|<|Cy|41C2|< Cea ar 

and 

. Qvyve | to |-t(vy-t va) J zo] ¢] zo|+/ 1201 
Pe) Us OCS Cale agg aaa <é 


provided that | z)]< 6, lzo[< 6, where 
6=min (4. VPRme , ViPame e) 


2¢ : 2m 


In Examples 2 and 3, the stability of the position of equilibrium 
was established with the aid of final equations obtained by integrat- 
ing the differential equations of motion of the system. These final 
equations of motion gave us the dependence of the deviations of q; 
and the generalized velocities g; upon the time ¢ and the initially 


given qj, gi (i = 1, ..., »). The determination of these final equa- 
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tions of motion and their investigation are extremely involved in 
more complicated (for example, nonlinear) problems. Of interest 
therefore are criteria of the stability of an equilibrium position 
that do not require preliminary integration of the differential 
equations of motion of the system. 

As far back as 1644, Torricelli knew that the position of a system 
of bodies acted upon by gravity would be stable if the centre of 
gravity of the system occupied the lowest of possible positions. 
Lagrange generalized this principle of Torricelli to the case of arbitrary 
potential forces and established a criterion for the stability of the 
equilibrium position of a conservative system: 

Lagrange’s theorem.* Jf in some position of a conservative system 
the potential energy has a strict minimum, then this position is the 
position of stable equilibrium of the system. 

Proof. Without loss of generality we may assume that all the 


coordinates qj, ...,; Q, and the potential energy II (q,, ..., q) 
are equal to zero in the position under consideration; that is, 
9a =...=q,=09, and I (0,..., 0) = 0.** Since in the given 


position of the system the function II has a minimum, the general- 
ized forces in this position are zero: 


oxi 
eae a (pets chil n) 
i.e. the point gj=...—=Qn,=0 is the equilibrium position of the 


system. Further, from the fact that the value of IT(0O, ..., 0)=0 
is a strict minimum it follows that in a certain A-neighbourhood 
of the equilibrium position 


lqg( cA. (= 1). 5424.7) (3) 
we lave a strict inequality 
Il (gq, ---, %) > HO, ...,0)=0 (4) 


provided, however, that all coordinates g; do not vanish at once. 
Form the expression for the total energy of the system: 


E (Qi) 6005 9m Qn eee Q)EHT+U= 
Tr 
1 cd 
Dy Fim (Oss +e +s In) GGA (Gy, - + +s Gn) (5) 
i, k=1 


* This theorem appeared in Lagrange’s Mécanique Analytique (Ast ed., 
1788), but a rigorous proof of the theorem was first given by P. G. Lejeune Di- 
richlet. For this reason, the theorem is frequently called Dirichlet’s theorem. 

** The potential energy II is determined up to an arbitrary additive con- 
stant. We choose this constant so that the value of II should be zero in the equi- 
librium position. 
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From the inequality (4) and from the fact that T>>0, if at 


least one of the generalized velocities g; is not equal to zero* 
it follows that, always, 


E>0 
when ©) holds, provided that all the 2m quantities q;, qi 
(i = 1, ..., n) do not vanish simultaneously; i.e. the tetal energy 


E (4; a while vanishing at the origin O of a 2n-dimensional 
state space, has a strict minimum (equal to zero) at this point. 


Fig. 42 


Now select an arbitrary number e subject to the sole restriction 
0 < e < A; and consider the values of the total energy EF on the 
boundary of the e-neighbourhood defined by the inequalities 


la:j<e, lal<e C24, wing) (6) 


(Fig. 42). Since this boundary is a closed set of points, the continuous 
function E reaches its minimum £* on this boundary. Since all 
values of E are positive on the boundary of the e-neighbourhood, 
the minimum £* also is positive. Thus, on the boundary of the 
e-neighbourhood 


E> E*>0 (7) 


On the other hand, since the continuous function EF vanishes at 
the origin O, there will always be a 6-neighbourhood of the point 
O** such that in this neighbourhood 


E< &* (8) 


* This is true if the A-neighbourhood of the coordinate origin O in the coor- 
dinate space does not coutain any siugular points (see footnote on page 47). 
We assume that the point O, at which the function II has a minimum, is uot 
singular, But then there are no singular points in some A,-neighbourhood of 
point O. We choose A< Ag. 

** Since the negialnny (3) holds in the 5-neighbourhood, 6 < 
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Therefore if the initial coordinates and the initial velocities satisfy 
the inequalities (2), the initial energy Ey < E*. But in the motion 
of a conservative system, its total energy retains the initial magni- 
tude Hy and consequently E < E* during the whole time of motion. 
For this reason, when a system is in motion, the point depicting 
this motion in state space cannot attain the boundary of the e-neigh- 
bourhood on which E > E* and all the time lies inside this neigh- 
bourhood. 

The theorem is proved. 

Note two things with regard to this theorem. 

Note 1. The Lagrange theorem remains valid for a nonconserva- 
tive system that is obtained from a conservative system by the 
addition of gyroscopic and dissipative forces. Indeed, first of all 
note that the equilibrium position is preserved if gyroscopic or 


dissipative forces O,(qn, Gn) are added to the system. For these 
forces 


n 
2 Oy (an Ge) Gv <0) oat <A, |aal<A 


As before, choose for the equilibrium position the coordinate 
origin of the state space and assume that among the functions Oy 
there is at least one Q; such that Q; (0) 0. Then, due to continuity, 
Q; #0 in the A-neighbourhood of the coordinate origin as well. 


But since g, and q, are independent, their values in this neighbour- 
hood may always be chosen so that 


pay Oy (Qn; qn) ay => 0 
v= 


But this contradicts the hypothesis of dissipativity or gyroscopicity 
of the forces. Therefore, the supposition about the existence of 
Q; (0) «0 leads to a contradiction, i.e. all Q, (0) =0,v=1, ...,”, 
and this indicates that the addition of gyroscopic and dissipative 
forces does not violate the equilibrium. 

Gyroscopic forces do not upset the law of conservation of total 
energy (see Sec. 8) and for this reason the whole proof of the Lagrange 
theorem remains unchanged in the case of gyroscopic forces as well. 
In the case of dissipative forces, the total energy EF = J +- Il 
diminishes as the system moves, and consequently when the system 
is in motion we have the inequality FE < Ep in place of the equality 
E = E,. But from this it also follows that throughout the motion 
E < E*, if Ey < E*. Thus the proof of the theorem is preserved 
here too with that slight modification. 


172 Stability of Equilibrium and the Motions of a System [Ch. 6 


Note 2. The equilibrium position of a conservative system will 
also be stable when the potential energy II in this position has 
a nonstrict minimum, but in any e-neighbourhood of the equilibrium 
position there exists a closed hypersurface 


f (G1) ---5 Ir) =O (9) 


that contains the equilibrium position within it and has the property 
that on this hypersurface the values of the potential energy are 
strictly greater than the value of II in the equilibrium position. 

Indeed, as before, in the equilibrium position let gq, =... = 
= 9, = 0 and I (0, , 0) = 0. Also, let the equation of the 
hypersurface (9) be chosen so that for points located inside the 
closed hypersurface (9) the following inequality holds: 


(Qt, «++ G2) > 90 (10) 
Then this inequality, together with the inequalities 


lan] <cr (O<e,<2e;k=1,...,n) (11) 


defines, in the 2n-dimensional state space, a region (a finite “hyper- 
cylinder”) G located inside the e-neighbourhood (6). On the boundary 
of the region G, either f = 0 (then II > 0, T > 0) or at least for 


one k the equality | q, | = c, holds (then 7 > 0, II > 0). Therefore, 
the strict inequality E = Ty II > 0 always holds om the boundary 
of the region G. 

In the case under consideration, the minimum of the function E 
on the boundary of the e-neighbourhood (6) can be zero. Then when 
proving the Lagrange theorem, in place of the e-neighbourhood 
one has to take the region G situated inside it. On the boundary 
of the region G the minimum of total energy #* > 0. From then 
on the remainder of the proof remains without change. 

For n = 1 the closed hypersurface (9) degenerates into a collection 
of two points on the q-axis located on different sides of the origin O, 
while the region G degenerates into a rectangle situated inside 
the e-neighbourhood of the point O (Fig. 43). 

The reasoning given in Note 2 holds also for the case when gyrosco- 
pic and dissipative forces (see Note 1) are additionally applied to 
the system. 

If the points at which the function II has a minimum II = 0 
fill the solid curve emanating from the equilibrium position, then 
this equilibrium position can also be unstable. To illustrate, take 
a free particle with potential energy that does not contain one of 
the coordinates, for example zx: Ii = II (y, z), and II (0, 0) = 0 
and II (y, 2) > 0 for y2 + 2? > 0. In this case, the minimum points 
fill the z-axis. The equilibrium position zx = y = z = 0 is unstable, 
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since for an arbitrarily small (in magnitude) initial velocity along 
the z-axis, the point will execute uniform motion along the z-axis. 

In the Examples 4 and 2 given on page 167, a conservative system 
was considered, and in Example 3 (page 167) a dissipative force 
acts on a particle as well. The potential energy has a strict minimum 


Fig. 43 


in Example 1 at the lowest point of the neighbourhood, and in 
Examples 2 and 3 at x = Q. For this reason, these equilibrium posi- 
tions are called stable. 


Example 4. A conservative system with one degree of freedom has a poten- 
tial energy II = gq? sin? = [we also define II (0) = 0]. In accordance with Note 2, 


the position g = 0 is a stable position of equilibrium. 


34. Criteria of Instability of an Equilibrium Position. 
Theorems of Lyapunov and Chetayev 


As far back as 1892, A. M. Lyapunov, in his celebrated disserta- 
tion entitled “The General Problem of Stability of Motion”, posed 
the question of the converse of the Lagrange theorem. The problem 
has still not been solved completely. A partial solution is given 
by two theorems of Lyapunov and a theorem of Chetayev, in which 
certain sufficient conditions are established for instability of an 
equilibrium position. 

As before, let gq =... = q, = 0 and IJ (0, ..., 0) = O in an 
equilibrium position. Write an expansion of the potential energy 
in a power series of coordinates (“deviations ): 


TT = Wm (Q1, «++» Qn) + Uns (G4, 0 On) + ee 
[Tlm (415 obey Qn) 0, m > 2] (1) 
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where I]; (q;, . - -, Qn) is a homogeneous function of the Ath degree 

(k =m, m+4, ...), and the lowest of the powers of terms actual- 

ly appearing in the expansion is m > 2, since all (<=), = ( in the 
i 

position of equilibrium. 

Lyapunov’s first theorem. If the potential energy Tl (q,, .-~; Qn) 
of a conservative system in a position of equilibrium does not have 
a minimum and this circumstance may be seen from the second- 
degree terms Ilo (qt, -- +; Qn) Of the expansion (1)*, then the given 
position of equilibrium is unstable. 

nr 
Proof. In the expression for the kinetic energy 7 =+ >) QindiGn» 
i, h=1 
expand the coefficients a; (q;, ..-., Qn) in a power series of coordi- 
nates and denote by af, the absolute terms (i.e. the values of the 
functions ain (q;, +--+; Qn) for qy=.-.=g,=0). Then, putting 
n 


Ty=5 > an9i9h, we will have 


i, k=1 


L ==T,-+-(*), I = II, +- (x) 


here and henceforward we shall use the symbol («) to designate 
the sum of the terms having a higher order of smallness relative 
to the coordinates and velocities than the terms written out earlier. 
Since 7, is a positive definite quadratic form with constant coef- 
ficients, it is possible, by means of a nonsingular linear transforma- 
tion of the variables, to simultaneously reduce the two quadratic 
forms 7, and II, to a sum of squares, after which the expansion 


for 7 and Il in the new variables 0,,..., 8, will take the form** 
4 - 4 : 

T=5 >) %4+), T= >) AnOh -+ (+) (2) 
h=1 h=1 


Since the quadratic form W_, assumes certain negative values, at 
least one A, <Q. 

The Lagrange equations may be written in the coordinates 0, 
thus 


On = —AnOn+(#) (k= 41,..., 7) (3) 


* That is, m = 2, and Il, is a quadratic form assuming negative values (per- 
haps along with positive values). 

** The coordinates 0;, ..., 6, are called normal or principal coordinates. 
They will be considered in more detail in Sec. 41. 
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Consider the auxiliary quadratic form 


V= ae >) fp [ (44+ an +5) #1 (1—An) OxOn + 


4-(1-+ 20+) 6] (4) 


where e¢,=1 for A, >O and ex=—1 for A,.<0 (k=1,..., 7), 
and the number p> 0. 

It is verified directly that, by virtue of equations (3) and equa- 
lity (4), 


femmnem{rSa(miZ}arioro] 6 
h=1 


when a system is in motion. 

Without loss of generality, we assume that A, <0, and that A, 
is the largest of the negative numbers A,. The positive number p 
is chosen so that the following inequalities hold simultaneously: 


mtH<0, V+A+H so (6) 


From the first inequality it follows that the sum of the right- 
hand side of (5) is a positive definite quadratic form. But then, 


for 0, and 6, sufficiently small (in absolute value), 
[Onf<A, |O@x|<A (k=1,..., 7) (7) 
the right-hand side of (5) will always be positive, i.e. 
d 
=p (eM) > 0 


whence 
ently > e~HboV, 
or 
V > Vent-to) (8) 
Put all the initial values 62, 69 (A = 1, ..., n) equal to zero, 


with the exception of 0°, which we shall take, in absolute value, 
less than A. Then, using expression (4) and the second inequality 
of (6), we find V, > 0. But in that case the motion will definitely 
go beyond the limits of the neighbourhood of (7), however small 
| @2| may be, since otherwise it would follow from inequality (8) 
that lim V = oo, while the quadratic form V in the neighbourhood 


too 
of (7) is bounded. 
The theorem is proved. 
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For the case when m > 2, in expansion (1) we can use the following 
two theorems that are given without proof.* 

Lyapunov’s second theorem. Jf the potential energy II of a conserva- 
tive system for q, = . = 4, = 0 has a strict maximum and this 
circumstance may be determined by proceeding from the terms of lowest 
power Of IIm (44, -- +» Gn) (m2) in the expansion (1),** then the 
position q,=...= qd, = 0 is an unstable position of equilibrium of 
the system. 

Chetayev’ s theorem. Jf the potential energy II of a conservative 
system is a homogeneous function of the deviations q,, ..., gq, and 
in the position of equilibrium q, = . = gq, = 0 does not have 
a minimum, then this equilibrium position is unstable. 


Example 1. Let I]= A (1— cosaq); n=1. The function II has strict minima 


at the points go, = 


a 
gon = NE The last circumstance follows from the form of the 


and strict maxima (k~=0, £1, +2, ...) at the points 


lowest-order term in the expansion in powers of the deviations 
a2 
T= ——5-(9— G2a-1)?-+ +. 


Then, according to the theorems of Lagrange and Lyapunov, to the points 
J2op there correspond stable equilibrium positions, and to the points gez_1, 
unstable ones. 

Example 2. Tl = Aq -++%- From Chetayev’s theorem it follows that 
the position qj = ... = Gn = 0 is an unstable position of equilibrium. 


30. Asymptotic Stability of an Equilibrium Position. 
Dissipative Systems 


Now introduce the concept of an asymptotically stable position 
of equilibrium. An equilibrium position is termed asymptotically 
stable if it is stable and if, besides, for sufficiently small (in absolute 
value) initial deviations and initial velocities, all deviations As 
velocities tend to zero as the time ¢ increases without bound, 
if there exists a number 6, > 0 such that 


lim q; (f)=0, lim di (t) =0 
f>00 t+c 
(os Caer) (1) 
every time the inequalities 
[al<So, |gt?]<& (i=4.-..,7) (1’) 
* The reader will find the proofs in the books by Lyapunov [16], Chetayev 
5} en Malkin [18]. 


+ That is, in a certain neighbourhood of the origin (excluding the origin 
itself) always ee (qty +++» %,) <0. This is only possible if m is even. 
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are Satisfied. In a geometrical interpretation (Fig. 44), this signifies 


that in the state space (g;, q;) all trajectories emanating from the 
d)-neighbourhood of the origin O asymptotically approach the point 
O as t-> oo. 
Of the Examples 1, 2 and 3 examined on pages 167-168, only in 
Example 3 is the stable equilibrium position asymptotically stable. 
We shall consider scleronomic systems under the action of the 


potential forces = and the nonpotential forces 0; (ae eeeraree (3) 
Z 


200 


Fig. 44 


assuming that the potential energy II and the nonpotential for- 
ces Q; do not depend explicitly on the time: 


TE=TE (qn), O:=Oi (du We) (i=, ---, 2) (2) 


In this case the time ¢ does not enter explicitly into the Lagrange 
equations, which may be written in the following form (solved 
for the generalized accelerations) (see Sec. 7, page 47): 


G=Gi (des gu) (6H 4, «0, 2) (3) 


In the case under consideration, the total energy E of the 
scleronomic system does not contain the time explicitly: 


E=E (qn, 4) (4) 


Computing its total derivative with respect to the time when the 
system is in motion, we find 


Tt 
dk OF ° OF . 
Bee a 5 
dt > Ogi q Oar t ( k n) ( ) 


i=1 


Thus, at every point of the state space (q,, 9), not only the 
total energy but also its total derivative with respect to the time 
has a definite value. 


12-3420 
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If the forces 0; (i= 1, ..., 7) are dissipative forces (see Sec. 8), 


then <0 when the system is in motion, i.e. in the region of 
state space under consideration the function E’ (qx, gx) assumes 
only nonpositive values. 

In the case of a definite dissipative system (see Sec. 8), 


ek Fel (CE qi) vanishes only at those points of the state space 


Fig. 45 


equilibrium position of the system is isolated, i.e. there are no 
other equilibrium positions in its neighbourhood. Then we have 
the following: 

Theorem om asymptotic stability. Jf the potential energy Il of 
a scleronomic definite dissipative system has a strict minimum in some 
equilibrium position that is isolated, then the equilibrium position 
is asymptotically stable. 

Proof. Again let 


%=G=.-.=Q=0 and II(0)=0 


in the equilibrium position. As in the proof of the Lagrange theorem, 
choose in the state space an e-neighbourhood of the coordinate origin 
O in which the energy £ is positive, 


E (qi, 4:) > 0 (6) 


at all points different from O and in which there are no equilibrium 
states different from O. 

Since according to the Lagrange theorem, the position of equ- 
ilibrium q,=...=@n=0 is stable, for any e>>O it is possible 
to indicate a 5(e)>>0 such that all motions occur inside the 
e-neighbourhood of the point O if the initial point is chosen in 
the 6-neighbourhood (Fig. 45). For the 69-neighbourhood take the 
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neighbourhood in which condition (8) of Sec. 33 (69<64) is fulfi- 
lled. We consider one of the motions initiated in the &-neighbo- 
urhood. Since, given motion, the energy EF diminishes, it follows* 
that 

lim E (t) = E> 0 


too 


and Fi (t) > Eo(t> to). First assume that £0, i.e. Eo >0, and 
consider the sequence of the values of the time t,-—>o0o and the 
sequence of values of the phase coordinates 


qe) = a (ts), GW =qilts), E=41,...,7 


Since the entire trajectory lies in the e-neighbourhood, the fol- 
lowing inequalities hold for all s and i: 


la |<e, |@ri<e 
By virtue of the Bolzano-Weierstrass lemma, it is possible, from 
the infinite bounded sequences gq‘) and gq‘, to choose the subse- 


quences gq) and gf”. Let 


{) — gf, ey arene 7) (7) 


lim q(® =qf, limq 
h-y0o h-+00 

where 
gr ee, lol) <ce:. TS 1 cede 


But then, because £ (t) is continuous, 


E (qi, at) =limE (qs, qi”) = Eo > 0 


By hypothesis, the point (qf, 97) does not coincide with the coor- 
dinate origin, where #= 0. 


Let us take the point (qf, qf), i=41, ..., for the initial point 
of motion when t= 7%). Since this point does not coincide with the 
point O, i.e. it is not an equilibrium position, then when the 


system is in motion at least one of the generalized velocities qi 
will be different from zero and for this reason <0. But then 


for some tt, the inequality #<£E, will hold. 
Further, let us consider the motion of a system starting at 


t--t, from the point (q/), qi). By virtue of (7), the values of q{” 


* This limit exists by virtue of the fact that H(z) is a continuous 
monotonic decreasing nonnegative function. 


12* 
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and gs”, for sufficiently large k, will be arbitrarily close to the 
values of gf and qf respectively. Consequently, for sufficiently 
large k, the values of the phase coordinates for t=¢, will also be 
arbitrarily close in the case of motions starting, when t= fp, 


from the initial points (q{”), qs”) and (q3, qt) (the solutions of the 


systems of differential equations are continuous functions of initial 
data). Therefore, at t=¢t, the inequality FE (t,)< E. will hold for 


a motion that started, when t=t¢, from the point (q{*), g/*)) since 
the total energy # is a continuous function of the phase coordi- 
nates. But by virtue of the uniqueness of the solutions of the 
Lagrange equations, the state (at time t=¢,) of a system that 
at t=) started from an initial point (9, g) i=14,...,n, 
coincides * with the state at time ¢,+-¢, of a system which at 
t=-t) started from the initial point (g¢!%, q(), i=4, ..., ; for 
this reason, the value of the energy £ (é,+-t,) that interests us 
must satisfy the inequality 


but this is impossible, since FE (t)> Eo for any t>tp. 
We have thus arrived at a contradiction by assuming that 
Eo ~O0; hence, 
Eo=O0 and lim £()=0 (8) 


Since, by virtue of the inequality (6), the equality E = 0 occurs 
only at the point O, it follows from (8) that as t > oo the point 
depicting the system in state space tends to the coordinate origin, 
which means that the relations (1) hold. The theorem is proved. 


In Example 3 on page 167, B= smite ez2 and 


Gams + exzz=(mz-+ cz) r= — 2fx2 <0 


since f > 0. The system is definite dissipative and the equilibrium position is 
isolated; this follows from the equation of motion when substituting the solu- 


tion z = const. By virtue of the theorem, the position of equilibrium is asymp- 
totically stable. 


* Since the time ¢ does not appear explicitly in the equation of motion (3), 


choice of zero time is immaterial. Therefore, if in place of g, ¢{® we take for the 
initial state a, q$*), i= 1,..., ”, then the system will subsequently pass 
through the same states as in the initial motion, but at different instants of 
time. 
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An investigation of the motion of a scleronomic definite dissipative 
system in the neighbourhood of its asymptotically stable equilibrium 
position will be given in Sec. 46. 

Lyapunov proved a theorem that generalizes the Lagrange theo- 
rem. He noticed: that in proving the Lagrange theorem it is possible, 
in place of the energy EZ, to take any continuous (with continuous 


first-order partial derivatives) function V (q,, gx) which has a strict 
minimum in the equilibrium state and which does not increase 
under any motion of the system. 
Compute the time derivative of the function V by taking advantage 
of the equation of motion (3): 
V V 
d OV : 0 . ; 
ae = 2) 0G) qi +—— Gi (Qn, Ga) =V" (Gus Ge) (9) 
i=1 94 
One thing that follows from this formula is that the function V’ 
vanishes at the coordinate origin O of the state space, since the 
aah O corresponds to the state of equilibrium in which all the 


= 0 and all the a = G; = 0. If the function V does not increase 


in any motion, the = V' (dn, qn) < < 0. In this case, the function 


V’ has a maximum in the state of equilibrium O. Now if this maxi- 
mum is strict, then in the neighbourhood of the point O (with the 
exception of the point O itself) V’ <0, and when the system is 
in motion within the limits of this neighbourhood, the function V 
decreases strictly. 

It is now possible to repeat almost literally the proof of the 
Lagrange theorem, using the function V in place of EF. In the case 
of asymptotic stability (for example, for a dissipative system), the 
proof will even be simpler if we demand that in the equilibrium 


ee : ‘ V ‘ ‘ 
position the derivative ld have astrict extremum of a type opposite 


to the extremum of the function V.* 

Note also that in formulating the stability criterion, the words 
“minimum” and “maximum” can be interchanged, since substituting 
the function — V for the function V returns us to the earlier formula- 
tion. 

Thus the following theorem has been proved: 

Theorem. If there is given the equilibrium position of a sclerono- 
mic system that is under the action of forces which do not depend 


* In the proof of the theorem on the stability of a dissipative system, the 
derivative oo did not have a strict maximum in the equilibrium position. In 


this connection we had to stipulate that the equilibrium position was isolated. 
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explicitly on the time, and there exists a function V (q,, q,) that 
is continuous together with its first partial derivatives and that 
has a strict extremum in the given state of equilibrium, whereas 
the derivative V’ of V with respect to the time (computed by the 
equations of motion) has in this same state an extremum of the 
opposite type, then the equilibrium position under consideration 
is stable. If the extremum of the derivative is also strict, then the 
equilibrium position is asymptotically stable. 


The function V (qz, qr) spoken of in the theorem is generally 
called the Lyapunov function. 


36. Conditional Stability. General Statement 
of the Problem. Stability of Motion or of 
an Arbitrary Process. Lyapunov’s Theorem 


Inequalities (1) and (2) (see page 166) that define the stability 
of an equilibrium position involved all the deviations gq; and all 


the generalized velocities di. However, in many problems we encoun- 
ter a conditional stability when the indicated inequalities hold 


for certain of the 2m quantities q,, .--, Gn» ir +++) Qn OF, ina 
more general statement, for certain functions 21, ..., Z» of these 
quantities: 


t= fi (des qe) (=A, «.-, m) (1) 
It is also assumed that all the functions (4) vanish for 


n=0, Qu=0 (k=4,...,n), Le. f:(0, ...,0)=0 


and satisfy the autonomous* system of ordinary first-order 
differential equations ** 

az; ; 

oi (By ++ + By 2) (i= 1, ..., ™) (2) 
where X; (%i, ...,) tm, t) (i= 1, ..., m) are continuous functions in 
the region 


(a;|<A, tt) (i=1,..., m) (3) 


(f) is a fixed initial instant of time). 
To the equilibrium state there corresponds a zero solution 
2,j=20 (i=1,...,m) of the system of differential equations (2). 


* See footnote on page 81. 

#* In investigating the conditional stability of scleronomic systems, the 
functions X; (i= 1, ..., m) do not depend explicitly on ¢. We bave put ¢ 
on the right sides as arguments, having in view nonscleronomic systems and 
subsequent geneYalizations. 
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Such a solution presupposes that the right-hand sides of equa- 
tions (2) satisfy the condition 


X;(0, ..., 0, t) =0 (C4, sag) (4) 


From the mathematical point of view it is a question of the stabi- 
lity of a zero solution of the system of differential equations (2), 
this stability being defined as follows: for any ¢ > 0 there exists 
a 6 = 6 (e) > 0 such that 
for any t> to 

lai(t)|<ce (i=1,...,m) (5) 
as long as 
| zi (to) | <6 (i=1,..., m) (6) 


For a geometric interpretation of the inequalities (5) and (6), 
use is made of the e- and 6-neighbourhoods of the coordinate origin 
in the m-dimensional space (z;, . . -, Z,). In the case of asymptotic 
stability we also require the existence of a 5, > 0 such that 


lim 2; (¢) =9 (i=1, ..., m) (7) 

so long as 
[xi (to) |<5) (i= 1, ..-, m) (8) 
If the stability (not conditional!) of an equilibrium position 
is under study, then for z,, ..., Z, we can take the quantities 
Wis ws, oy as qs ee dn OF Qi, +++) Yny Pity » ++» Pyne In the former 


case, the equations (2) are the Lagrange equations written as a system 
of 2n first-order differential equations in the unknown functions 


Gig s004 dn. In the latter case, equations (2) are the canonical equa- 
tions of Hamilton: 
dqi OH dpi __ OH 


i on ae a ©) 


Let us consider two important special cases of the system of 
equations (2) which are frequently encountered in applications. 

1°. Stationary case, when ¢ does not appear explicitly on the 
right-hand sides X; of equations (2), that is, when 


OX; es 
= = 9 (i=1, ees m) 


2°. Periodic case, when the right-hand sides X; have a period t 
with respect to the variable f¢: 


Xj (2X, vy Em, t+ %) = Xi (2, sey Lm, b) (i= 1, soe, M) 
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In both cases the stability of the zero solution of the system of diffe- 
rential equations (2) is determined by a theorem that is a direct 
generalization of the theorem given at the end of Sec. 35. 

Lyapunov’s Theorem. Jf in the stationary or the periodic case 
there exists a function V (21, ..., 2m, t) continuous together with 
its first partial derivatives in the region (3), which function, for any 
t considered as a parameter, has at the point 1, =...= 2m = 0 
a strict extremum, whereas again at the same point, and for any t, 

Tr 
7 
its time derivative V’ (m1, ...-, 2m,t)= = xX +2 has an extre- 
g 
i=t 
mum. of opposite type, then the zero solution of the system (2) is stable. 
Now if the extremum of the derivative V’ is also strict, then the zero 
Solution of the system (2) is asymptotically stable. Here it is assumed 
that in the stationary case the function V is not explicitly dependent 
on the time t, but in the periodic case this function is periodic with 
respect to t with period t {x is the period of the right-hand sides of 
equations (2)]. 

It suffices to prove this theorem for the periddic case since the 
stationary case may be regarded as a special case of the periodic 
with any t. The proof consists in repeating the reasoning given 
earlier in the proof of the Lagrange theorem and the theorem on 
asymptotic -stability with the following modifications: in place of 
E we now use the difference 


V (a1, ..-, 2m, t)—V (0, ..., 0, 2) 


and in place of the space (qi, q;) we take the m-dimensional space 
(11, ...-, 2m). We regard ¢t, which appears in V, as a parameter. 
This parameter, by virtue of its periodicity, may be varied in the 
finite interval tj < t<t, + 1. Because of this circumstance, the 
presence of the variable ¢ in V does not give rise to any complica- 
tions in the proof of the theorem. 

Note that in the general (nonstationary and nonperiodic) case, 
more rigorous conditions {see 5] must be imposed on the Lyapunov 
function. 

We note one special case of the Lyapunov theorem, which is 
frequently used as a test for simple (nonasymptotic) stability. 

Let the function V (a, ..., 2m, t) be the integral of the system 
of differential equations (2), i.e. the function V becomes a constant 
upon substitution into it of any solution of the system (2). In this 
case a= V’ (24, .. +) Zp, f) =O, and it may be taken that the 
function V’ has a maximum and minimum (nonstrict, of course) 
at the point 2; = ...= 2, = 0 for any ¢t. For this reason, we 
have the following corollary to the Lyapunov theorem: 
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Corollary. If the system of differential equations (2) has an 
integral V (a1, ..-., Zm, t) [which is not dependent on ¢ in the 
stationary case and is periodic with respect to ¢ with period t in 
the periodic case] and this integral has a strict extremum at the 
point z;=...= 2, = 0 for any fixed ¢, then the zero solution 
of the system (2) is stable. 

Note that in proving the Lagrange theorem for a conservative 
system, use is made of the energy integral E. 

Now let us consider motions or more general processes described 
by the system of first-order differential equations 


Th = Dy (iy 0-01 Bm t) (b= 4, «5 m) (10) 


where the Pecnne sides are continuous functions in some region 
of variation of the variables 21, ..., 2, for ¢ >, that satisfy 
the conditions of existence and uniqueness of solution on the basis 
of the initially given z, (fp) (i = 1, ..., m). 

Let 2; (t) (i = 1, ..., m) be a solution of the system of equations 
(10) defining some process. To elucidate the question of thestability 
of this process, we introduce new unknown functions or “deviations”, 
in place of the unknown functions 2, ..., 2m! 


ay=2;—%;(t) (i=1,...,m) (11) 


Then in the new variables, the system of differential equations (10) 
will be written in the form of the system (2), where 

Xj = Zi [244-24 (t), «+ es Lm 2m (A) — Xi (4 (2), ~~~. Sm (Ee) (12) 
The zero solution z; =... = x, = 0 of the system of differential 
equations (2) corresponds to the solution 2; = 2; (4) (i = 1, ..., m) 
of the system of differential equations (10) in the new variables. 
This circumstance permits the question of the stability of the 
process z; (t) (i = 1, ..., m) to be reduced to the problem, which 
we have already studied, of the stability of the zero solution of the 
system of differential equations (2). In other words, the solution 
2; = 2; (t) (} = 1, ..., m) of the system (10) is called stable (or 
correspondingly, asymptotically stable) if the zero solution 
Zy=...=Im=0 of the system of equations in deviations (2) 
with the right-hand sides defined by the formulas (12), is stable 
(or correspondingly, asymptotically stable). All this opens up a 
wide field for application of the Lyapunov theorem given in this 
section. This theorem may be used to determine not only the stability 
of an equilibrium position, but also the stability of motion, in 
general, of any process defined by a system of ordinary differential 
equations, 
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Example 1. Consider the inertial rotation of a solid having a fixed point O. 
Euler’s dynamical equations in this case have the form 


ad dr 
= Fp = (A—B) pa (13) 
Here, p, 9, r are projections of the angular velocity @ on the principal axes of 
inertia of the solid, O&, On, Of; and A, B, C are the moments of inertia about 
these axes. 

Equations (13) allow for the following three particular solutions defining 
permanent rotations of the solid about the principal axes: 


(B—C)qr, BL =(C—A)rp, C 


1° g=r=0, p=const=po 
2° r=p=0, g=const= go 
3° p=q=0, r=const=rg 


We confine ourselves to working out the stability of rotation 1°, since 2° 
and 3° may be written as 1° with the axes labelled differently. Here, the stability 
of the solution 1° of Euler’s equations (13) will determine the conditional sta- 
bility of rotation of 1° with respect to the angular velocity .* 

Form the equations in the deviations, putting 2; = p — po, v2 = 9, fs = 7: 


dz B-—C d C—A 

= aoa Ml ae a= —R~ 73 (21+ Po) ii 
aig AB, 24 -+ Po) 

ap 2 (11 Po 


Let the major, or minor axis of the ellipsoid of inertia be along the axis O§ 
of the permanent rotation under study. The fact that A, B, and C are inversely 
proportional to the squares of the axes of the ellipsoid of inertia means that 
A< B.C or A>B, C. For the Lyapunov function, let us take the function 


V = (Az? + Ba} +-C2}-+2Apo,)? + [B (B—A) 28-+C (C—A) 28] 


where the plus sign is taken for A < B, C and the minus sign for A > B, C. 
The function V vanishes at 2, = rz. = x3 = O and is positive in the neigh- 
bourhood of this point, that is, the function V has a strict minimum at this 


point. On the other hand, it is readily verified that alt = 0 by virtue of the 


equations (14), i.e. the function V is an integral of the system of differential 
equations (14). For this reason, in accord with the corollary to the Lyapunov 
theorem, permanent rotation about the major or minor axis of an ellipsoid of 
inertia is stable. 

It is also possible to show that permanent rotation about the mean axis 
of an ellipsoid of inertia is unstable, but this would require use of the instabi- 
lity test of Chetayev [5]. 

Example 2. By way of illustration, consider the problem of stability of 
rotational motion of an artillery shell. 

To simplify the problem, assume that the centre of gravity of the shell C 
is in rectilinear motion along the horizontal z-axis with constant velocity 
v=const. Let Czy be the vertical plane of firing. The position of the axis C§ 


* Stability with respect to @ means that a small change in the initia] angu- 
lar velocity @) involves a small change in the vector @ throughout the motion. 
In other words, this is stability with respect to deviations x, = p — po, 22 = 
= q, t3 = r. Naturally Euler’s angles steadily increase here. 
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(the axis of dynamical symmetry) of the shell is defined by two angles: angle a 
tormed by projection Cz, of the axis CE on the Cry-plane with axis Cz, and 
angle § between Cz, and C& (Fig. 46). By successive rotations through the angle 
a and through the angle f, the trihedron of axes Czyz passes into the trihedron 
CéyC. A supplementary rotation through the angle m about the axis Cé carries 


Fee 


Fig. 46 


the trihedron CénZ into the trihedron of axes fixed in the shell. Therefore, the 
angular velocity @ of the shell consists of three components: 


© = O;-+ O2+ 03 
where 04= 4, @, = and 03= 9. The projections of the angular velocity on 
the principal axes of inertia CE, Cyn, C& are defined by the formulas 
p= p-+asinB 
q=—Bp, r=acosp 


Denoting by A the axial and by B the equatorial moment of inertia of the 
shell, we get the following expression for the kinetic energy: 


P= + (Ap? +B (@+72)] => (4 (p +6 5in f)24-B (Be +a? cos? B) 


We shall assume that besides the force of gravity there is applied, at point D 
on the axis of the shell (in the “centre of pressure”), the force of air drag R, 
which is constant* and directed opposite to the velocity v, i.e. in the negative 
direction of the z-axis. Let 1 = CD, and y be the angle between the axes Cz 
and C&. Then the moment of the force #& about C is equal to RI sin y, and the 
elementary work of the force RB will be 


d= Al sin yoy = —64 (Al cos y) 


* Ris a function of v, R=f (v), and so from v=const it follows that R= 
= const. 
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therefore, for the force potential we can take the function* 
l= Rl cos y= Al cos acosf 


Oscillations of the axis of the shell are characterized by change in the angles 
a and f. To determine the stability of rotational motion of the shell we will 
proceed from three integrals of motion: 


1) 7+-H=const; 2) G,=const; 3) Ge=Ap=const 


The first integral is the energy integral; G, and G, are projections of the 
kinetic moment Gz on the axes Cz and CE. The constancv of G,, when the system 
is in motion, follows from the fact that the moment of the force # about the 
Cx-axis is zero. The third integral expresses the constancy of the generalized 
momentum Ap, which corresponds to the cyclic coordinate ». Note that (see 
Fig. 46) 


Gx = Gz Cos (xE) +Gy cos (xn) + Ge cos (xb) = Ap cos (x§) + Bg cos (xn) + 
+ Br cos (x) = Ap cos a cos B+ B (B sin & —a, Cos @ cos B sin B)** 
Combining the first two integrals with the third and using the expressions 
obtained for 7, II, and G,, we find the following two integrals of motion W, 


and W, that vanish for a=p=o = 6 —0: 
W, =+ B (a2 cos? B + 82) + Rl (cos a cos B-~1) =const, 


Wo=B8B (B sin &@—a, cos @ Cos B sin B)+ Ap (cos a cos B—1) = const 


We shall seek the fixed-sign linear combination of integrals of motion 
W,—dWo. First, determine in W, and We, the terms of lowest degree in the 


small quantities a, f, a, B: 


Wi= 5 B (624-82) 2 RU (024.82)... 


W, = B (pa — a) —+Ap (02 4+ B%)-+4... 
then 
WiWew 5 [Bo2+. 2BAGB + (Aph—R) B2] + 


+5 [BB2—2Bipa+ (ApA—Rl) a2] +... 
So that each expression in the square brackets should be positive definite, 
it is sufficient that the following inequality be fulfilled: 
B2h2 < B (Aph-—Rl) 


* On a sphere with centre at C, the arcs a, B, y form a rectangular spherical 
triangle with “sides” a, B and “hypotenuse” y. For such a triangle, the formula 
cos y = cosa cos f holds. The truth of the formula follows from elementary 
geometrical reasoning. 


** The arcs a, = +8 and (zC¢) form a rectangular spherical triangle with 
“sides” a and = +8, therefore 


cos (tf) = cos a cos (+8) = —cos asin 
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Cancelling out B and rearranging, we get 
Brt— Apra+RI<0 


For the last inequality to hold for qa certain real A, it is necessary that the 
quadratic trinomial on the left-hand side of this inequality have real roots, 
i.e. there must be the inequality 


A2p2 > 4BRI 
This is the condition that ensures the stability of rotational motion of the 


shell (for “deviations” a, f, Qt, B) because if this condition is fulfilled it is pos- 
sible to select a real value of 4 for which the integral W, — \W, will have, 


ata= p= OL = 6 = 0, a Strict minimum equal to zero. 


37. Stability of Linear Systems 


In the preceding section it was shown that the investigation 
of the stability of any process defined by a system of ordinary 
differential equations* reduces to investigation of the stability of 
the zero solution of a system of deviation equations. 

Let the differential deviation equations be linear and have constant 
coefficients 


“i Mant, (b= 4, -. 240) (A) 
hk=1 


We shall seek a. special solution of this system in the form 


j= ue (i=i,...,; >) | us|? > 0) (2) 
i=1 


Putting expressions (2) into equations (1) and cancelling out e*, 
we get relations that connect the desired quantities u; and A: 


2 Aizu, = Aus i= 1, ee ey n) (3) 
or 
2 (@in—A5iz)Uz =O (i=1,...,N) (4) 


where 6;, is Kronecker’s symbol 
(6;,=41 at i=k, 6:1, =O at i = k) 


Since in the sought-for solution (2), at least one of the constants u; 
must be different from zero, the determinant of the system of homo- 


* It is known that such a system may ordinarily be written as a system of 
first-order differential equations solved for the derivatives. This notation is 
always possible for a system of Lagrange equations (see Sec. 7). 
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geneous equations (4) must be zero: 


Qyy—hK Ay 1... An 
a Qon>—A... 
24 22. 2n = 0 (5) 
anj Ang eee ann — nr 


Thus, for determining 4 we obtained an algebraic equation in A 
of degree n. 

Equation (5) is called the characteristic or secular equation for 
the matrix of coefficients 


ay Qo ees Qin 

a a a 
4 241 22 on 

Qny Angz--- Ann 


The roots of the characteristic equation are called characteristic 
numbers of the matrix <A. 

Taking for 4 some characteristic number of the matrix 1, we 
will find the constants u; of the system of linear equations (4) that 
correspond to this number. 

It will be convenient for what is to follow to introduce matrix 
notation both for the initial system (1) and for the systems of the 
relations (2) and (3). 

We introduce the column vectors 


I Ls | | wu, 

i . _ = is 

In, Un 

Then, in place of (1) to (3) and (5) we can write* 

aaa | 1’ 
“aa, (1°) 
= uer, (2’) 
Au=Au (u-0), (3’) 
det (A —AEF)=0 (9’) 


where, H =|] 6;|l;,,., is the unit matrix. 


* When multiplying the square matrix 4A by column x, we multiply elements 
of the ith row of A by the corresponding clement of column & and add all these 
products. The sum thus obtained is the ith element of the column product Aa. 
The derivative of the column & is obtained by differentiating each element 
of the column &. 
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The column uw 0 that, together with the number 4, satisfies 
the relation (3’) is called the eigenvector of the matrix A correspond- 
ing to the characteristic number 4. Thus, in each solution of the 
system (1’), having the form (2’), A is the characteristic number 
of the matrix A, and w is the corresponding eigenvector. 

We first consider the case when the characteristic equation (5) 
has n different roots A, (kK =1,..., 2). To each characteristic 
number 4, there corresponds an eigenvector uw; and a particular 
solution of the system (1) of the form u,e*. A linear combination 
of these solutions with arbitrary constant coefficients 


x= >) Cyuner’ (6) 


will again be a solution of the system (1). 
To show that formula (6) embraces all solutions of (1), we shall 


first prove that the column vectors w,, Uo, ..-., Un which correspond 
to distinct characteristic numbers Ay, Ao, -.-, An are linearly inde- 
pendent. 
Let 
nr 
>) crx =0 (7) 
h=4 


Multiply both sides of (7) from the left by the matrix A. Then, 
using the equalities 


AUn=hApuy (Ung 0, kK~1,...,7) 
we find 


24 nCahuy = 0 (8) 
Eliminate the constant c, from (7) and (8): 
p> (Aj — Ay) cyuy = 0 (9) 


Again multiply this equality from the left by A and use the 
equality obtained, together with (9), to eliminate cg and so forth. 
We finally get 


(An — M4) (An = Ac) eae (An ao An-1) CrUtn == 0 (10) 
whence c, = 0. Since all the terms in (7) are equivalent, it follows that 
“GH... c,=0 


i.e. there is no relation of the form (7) between the eigenvectors 
a;, Ug, ..., Un, and these vectors are linearly independent. 
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Putting ¢ = 0 in (6), we have B 

nr 
Hy = = Chur (11) 


With an arbitrarily given initial vector «,, we can uniquely deter- 
mine C, (k = 1, ..., n) from (11) by virtue of the linear indepen- 
dence of the vectors w;, ..., w#,- Thus, (6) embraces the solutions 
of the system (1) that satisfy any initial conditions x (0) = xp, 
that is to say, it embraces all solutions of the system (1). 

In courses on the theory of differential equations it is proved 
that in the case of multiple roots, formula (6) becomes somewhat 
involved. So-called secular terms can appear in the formula that 
contain a polynomial in ¢ in place of the constant vector «,: 
Un + Unt +... . In the general case, an arbitrary solution of the 
system of differential equations (1) is determined by t'~ formula 


x= Dy Cyn t+ uat-+ ...) ent (12) 


Important corollaries follow at once from formulas (6) and (12). 
1°. If all the characteristic numbers of the matrix 4 have negative 
real parts, i.e. 
max Rea,= —a<0 


i<k<n 


then lim ac (t) = 0, and the zero solution of the system of differential 
+00 
equations (1) is asymptotically stable.* 

Now let Re dA, > 0 at least for one &. Then (1) has a nonzero 
solution x = C,u,e** which tends to infinity as too. At the 
same time, the initial value x) = C,2, (for ¢ = 0) may be arbitrarily 
small, since C, is an arbitrary constant. In this case, the solution 
a = 0 is unstable. We thus have the proposition: 

2°, If at least one characteristic number 4, of the matrix 4A has 
a positive real part (Re A, > 0), then the zero solution of the system 
of differential equations (1) is unstable.** 


Example. The position of equilibrium of a linear oscillator in a medium with 
a resistance proportional to the first power of the velocity will be asymptoti- 
cally stable. Indeed (see Example 3 on page 167), the differential equation 


of motion mz -|- Qfx + cr = 0 (m, c, f > 0) may be written in the form of 


* The number @ > 0 is sometimes called the degree of stability. 

** Tf all Re 4, <0 (k = 1, ..., 7) and if in at least one of these relations 
there is an equal sign, then the solution a = 0 will be stable, provided that in 
(12) there are no secular terms in all summands where Red, = 0. Otherwise, 
he solu tion #« = 0 will be unstable. 
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a system of two first-order differential equations if we put xz; = x, ro = 2: 


dx, dz ec f 
aE =, ae == on: ty 3 Zo 
The cliaracterislic equation 
—A 1 j 
c 
= ,2 pale —_— = 

sors a ee er eae lea 

m m 


has roots with negative real part —£ , which is what ensures the asymptotic 


stability of the equilibrium position. 
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In the system of differential equations (non-linear!) 
ax; i 
ag (assess Sst) C1) (1) 
expand the right sides in a series of powers of the deviations 
Ty seey Ene 


1) 
dz; 
a= D) antatf: (i= 4,...,7) (1’) 
‘ k=1 


where f; is the sum of all terms of the expansion X; beginning 
with second-order terms in 2, ..., %n (i=1,..., 7). 

In the stationary case, aj;, are constant coefficients, and the 
functions f; depend on 2%, ..., Z, and do not depend on ¢. In the 
periodic case, a;, are periodic functions of ¢ with period t, and the 
nonlinear terms f; = f; (41, ..., Z,, f) are also periodic in ¢ with 
period t. 

If in (1’) we reject all nonlinear terms f;, we get a linear system 
of differential equations that is called a linear approximation for 
the nonlinear system (1). 

At the end of last century, it was established in the investigations 
of Poincaré and Lyapunov that both in the stationary and the perio- 
dic case, one can judge about the stability of a zero solution of 
a nonlinear system (1) from the linear approximation; namely, 
from the asymptotic stability of the zero solution of a linear approxi- 
mation there follows the asymptotic stability of the zero solution 
of a nonlinear system.* This proposition finds broad applications 
since the investigation of linear systems is substantially simpler 
than that of nonlinear systems. 


* Tt was assumed here that the right-hand sides X; (21, ..., 2,, #) are con- 
tinuous functions. At the present time it is known what is to be understood by 
lincar approximation for discontinuous right members of Y;, and an appropriate 
criterion has been established for stability based on a linear approximation hoth 
in the periodic case and in certain nonperiodic cases. 
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We will confine ourselves to a consideration of the stationary 
case and here we will! write the system (1’) in the matrix form in 
order to prove our assertion: 


~ =Ax+f (x) (1”) 


Here, A =|lain|[;,—, is a square matrix with constant elements, 


and f(a) is a column with elements f;(z,,...,%n) (i=1,..., 7). 
Since by assumption the zero solution of a linear approximation 
is asymptotically stable, it follows (see Sec. 37) that all the cha- 
racteristic numbers ),,..., An of the matrix A have negative real 
parts 
max ReaA,= —a <0 (2) 
i<k<n 
Let us agree to denote the “length” of the column vector 2 with 
components 24, -.-, 2, by |e]: 


n 1 
|= |= (1D) | 2 P)? (3) 


Since each element of the column f(x) begins with terms of 
second degree, it follows that 


If (2) [|<] a| (4) 
where the constant e¢ >> 0 may be chosen arbitrarily small if we 


confine the variation of the variables z,, ..., z, to a sufficiently 


sniall neighbourhood {| « |< A. 
The proof* of the assertion of Poincaré and Lyapunov may be 


built upon the following lemma: 
Lemma. Using the linear nonsingular transformation of variables 


x=Uy (det U~0) (5) 
the linear system of differential equations & =: Ax may be reduced 
to the “triangular” form ** 


d 

> = yy t+ Oye +. + Onyn 

dy: 

3 = heYo + ere + benYn (6) 
dyn 

ae AnYfn 


* See J. J. Stoker, Nonlinear Vibrations in Mechanical and Electrical Sy- 
stems, London, Interscience Publishers, 1950. 

** As a result of the transformation (5), the matrix of coefficients A is rep- 
laced by the matrix U-14U, which is of triangular form. 
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where Ay, ..., A» are characteristic numbers of the matrix A, 
while the moduli of the “nondiagonal” coefficients b;, (i < k) may be 
made arbitrarily small by a suitable choice of transformation (5). * 

The transformation (5) is applicable to the nonlinear system (41). 
The system (4”) will be written in new variables as follows: 


ay, MYrt OyYo t+... + DinYn+ 81 (Y) ) 


at | 
hat ae AoYat .-+ + benYn + 82 (y) 
at t (7) 
ih AnYn + Bn 7 
where the column g(y) with elements g,(y), ..., gn(y) is defined 
by the equality 
g (y)= UF (TY) (8) 
and satisfies the inequality** 
lgy~l<nlyl (9) 


where the number y (like the number ¢) may be made arbitrarily 
small by choosing a sufficiently small neighbourhood | x«|< A (and, 
respectively, | y|< A)). 

Then, in accordance with equations (7) and inequalities (2) and 
(9), we find*** 


nr n 
styl d 1 d —- 4 die c= ty 
ly|—,- = 77 l¥P= sar Dy i=z 2 (yi Ge = Vie )= 


a 4 ao 7 ers } 
= > ReailyiP tz » (Sinynyi + Oinynyi) + 
i=t i>h 
1 = a ee 9 
+z Dy (giyit sii) <(—2+6+4n) ly! (s= Dy 1 ba 1) 


* The proof of this lemma is given on pages 196-197. 


** If we define the norm of the matrix 4 =|| aj, Ili. ny DY the equality 
4 


n = 
|| 4 l= >, | ip |2)? it will be easy to verify tle truth of the inequality 
4, k= 


| dv] <|] A] @| 
Therefore, from inequality (4) and equality (8) it follows that 
la@)| <I] C41 |7 (Gy i<el] GA Olly! 
and, thus, in inequality (9) we can put 
4=|| O |||] G1 ILe. 
*** By g, we denote a number that is complex conjugate to y, (A=1, ..., 2). 
13* 
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that is, 
ad 
oly (—a+5+n)|y| 
whence 
Ly t<|yole—aterm Ft) (yg = y (to) (10) 


Choose positive numbers 6 and 1 so that the inequalities a — 6 > 0 
and y<.a—6 hold; then from (10) it follows that 


[yl<lyo] and lim y(t) =0 (11) 


i.e. the solution y = O of the system (7) is asymptotically stable. 
But the vectors x and y are connected by the linear transformation 
(5); therefore the solution « = 0 of the system (1) is asymptotically 
stable.* 


Proof of the lemma, First we shall show that with the aid of a transfor- 
mation w=—U)z of the form (5) it is possible to reduce the system of 
differential equations 


to a form in which: (a) the first variable z; does not appear on the right 
of all equations beginning with the second, and (b) in the first equation the 
coefficient of z, is equal to the characteristic number A, of the matrix 4; 
i.e. to the following form: 


dz you ‘ 
ae = A424-+ Diez +... +-Oin2n, ) 
dz ‘ F 
A = ba229 + LB it + bon2ny t (13) 
dz ae 
WP = bneze +... +2Onn2n 


For this purpose, it is sufficient, for the first column of the matrix U‘, 
to take the eigenvector zw, which corresponds to the characteristic number 
Ay (Ave, = Atty, &, 0) and choose the other columns of the matrix we, ..., wp 
so that together with w, they are linearly independent (then det U@ + 0). 

Indeed, the transformation «= U)z may be also written as follows: 


H = 424-1 Moo 4+... +UpZn (14) 


where 24,..-, 2, are the coordinates of the vector a in the basis 2, 
Uo, «++, Un. The system (12) has the solution 


a= ue (15) 


* In accordance with footnote ** on the preceding page, from the equa- 
lity (5) follows the inequality 


[le] <N OWI yl<i Ollyol<ll Oil 04 [I] wo). 
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Therefore, the transformed system of differential equations 


nr 
dz; : 3 
7 = >, Pe a (oe (16) 
k=1 
has the solution by (14), 
z,= eh 09k =F =O (15’) 
which is only possible when 0;,=A,4 and b3,)=...=7,=0, ie. when the 


system (16) has the form (43). ; 
Since in a linear nonsingular transformation, the characteristic equation 
of the matrix A does not change,* the matrix || 5j, ||7 has as its characte- 
ristic numbers the remaining n—1 characteristic numbers (A2,..-, 4n) of 
the matrix 4. 
Applying a similar transformation to the system of the last n—1 equations 
(43) and so forth, we can finally, with the aid of a nonsingular linear 
transformation, reduce the initial system of differential equations to the form 


dz, ; ; } 
A 24 + Oj gtg +... + Oin2ns 


at 

dz r 

ip pe AoZo-+... +05,,2n, (17) 
az 

ie Es An2n | 


Finafly, we perform the transformation of variables 
2h = hyp (ut > 0; k=1,..., n) 
Then the system (17) will be replaced by the system (6) in which the off- 
diagonal coefficients 6;, = *-'b;, (i<k) may be made arbitrarily small in 


absolute value if the number 1 > 0 is chosen sufficiently small. The lemma 
is proved. 


39. Criteria of Asymptotic Stability of 
Linear Systems 


In the preceding two sections it was established that in the 
stationary case, the zero solution of an arbitrary (nonlinear) system 
of differential equations in deviations is asymptotically stable if 
all the roots of the characteristic equation composed for the matrix 
of coefficients of a linear approximation have negative real parts. 


* The characteristic equations of the matrices 4 and U-1AU (see foot- 
note** on page 194) coincide since 
U-1(A—1E) U=U1AU—AE 
and therefore 
det (U-14 U—XAE) = det U-1 det (A —VE) det U= det (4 —AF) 


(# is the unit matrix). 
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Therefore, of great practical importance become the necessary and 
sufficient conditions that all the roots of the algebraic equation 
with real coefficients 


f(A) Se ad" 4 ahh +... Pan yh tan =0 (a) > 0) (1) 

have negative real parts. 
Denote by A,(A =1,..., g) the real, and by r;-+ is; 
(i=, Miva’ ae the complex roots of the equation (1), and 


assume that in the complex plane all these roots lie to the left 
of the imaginary axis, i.e. that 


An<i0, r; <0 Ca eee j=1, Loy Ge (2) 


Then 


n-&8 


g “2” 
F(A) = ao Di (A—Aa) [] (A —r3— iss) (A—rj+is;)= 


n—& 
a 2 
== dy ALD (1% — Ax) Heh (M2 — 2rjA + 73 + 33) (3) 


Since, by the inequalities (2), each term in the last part of (3) 
has positive coefficients, it follows that in (1) all the coefficients 
are positive. The positivity of all coefficients is a necessary (for 
@ >> 0) but by no means sufficient condition for all roots of the 
equation (1) to be located to the left of the imaginary axis. 

In 1875 the English mechanician Routh, with whom the reader 
is already acquainted, produced an algorithm by means of which 
it is possible, using the coefficients of the polynomial f (A), to find 
out whether the polynomial is “stable”, i.e. whether all its roots 
have negative real parts. In 1895, the German mathematician 
Hurwitz, independently of Routh, established the very same criterion 
in a modified form with the help of determinants (Hurwitz deter- 
minants): 


Qy Ag Ay wis eae 
Qo ao a, eee eee 
a, ag Oo Be Ogos oa 
y= a, A: = ’ ’ An (4) 
Ap Ae 0 op Ag «es eee 


(Here, ap = 0 for p > n everywhere.) 


Sec. 39} Criteria of Asymptotic Stability of Linear Systems 499 


The Routh-Hurwitz condition. For ail roots of equation (1) to 
have negative real parts, it is necessary and sufficient that the following 
inequalities hold: 


A, >0, Az >0,..., An>O (9) 


lf the coefficients of (1) are given as numbers, then the conditions 
(5) are readily verified. But if the coefficients of (1) contain literal 
parameters. then the computation of the deterininants A, for large 
k is already complicated. 

It is therefore of interest to examine other conditions established 
in 1914 by the French mathematicians Liénard and Chipart. In 
these conditions, the number of determinantal inequalities is roughly 
half that in the conditions (5) of Routh aud Hurwitz. 

The Liénard-Chipart conditions. For a polynomial f (A) = a,A” + 
faa"? +... + a,-4A + a,, when a) > 0, to have all roots with 
negative real parts, it is necessary and sufficient that 

(1) all coefficients of the polynomial f (A) be positive 


a, > 90, fp > Ohi a5 an > 0 (6) 
(2) the determinantal inequalities 
An-, >> 0, An-3> 0, ... (7) 


be valid. (Here, as before, A, denotes the Hurwitz determinant of 
the Ath order.) 

We shall now get acquainted with the geometric criterion of 
Stability. 

In the equality* 


f(A)=ao [] (A—4a) 
k=1 


replace 4 by iw and let @ vary from —co to -+ co. Compute the 
appropriate increment of the angle 0 =arg f (iw): 


ATS 6 (@) == Dy ATS arg (iw — Az) 


Now note that** (Fig. 47) 


a if ReA, <0 
ATS arg (ia —A,) = 
rE ( r) —m if Rea, >0 
* Here, the n roots of the polynomial f (A) are denoted by Ay, ..., A 


** We assume here that not a single one of the roots A, lies on the imaginary 
axis. 
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Therefore, denoting by / and r the number of roots lying to the 
left and, respectively, to the right of the imaginary axis (i + r = n), 
we will have 

At? 0 (@) =(l—r) a 


We consider the curve described by the affix* of the complex 
number f (iw) as varies from —oco to +oo. This curve decomposes 
into two branches: on one w > 0, on the other » < 0. One branch 


Fig. 47 


is obtained from the other by a mirror mapping about the real axis, 
since f (iw) and f (—iw) are complex conjugate numbers. For this 
reason, denoting by A® the increment as varies from 0 to oo, 
we obtain 


AP 0 (a) = 5 ATZ6 (@) =(I—r) (8) 


Whence it is seen that all the roots will be located to the left 
of the imaginary axis (J==n, r=0) when, and only when, 


Ai’ 6 (@) =n > (9) 


Geometric criterion of stability.** For a polynomial f (A) to be 
stable, i.e. for all its roots to be located to the left of the imaginary 
axis, it is necessary and sufficient: 

(1) that the hodograph of f (iw), a8 varies from 0 to oo, should 
not pass through the zero point*** and 

(2) that for this hodograph 


Ay® =n 


* The affix of a complex number 2 is an appropriate point in the complex 
z-plane. 

** This criterion was first applied by A. V. Mikhailov for investigating au- 
tomatic control systems. For this reason, in the technical literature, the geo- 
metric criterion of stability is frequently called Mikhailov’s criterion. 

*** Condition (1) significs that f (A) does not have any purely imaginary roots. 
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where n is the degree of the polynomial f (A) (see Fig. 48 for n = 6). 
Note that for a stable polynomial* the argument 6 varies mono- 
tonically as @ varies from 0 to oo. This follows from the formula 


mt 


8 (w) = pF arg (i@— hz) 


since for such a polynomial each summand on the right-hand side 
is a monotonic increasing function of w. 


Vv 


Fig. 48 


Example. Let f (A)=A5-+ 5A4-+ 1003+ 1102+71+2. Then f (i@)=U (@)-+ 
+iV (@) where 
U (w) = 5@4— 11@24-2, V (o)=@ (@4— 1002+ 7) 


To construct the hodograph of f(iw) we note that U (0)-=2 and V (w) vanishes 
at w=0 and at @=@,, @=@2(0< @1 <@,); the squares @? and w% are 
determined from the quadratic equation 


o2=5— 1/18 = 0.76; 2 =5+ 18 = 9.24 


It will readily be seen that U (@,) < 0, U (2) > 0. Besides, V’ (0) = 7 > 0. 

Thus, for @ = 0 the hodograph begins on the positive real axis, gocs upwards 
at first, intersects the positive imaginary axis, then the negative real axis (at 
® = @,), the negative imaginary axis, and, finally, again the positive real axis 
(at @ = @2). When @ > @e, the hodograph does not intersect the coordinate 
axes and goes off to infinity in the fifth quadrant (U > 0, V > 0), since n = 5. 


Here, tan@ = rin —» +oo when @©-» + oo. Hence, 


a 1 
hea 
i.e. f (A) is a stable polynomial. 


We could arrive at the same conclusion by proceeding from the Liénard- 
Chipart criterion, since all the coefficients in f (A) are positive and 


5 4 2 0 
5 4{ 110 7 0 
d=? iba M=lq 5 44 9}7° 
0 1 0 7 


* The stable polynomial is also called the Hurwitz polynomial. 


CHAPTER 6 


Small Oscillations 


40. Small Oscillations of a Conservative Syslem 


{fF at an initial instant of time the position of a scleronomic system 
is chosen sufficiently close to a position of stable equilibrium and 
the initial velocities are sufficiently small in absolute value, then 
throughout all the motion both the deviations from the position of 
equilibrium and the generalized velocities will be small in absolute 
value. This circumstance permits retaining, in the dilferential 
equations of motion, only the linear terms in the deviations and 
the velocities, and higher-order terms may be rejected. Then the 
differential equations of motion become linear, i.e. the problem is 
“linearized”. In this section we will consider the linearization of 
equations of motion for a conservative system. 

The kinetic and the potential energy of a conservative system with 
n degrees of freedom are expressed in terms of the independent 
coordinates g; and the generalized velocities g; (i = 1, ..., ) in 
the following manner: 


n 


nl ant 
Pos > Bin (Gis +0 +> In) ViGrs T= (q,, -.-, Qn) (1) 


i,Rk=1 


As in the preceding chapter, we assume that the coordinate origin 


“n= = g, = 0 is a position of equilibrium and that in this 
position Tl = 0. Expand the coefficients a;, (q,, ..., dn) in Series 
in powers of the coordinates: 

Qin (Qty +++ Qn) = int... (i, F=1,..., 7) (2) 


where @j, = aj, (0, ...,9). (Qing =Gyis t, K=1,..., 7) are constants. 
Putting these expressions for the coefficients into formula (4) for 
the kinetic energy, we have 
nr 
1 ee ' 
P=> > Bingidn + (+*) (3) 
i, hod 
where by (#*) we denote the sum of the terms of third and higher 
orders in g; and q;(i=1,..., 7). 
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Also expand the potential energy in a power series of the coor- 
dinates: 


Bestel ($-), 94 43 (= ), Jign + (*#) 


By hypothesis, I[)—0. Besides, the generalized forces in the equi- 
librium position are zero: 


@ =(4~),=0 (i=1,...,n) 


0g: 
Therefore, introducing the notation 


a2i] ; 
ca=(Srar), (Cik = Chi} L, bad, ode mM) (4) 
we can also represent the potential energy in the form 
{ n 
i = oF > CirGiqre -- (+*) (5) 
i,h=1 


Dropping terms of the third and higher orders of smallness in 


qi and Dh in formulas (3) and (5), we can represent the kinetic 
and potential ah as quadratic forms with constant coefficients: 


nN 


1 y ing: on N=5 >, CERQiQr (6) 
i,k=1 i, k=1 
where Qin = ni, Cig Cri (i, k=1,..., nr). 


From the physical meaning of the kinetic energy it is clear that 
always 7 >0O. Since we assume that the position of equilibrium 
is not a singular point*, then always 7 >>0 if only not all gene- 
ralized velocities are simultaneously equal to zero, i.e. the quad- 


wt 
ratic form >) dingign = 27 is positive definite 
i, k= 


n nr 
. 2 AinG ir > 0 (2 qi > 0) (7) 

Further, in order to ensure stability of the given position of equi- 
librium, we demand that (in accord with the Lagrange theorem) 
the potential energy have a strict minimum in the equilibrium 
position. Since II, = 0, this means that in a certain neighbourhood 
of the origin 


; 2s CinGiga > 0 (2 gi > 0) (8) 


* See footnote on page 47. 
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But the quadratic form (8) is a quadratic homogeneous function 
in the coordinates. Hence, inequality (8) holds throughout the space, 
with the exception of the origin where this form vanishes. In other 
words, the potential energy is now represented as a positive definite 
quadratic form in the coordinates.* 

Form the Lagrange equations by proceeding from the expressions 
(6) for T and I: 


ey (aingn + cugxy)=0 (i=i‘,..., 2) (9) 


We shall seek a particular solution of this system of linear diffe- 
rential equations in the form 


gis uzsin(@t+a) (i=1,..., 7) (10) 


i.e. in the form of harmonic oscillations with one and the same 
frequency and the same constant a@ for all coordinates. 
Substituting expressions (10) for g; in the differential equations 
(9) and setting 
A=? (411) 
we obtain the following system of algebraic equations [after can- 
celling out sin(wt--a)] that are linear in the amplitudes u;:** 


> (cin —AQix) uz, =O (i= L, ee n) (12) 
h=1 


Since all the amplitudes u; of the sought-for oscillation must not 
vanish, the determinant of the system of homogeneous equations 
(12) must be equal to zero: 


Cip— Ady, Cyn — Aye. . - Cin —AQgn 
C24 — Aaa, Cox — Adon .« « Con — Adon 
Bt, fae SO AY ee ee at aie GPO, ht ot, = Q (13) 
Cny~— Any Cn2— Aang... Can —A@nn 
* Of course, cases are possible when the function II (q, ..., q,) prior to 


rejection of terms (**) has a strict minimum at the origin, and after rejection 
of these terms has a nonstrict minimum at the same point (for example, II = 
= 072 (q¢-P se os Hg, a @ (ef ca Pe gn), ¢ > 0, d > 0. But’we shall con- 
sider such cases as special and exclude them. In these special cases, rejection 
of the terms (**) in the expression for II is not justified, since it can radically 
distort the picture of the motion. 

** We call u; the amplitude of harmonic oscillation (10) of the coordinate q;, 
though actually the absolute value | u;| is the amplitude; the initial phase 
(at ¢ = 0) of harmonic oscillations (10) is either @ (at u; >> 0) or —a@ (at u; < 0). 
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Expanding the determinant, we get on the left-hand side a poly- 
nomial of degree n in A. Thus, the square of the frequency A = @? 
of the desired harmonic solution (10) must satisfy the nth degree 
algebraic equation (43), which is called the secular equation or 
frequency equation. 

To every root A of (43) there corresponds a particular solution 
(10) (for an arbitrary constant a) of the system of differential equa- 
tions (9). In this solution, o = VA. 

Write the above formulas in matrix form. We introduce two 
symmetric positive definite matrices* 


Ayy oe Ay, C4y ees Cin 
A=|lau||/=||... . .|, C=flenaff=}. 2...) G4) 
an4 eee ann Cri eee Cnn 


and the column vectors 


gq Uy 
q= o ly “U4 = : (15) 
Qn {I Un 


(uw is the amplitude vector). Then the system of differential equa- 
tions (9) will be written as 


Aq+-Ca=0 (16) 
The particular solution (40) will look like 
q= usin (wt +a) (17) 


and the result of substituting the solution (17) into equation (16), 
i.e. the system of algebraic equations (12), has the form 


(C—AA)u=0 (A=?) (18) 
The frequency equation will be written as 
det(C—AA)=0 (A =?) (19) 


So as to figure out whether the roots A of the secular equation (19) 
are always real and positive, first consider some properties of 
quadratic forms with real coefficients. 


* The symmetric matrix A=|| aj, ||{ is called positive definite if the 
n 
quadratic form » 2inQiqn corresponding to it is positive definite. 
i, k=t 
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n 
To each quadratic form >) aj,uju, there corresponds a certain 


i, k=1 
nr 
bilinear form >} aj,ujv, for which we introduce the abbreviated 
a, R=1 


notation 


mt 
A(u, v)=_ > ayyuyvr 


1,a8&= 


Then the quadratic form will be written as 


n 
A(u,u)= p2 Aj,U Up 
1, 


The following properties of a bilinear form are readily verifiable: 

1°, A (a, -} ato, v) =A (ty, VY) + A (Ue, 0). 

2°, A(hu, v)=AA (ew, 7) (A is a scalar). 

3°. A(u, v)=A(v, u).* 

We shall also show that for any complex vector wu: 

4°. A(u, wu) is a real number.** 

Indeed, setting w=¢e-+iw (¢ and ew are real column vectors) 
we find, by virtue of 1° to 3°: 


A(u, u) =: A(r—-iw, r—iw)=A(v, v)—iA (", Uw) + 1A (ae, Vv) + 
+ A(w, w)=A(p, v) +A (wm, w) (20) 


The last expression is obviously real. 

Froin (20) it also follows that: 

O°. If A(u, aw) is a positive definite quadratic form and u #0 
is an arbitrary complex vector, then 


A(u, u)>0 (wu 0) (21) 


Indeed, assuming w= e-+-iat we have A(v, v) > 0, and 
A (ar, a) > 0. In one of these relations we have the sign >, since 
from w 0 follows at least one of the inequalities ve 40, w ~O. 
Then from equality (20) follows the equality (21). 

Let us now prove: 

6°. If X is a root of the secular equation det (C —AA) = 0, and 
u is the amplitude vector corresponding to it [see (18)] 


Cu=)hAu (u 4 0) (22) 


* Unlike equalities 14° and 2°, equality 3° holds only for a bilinear form 
with a symmetric matrix of coefficients. 
** The bar marks the transition to complex conjugate quantities. Property 4° 
is valid only for a symmetric matrix with real elements. 
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then for any vector 2 
C (u, v) =)A (4, Vv) (23) 


‘Indeed, in scalar notation, (22) takes the form 


>» CipUp — dX > Aipup (i4, eng n) (22’) 
k=1 k=1 


Multiplying both sides of the ith equation of (22’) by v; and 
summing over t, we get 


n n 
» CiRVilly = > QinViuy 
i, k= i, h=1 
which is the equality (23). 

We shall now show that for any two amplitude vectors u and uw’ 
corresponding to different roots X and ’ (A =A’) of the secular equa- 
tion the following relation* is valid: 


A (u, u') = 0 (24) 
Indeed, according to 6°, two equations hold: 
C(u, w')=AA(u, w'), C(u, uw) =A (u, Uw’) (25) 


But A)’. Therefore, from (25) follows relation (24).** 

We now prove that from the symmetrical nature of the matrices A 
and C' and from the positive definiteness of the matrix A it follows that 
the secular equation (13) lor (19)] has only real roots. 


Indeed, let 4 be a complex root of the secular equation (A A) 
and let a complex vector #« £0 correspond to it. Then A is also 
a root of the secular equation with amplitude vector w. Since A A, 


it follows from what has been proved that A (mu, w#) = 0, but this 
contradicts the inequality (21). 

If Xd is real, then also the amplitude vector « 0 that corresponds 
to it may be chosen real. Now, putting v = a in (23) and noting that 


* If we introduce into n-dimensional space an A metric, i.e. if we take 
the square of the length of the vector « to be the magnitude of the quadratic 
form 

n 
A (u, u')= >) QjpUjup 
i, h=1 


then A (w, w’) is the “scalar product” of the vectors w and w’ in this metric. 
Therefore, (3) expresses the following property of amplitude vectors: amplitude 
vectors corresponding to different roots of the secular equation are always mu- 
tually orthogonal in the A metric. 

** By virtue of (25), A (w, 2’) = 0 takes place along with C (wu, w’) = 0. 
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A (u, u) > 0, we find 


_ Clu, wa) 
he A (u, #) (26) 
But in our case the quadratic form C (2, 2)== >) ciguiu, is also 


i, k=1 
positive delinite. Then not only A(w, «)>0, but also C (a, w) > 0. 
Hence, A> 0. 

Thus, the secular equation (13) has 7m positive roots A;, to which 


there correspond real positive frequencies w;= VA; and real ampli- 
tude vectors #;(j=-1, ..., 7). 

Let us first consider the case when all the roots of the secular 
equation are distinct. To each A, there corresponds a particular 
solution 


7 = UW; sin (wjt+4,) (w;=VA;) (27) 
with an amplitude vector w,, the coordinates of which uyj, ..., Unj 
must satisfy the system of linear equations 

n 
» (cin — Adin) Upp =O (i=4,..., 2) (28) 
or in matrix notation 
(C—Aj;A) u;=0 (29) 


Since the system of differential equations (9) [or (16)] is linear, 
the linear combination with constant coefficients of the solutions (27) 
is again a solution of this system. For this reason 


q= 2d Cyajsin (oft +) (@j=VAy j=4,..., m) (30) 
= 

with arbitrary constants Cj, a;(j=1,..., n) is a solution of the 
system (9) or (16). We shall show that the formula (30) embraces 
all motions of the system. 


We shall first prove that mn amplitude vectors w;(j=1,..., 7) 
are linearly independent.* Indeed, let 


n 
> cjuj=0. 
j=1 


Then for any fixed k(4<k <n) 


Q=A (2, 4 ;U;) = x cj;A (2, U.;) (341) 
i= j= 


* This was proved in Sec. 37 for the special case when A is a unit matrix. 
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But A (a,, 2;)=0 for k=4j and A(uw,, w;)>>0 for k =j. Therefore, 
from equalities (31) it follows that 


t,=-0 (k=1,..., n) 


i.e. there can be no linear relationship between the vectors 
Uy, oer, bby. 

Now in formula (30) we choose the values of the arbitrary 
constants C;, «; in such manner that the following arbitrary 
preassigned initial conditions should hold: 


9: (0) =i (=o (i= 1,..-, 2) (32) 


or in matrix notation 


g (0) =o 9 (0) = (33) 
From formula (30) we get 


n 
a= 3} Cysin ajay, 
j= 
on (34) 
Qo= 2; wjCj cosajr; 
j=1 
By virtue of the linear independence of the vectors w;(j = 141, ... 

.. 1), we determine uniquely from this the products C; sin a, 
and jCjcosa,; and, consequently, since w,; 0, we uniquely 
on the values of the arbitrary constants C; and aj 
CS as aah 

Thus, in the absence of multiple roots in the secular equation 
the formula (30) embraces all oscillations of the system.** 

Now if the frequency equation has multiple roots, then it may 
be asserted that there will be at least m solutions of the form 
uw sin (wt -- @), where m is the number of distinct roots A; of the 
secular equation. 

Lagrange considered that in the case of multiple frequencies, 
the general solution of the system (9) is no longer representable 
in the form (30) and that on the right-hand side of (30) so-called 
secular terms of the form 

(w+ w't+ ut? +...) sin (ot-+a) 


appear. 


* The a; are determined up to an additive a multiple of 2n. 
** Tle following relations hold for the amplitude vectors w;: 


n 
A (uj, Up) = » Qin UijUpp=O AR, 7, h=1, ..-, 2) 
i, h=t 


14—3420 
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However, Lagrange was in error. As Weierstrass demonstrated 
later, to each root A’ of multiplicity p there corresponds exactly p 
linearly independent solutions of the system of linear equations 
(12), i.e. for each root A; of multiplicity p it is possible to find p 
linearly independent amplitude vectors. Thus, also in the case of 
multiple frequencies there exist n linearly independent amplitude 
vectors, and the formula (30) which is formed with their help yields 
a general solution in this case as well. 

The oscillations 


gq =C;u; sin (w ;é + a;) (Gj =4, i cay n) (35) 


that make up an arbitrary oscillation of a system are called principal 
oscillations of the system. 

A rigorous derivation of the formula (30) for the general case 
(i.e. given multiple frequencies as well) with the aid of the so-called 
“normal” coordinates will be given in the next section. In this 
derivation, the case of multiple roots of the secular equation is 
not specifically isolated. 

Example. Coupled pendulums. The points of suspension of two identical 


simple pendulums each of mass m and length / are located on one horizontal 
straight line. Points of these pendulums, at a distance & from the points of 


Fig. 49 


suspension (0 < hk < 1) are connected by a spring of rigidity y; the spring is 
relaxed when the pendulums occupy the vertical position. It is required to deter- 
mine the oscillation of the system in the vertical plane. 

For the independent coordinates we take the angles q; and 2 formed by 
the pendulums and the vertical (Fig. 49). In the equilibrium position, @, = p2. = 
= (). Up to higher-order infinitesimals, the extension of the spring is equal to 
h | sin @, — sin Q | = & | G. — Q, |. Therefore, in the given case 


1 . e 
=o ml2 (gi+ P35), 
TI] = mgl (1— cos @,) + mgl (1— cos g2)-++ 
2 —@,)2 1 4 
ew a) +... = mel (Pi G2) by VA (P2— G1)? 1 oe 
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Retaining in II only the quadratic terms, we finally get 


1 


T=ze (pi + 3) 


1 
T= ¢ (Gi + 92) —boi¢2 


where 
a=ml2, c=mgl-+ yh? 
b= yh? 
Write the equation of frequencies 
c—iAa —b 2 
tn aoe eee 


and one of two equations for determining the amplitudes in the principal 
oscillations (these two equations are dependent): 


(c—Aa) uy—bue=0, i.e. —=—— 


- 


From the frequency equation we get 


_b . este h2 
2, _¢ _ 8 a, _ 8 Y 
op= A= re a. lies gars a. +2 m 12 


Accordingly, for the first principal oscillation u,=ug—=C, and 


pi=Cy sin (@yt-+ a4), Fo=Cy sin (@yt+ a4) (Py= go) 
for the second u,4=-~ug=C, and 


Pi =Coysin (t+), Po= —Cygsin(@et+ a2) (y= — a) 


In the first principal oscillation both pendulums are all the time in ote phase, 
the spring is relaxed and the pendulums do not exert any effect on one another. 


In the second principal oscillation the pendulums are all the time in opposite 
phases. 


Arbitrary oscillation is obtained by superimposition of the two principal 
oscillations: 


M,= Cy, sin (@yt-+ a4) + Ce Sin (Wot + Ge) 
fo = Cy sin (@4t-+ &,)— Co sin (wot + ae) 


41. Normal Coordinates 
Two quadratic forms 


n 


A(q, Q)=, py Bindidn 


and 


(4) 


emt are to ee 


C@, q)=. » CinGiqr J 
i, k=t 


of which at least one, say A(q,q), is positive definite, can always, 
by means of one and the same (nonsingular) transformation of 


14* 
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variables, 
nr 
qdi= 2 u; 9; i=, «ay F253 det (ui ;)i. 31 EO) (2) 
W fol 
be reduced to the “sum of squares” 
nr Tr 
A (9; q) = Dy 03, C@, Q) = p2 A 93 (3) 
j= = 


Here, all A;>>0, since (see Sec. 40) the form C(qg,@) is also 
positive definite. 


Since the generalized velocities 0; and 0; are connected by the 
same relations which connect the q; and 0;: 


re dui) i=1, ee ey nN), 
j= 


it follows that in the first of the equalities (3) we can replace gq; 


and 8; by di and 6;, after which we get the following expressions 
for the kinetic energy and the polential energy: 


n n 
1 ese 1 or. 
T=5 DS) ongdan=z D9, 
i, k=1 j= 


(4) 


n 


om 

| 
bol = 
M 

x 

Mes 
oe 
Rae 


CikGiqr aay 


2 
hos 
I 
—_ 
mw. 
ll 
-_ 


ee ee 


The variables 9,,..., 9, are called normal or principal coordi- 
nates. The formulas (2) of transformation from arbitrary coordina- 
tes to normal coordinates may be given in vector notation as 
follows: 


nN 
q= p> Oyu; (5) 
where 
14 u4j 
q>= », “j= (j = 1, , 2) 


Qn Unj 
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Since the transformation of coordinates (2) is nonsingular, the 
corresponding determinant is nonzero: 


det (uis)t, j=1 AO 


i.e. the vectors w,,..., %#, are linearly independent. 
Utilizing the simple expressions (4) for 7 and II in normal 
coordinates, form the Lagrange equations in these coordinates: 


0;-+4,0; =0 G=1, eaeys n) (6) 


Each of these equations contains only one unknown function. The 
general solutions of the equations (6) are known to determine the 
harmonic oscillations 


8;=C;sin (wjt+a;) (GG=1,..., 7) (7) 


where C; and a; are arbitrary constants (j=1,..., m). Substitu- 
ting these expressions into formula (5), we get a general formula 
for oscillations: 


q= >).C;u;sin (jt -- o;) (8) 
jt 


It is thus rigorously established that this formula embraces all 
small oscillations of a conservative system in the most general 
case.* 

Assuming, in formula (8), all arbitrary constants, except C; and 
a;, equal to zero, we get the jth “principal” harmonic oscillation 


q =C ju ; sin (@;t-- a) (9) 


(In normal coordinates, this oscillation occurs when all 8; = 0 
for i =4j, and only the coordinate 8; changes.) In the preceding 
section it was established that the square of the frequency 4; = «} 
satisfies the frequency equation. Since for g there exist no harmonic 
oscillations of the type (9), other than those which occur as summands 
in the general formula (8), it follows that A; = w} G = 1,..., n) 
are all the roots of the secular equation. Besides, if some root is 
repeated p times, then to it there correspond p linearly independent 
amplitude vectors w; determined from the system of linear equations 
(28) or (29) of the preceding section. 

We have thus again proved that all the roots A; of the secular 
equation are real and positive and we have established that to the 


n frequencies w; = V4; there correspond 7 linearly independent 
amplitude vectors w;(j = 1, ..., m). 


* In the preceding section, this formula was established solely for the case 
when the secular equation has no multiple roots. 
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Substituting into the formula A (gq, g) the expression (5) for gq 
in place of g, we obtain 


n rm nr 
A(q, q) =A( py 052 ;, p> On2n) = pr 4 (%;, Un) 839, (40) 
I= = _= 
On the other hand, 


Aa. a= 2% (14) 

= 
Comparing (10) and (11), we get the following relations* for the 
amplitude vectors w#;(j==1,..., m), with the aid of which, using 


formula (5), the transformation to normal coordinates is accomplished: 
1. t= 7, 


ee (lf Sy aay A) (12) 


A (t:, ut) =o) | 


42. The Effect of Periodic External Forces 
on the Oscillations of a Conservative 


System 
Aside from the potential forces =, let a system be acted 
zt 
upon by certain forces Q; =Q;(t) (i=1,..., m). Pass to the nor- 
mal coordinates using the formulas 
n 
G= 2 wi; (i=1, eves Th; det (u;;)i, j=1 0) (1) 
= 
To the forces Q; in coordinates g;(i=1,..., ) there correspond 
the forces ©; in coordinates 6;(j=1,..., n). Proceeding from 


the fact that the expressions for the elementary work of the 
forces are equal, let us establish a relation between Q; and 0; 


y 0:84: = py @ 60; (2) 
Noting that by virtue of formulas (1) 
Bai 3 uis88, (it casy 2) (3) 
and substituting these expressions for 5g; into (2) we obtain 


n Tr nr 
VeN 
> (>) uijQi) 60;= 3) 0,60; (4) 
jai i=1 j=l 

* In other words, the vectors w; (j= 1, ..., m) are orthonormal in the A 
Inetric (see footnote on page 207). 
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Hence, equating the coefficients of the independent increments of 


the normal coordinates 60;, we get 
n 


0; = Bi wisQ: (j=4,..., n) (5) 
i= 

Thus, if the “old” coordinates g; are expressed in terms of the 
“new” ones 6; by means of the matrix U =||u,; ||: 


Gy = U 449, -}- W420. +... + UinDn, 


qzu = U2 194 a U290¢ -}- eee 5 UonBn; (q = U8, det U + 0) (6) 
dn = Un ,94 + Uns0o -+ eee + UnaOn 
then the “new” generalized forces 0; are expressed in terms of 
the “old” generalized forces Q; by transposing the matrix 0°: 


O; = Uy4Q4 + uuQe+... + uniQn, 
Oo = Uy2Qy + UG +... +UnQn (0=U'Q) (7) 


ee ¢ e@ ee ee «© # & » * e ° YY . . « . . 


8,= UinQ4 a UsnQe Fgh oa UnnQn 

Comparing the matrix formulas g = U@ and Q = (U’)0, we 
see that in passing from coordinates to forces the transformation 
matrix U is replaced* by the matrix (U’)7. 

This is expressed in words as follows: the generalized forces are 
transformed contravarianily with respect to the coordinates.** 

After learning how to determine the 0; from the given Q,;, let 
us write the Lagrange equations in normal coordinates using for 
Tf and II the expressions (4) of the preceding section: 


0;+0%,=O,(t) (j=1,..., 7) (8) 


Denote by OF (j-=4,...,m) an arbitrary particular solution 
of equation (8). Then the general solution of (8) will be 


0;=C;sin(@jt+ a;)+0F (j=1,..., 7) (9) 
Let 0;(¢) be the ‘periodic force and let this force he sinusoidal 
with frequency : 


Q, (t) = A; sin Qt (10) 
Then it will readily be seen that for the 67 we can take 
A; 
= o_o sin Qt (11) 
* If UO = | uzjz tf is an orthogonal matrix, then (U’)-! = U, and the 


forces are transformed exactly like the coordinates. 

** In the general case, when the transformation of coordinates is nonlinear, 
the coucralizad forces are transformed contravariantly with respect to the di- 
fferentials of coordinates. 
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If Q;(t) (it =1,...,m), and hence also @;(t) (j= 14, ....m) are 


arbitrary periodic forces with period t and frequency Q= tt 


it follows that ©,;(f) may be expanded in a Fourier series: 


0; (t)= 2; Ajm sin (mQ¢ + 9 jm) 


GH 1,55455.%) (12) 
Then, by virtue of the linearity of the equations (8), 
foe) Aim 
0; = > apomagr Sin (mOQt+ Pin) G= 4, red (3) (13) 
m=0 
If some m coincides with w;, and the corresponding 4;,, <0, 
then for the coordinate 8; we have the phenomenon of resonance. 
Substituting expressions (9) for 0; into the formula 


n 
g= pa Oe; 
= 
we get 
q=a+q@ (14) 
where 
_ bg = 
q= 2, C ;u; sin (wt +a;) (15) 
I= 
are the free oscillations and 
n 
-= pa OF ee; 
are the forced oscillations of the an and e is the amplitude 
vector with coordinates U4;, Uej, ..-,Uny (J= 4, .-., 2). 


43. Extremal Properties of Frequencies of a Conservative 
System. Rayleigh’s Theorem on Frequency Variation 
with Change in Inertia and Rigidity of the System. 
Superimposition of Constraints 


In Sec. 44 we considered the linear nonsingular transformation 
of coordinates 


n 
q= py Oje; (1) 
I= 
or, in scalar notation, 


ii 2 u;,0; (é=41, ..., m3 det (ui,)i. 21 0) (1) 
I= 
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that accomplishes the transition to the normal coordinates 
6,, -.-, 9, in which the quadratic forms* 


n nr 


A(q, @)=, > Gngige, C(@, q)=, p2 _Cindidn (2) 


= , R= 


have the simple (“canonical”) form: 


n 


A (q, = 2 6, Cla, N= 2 0763 (3) 


From now on we shall assume that the principal oscillations are 
numbered in such fashion that their frequencies proceed in the 
following increasing order: 


W1< MK... K Wp (4) 


Consider the ratio of quadratic forms (3) 


C (qa, q) 767 + 303 +... + 07,07, 5) 
Afg.Q  7+63+...4+02 — ( 
for any g=£0 or, which is the same thing, for any values 
0,1, ..., 9, that are not simultaneously equal to zero. Replacing 
all the w} in the numerator of (5) by a smaller or equal number 
wi, we have 

Cc (q, q) 2 5 

A(q,q) 7” ) 


Ou the other hand, from (5) it is at once obvious that for 0.=. 


.=0,=0 the ratio Fee attains the value wi. Hence.** 
2.) Cig. a 
@, = MMi Ala, g) (7) 


* C(q, q) is the doubled potential energy, and A(q, q) is obtained from 


the expression for the doubled kinetic energy A(q, g) by sepieeine q by ¢ 
** If on a real-numher axis we plot the points @?, @3,..., o% and at 


these points concentrate masses m;,-=O7, mo=(0§, ..., mn = 6h, then, by (5), 


C(q, @) 


the quantity 4 will he the coordinate of the centre of these masses. 


Whence follow immediately the relations (6) and (7), since the centre of 
mass is always located between the extreme masses and coincides with one 
of the extreme masses when all the other masses are zero. 
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Now let a linear homogeneous constraint* be imposed on the system 


hay tlegat... tly, =0 (2 1} > 0) (8) 


Expressing 9g,, ga, --.,4n in terms of the normal coordinates by 
means of the transformation (1), we will again have, in normal 
coordinates, a linear homogeneous constraint: 


n 
10, + UOg+... +18, =0 (x 1? > 0) (8') 
= 
We abbreviate constraint (8) or (8’) to 
L=0 
It is always possible to find the values 6, and 6, such that toge- 
ther with 0,;=...=0,=0 they will satisfy the constraint equa- 
tion (8’). According to formula (5), for the corresponding q, 
C(q,qQ) _ @10}-+ 0303 2 
A@a +R <% 
Therefore, also,** 
s Cc (9, q) 2 
min aig. a) < - 


We shall now vary the constraint L=0. Then the left side in 
the inequality (9) will vary remaining all the time smaller than 
or equal to w;. But for the constraint 9,=0O (here J/}==-1, l=... 

_Jt on - Cg, @) 
-..-=l,=0) the ratio Aaa 
C (a, Q) o303-+...-—+ w202 


is given by the formula 


AQ,Q) BE. 0R, 
and for this reason [by analogy with formulas (5) and (7)] 
* If a nonlinear constraint is given and the equilibrium position satisfies 


the equation of the constraint, then there is no absolute term in power 
expansion of the left side of the constraint equation: 


nr 
1yga-tloga+.--+Ingat+ >} lin gign-+--. =0 
i, k=1 


n 
Besides, we assume that there are indeed linear terms, i.e. that » 12> 0. 
i=1 
Then, rejecting second and higher-order terms, we represent the constraint 


equation as (8), 
** The symbol on the left of the inequality (9) denotes the minimum of the 


Cc 
ee , provided that only vectors g #0 are considered that satisfy the 


constraint equation (8). 


ratio 
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Cc (q, q) Coie @? 
2 


min = 
a9 4, @) 
Thus, of all the constraints of form L=0O the quantity 


- C(q,@) 
mln ———— 


reaches its greatest value w; with the constraint 6,—0. Hence, 


s C (q, q) ws? 2 
mane AG? (19) 


In place of one constraint L=-0, it is possible to impose on the 


system a number of constraints L,=0,..., Lr-~=0. As was done 
in the special case of one constraint, it is possible to show that 
2 s C (q@, q) 
@; =maxmin ————  (h=2,...,n 14 
h ae A(@, @) ( ’ ’ ) ( ) 
Ly _4=0 


The formulas (7) and (41) express the extremal properties of fre- 
quencies of a conservative system. These properties are sometimes 
called maximinimal properties. 

In place of the formulas (7) and (11), we can easily obtain 
similar formulas: 


C (q, P 

oh = max Ge) (7’) 

2 out ° = C (q, q) pe Es ’ 

a ae a ACHE 7 7) (h=1,...,2—1) (14) 
L,=0 


The extremal properties of the principal frequencies expressed by 
(7') and (11’) are sometimes called minimaximal properties. 

In addition to the given system, let us consider yet another 
conservative system with kinetic and potential energies 


rt] nr 
A ee we 4 pie eee 13 4 ~ 
zA(q@, n=5 sy; QinGidhs +C (a, qQ) =z > Cingign (12) 
i, k=l i, k=4 


aud with principal frequencies 


01 < Wp<...<@p (43) 
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For this system 


o? = min UG) (14) 
A(q, @) 
~, . C(q,q) 
w;, = max min ———*+  (h=2,...,n 15 
‘ aa a A(q, @) ( ) ( 
Ly _4=0 


Let the new system have greater rigidity for the same inertia, 
i.e. for any g 


~~ 


A(q,9=A(a,@, €(g,9)>C(g, @) 
or less inertia for the same rigidity 


A(q, )<A(qq), Cla, d=Cla, ® 
In both cases, for any g-<0, 


Cia, a) _- Cla, a 
A(q, 9) ~ dq, 4) oo) 


But then both the minimums and the maximums of these ratios 
will be connected by the same inequality, i.e. from the inequality 
(46), by virtue of (7), (14), (14), and (15), there follows 


wy<o; (j=4,..., n) (17) 


Here, at least one of these relations has the sign <, so long as 
the identity* 


AWM Ala, @) ee 


does not hold. 

We have arrived at the Rayleigh theorem:** 

The principal frequencies increase when the rigidity of the system is 
increased or the inertia of the system is decreased.*** 

Let us find out how the imposition of constraints affects the 
niagnitudes of the principal frequencies m1 < we <<... < wy, of a 
conservative system. 


* Indeed, according to (5), identity (18) holds in the case of a; = @; j= 

fir ne aE 0 
** This theorem was eStablished by the Englisl: physicist Rayleigh in 1873 
(Rayleigh J. W. The Theory of Sound. Vol. 1, 2nd ed. Macmillan, London, 1894). 
*** How much the principal oscillations increase may be judged in the 
first case by the difference C(qg, g)—C (qg, gq), and in the second case by the 


difference A(q, ¢)—A (q, @) [see 7]. 
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Impose on a system s independent linear constraints 
Z.=0, £.=)0, sey Let) 


Let the conservative system thus obtained with n—s degrees 


of freedom have principal frequencies wf <a; <...<@n-s. Here, 
of = min Ge} (19) 

214=0 

Ls=0 
Comparing formula (19) with (7) and (11) (when h--i=s), we get 
04< OF < Wgs4 (20) 


In exactly the same way, for any h<n-—s 


wf? = max min en (21) 
LC: ee : 
L\=0, ee ey Lp et 
Here the constraints Z,--0,..., L,-=0 are fixed, while the const- 


raints L,=—0,..., Lp-~ =O vary. Comparing (21) with (411) and 
with the formula 


. C(q, ) 

2 ’ 

@i41,==max min ———+ 
+s E20 A(q, ¥) 


cece eare® 


Lhss-1=0 
in which all s+ h—1 constraints vary, we will have 
On<@A<Onzs (N=1, ..., 2—S) (22) 


Formulas (22) show that in the imposition of s independent const- 
raints each of the first m — s principal frequencies increases and in 
the process does not exceed the old principal frequency, the number 
of which is s units greater than the number of the given frequency. 


1. As an application of this proposition, it may be shown that the roots 
Ay <ho<...<hy of the secular equation A (A) = det (cj,—Aajn)}. p14 =0 
are separated by the roots At <<... <An—1 of the equation* 


Ay (A) = det (cih—Aain)f pms =0 


Ay SAB Sha SAB <... <An-1 <i (23) 


Indeed, the equation A, (A) = 0 is a secular equation for a conservative 
system obtained from the initial one by superimposition of one constraint 


* A, (A) is the principal minor of order (n — 1) in the determinant A (A). 
It is sometimes said that inequalities (23) express the “separation theorem” 
for roots of the secular equation. Inequatities (23) may be used to find the lower 
and upper bounds of the roots of a secular equation (see for example [2]). 
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Qn “= 0. Therefore, setting A = wh (k= 1, ..., n), AF = of? GH 4,... 
.. n— 1), we at once get the inequalities (23) from the inequalities (22) 


2. We indicate yet another noteworthy application of the proposition on 
variation of frequencies upon the superimposition of constraints. Cracks in 
a glass are known to be revealed by tapping one’s fingers on it. The reason lies 
in the fact that a glass without cracks has supplementary constraints (compared 
with a glass with cracks) between its parts. That is why in a glass without 
cracks the oscillations must be higher. 


44, Small Oscillations of Elastic Systems 


As an important example of small oscillations of a conservativo 
system, consider n Masses m,, Mg, ..., mM, concentrated at n points 
(4), (2), ...-, (m) of an elastic system S (a string, rod, membrane, 
plate, and the like) having finite dimensions and in some way attached 
at the ends. We shall assume that the displacements (deflections) 
Yi, Yo: «+ +1 Yn Of points (41), (2), ..., (m) of the system S and 


Fig. 50 


the forces F;, Fo, ..., F, acting on the masses m,, Mea, «+ +1 Mp, 
are parallel to one and the same direction and for this reason are 
determined by their algebraic magnitudes (Fig. 50). ‘The deflections 


Yt, Yo. -- +1 Ym may be regarded as independent coordinates of the 
system, and the forces F,, Fo, ..-., Fn as the corresponding gene- 
ralized forces, since the elementary work of these forces is equal to 

nr 

>) Fidyi 

i= 
When investigating free oscillations, we take for the forces 
Fi, Fo, ..., Fy, the elastic forces FT, ..., Fn acting on the masses 
mi, Mo, ..., Mm, Of the elastic system S, given the deflections 


Yis Yo. «+ +. Yq. The system under consideration of n particles acted 
upon by elastic forces is a conservative system and has a definite 
potential energy II (yi, yo, ---» Yn). Expanding the function 
TI (yi, Yo. «+ +» Yn) in a power series and retaining only the quadra- 
tic terms (see Sec. 40), we get for II the expression 


nr 


=> >) CYilr (Cin—=Cai, t, K=A1,..., 7M) (1) 


i, k=1 
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Then for the elastic forces FPF} = meee (i= 4, ..., m) we find 
FR=— Di cinyr (a ane n) (2) 
a= 
Considering the position of equilibrium y,;=...=y,=0 to be 


stable, we assume that the quadratic form (1) that expresses the 
potential energy as a function of deflection is positive definite: 


nr nr 
2 cuir > 0 (2 > 0) (3) 
The kinetic energy of the system has a simple form: 
n 1 : 
T= D> miyi (4) 
i=1 


In the search for the harmonic oscillation y;=u;sin(wt-+-a), 
we arrive (as we did in Sec. 40) at the frequency equation 


Cy mA C42 eee Cin 
C24 C22 — Moh Con =0 (V= w?) (5) 
Cnt Cn2 one Cnn os Mnhd 


and at the algebraic equations for determining the amplitudes: 


n 
Py (Cin — Am 642) uu, = 0 (i => 4, eng n) (6) 
The system has n frequencies 
Wy < We< w+. On (7) 


and the corresponding amplitude columns %;, w%2, ..., Mn; the 
free oscillations are determined by the formula 


y= 2 C ju; sin (w;t + 0,;) - (8) 


where C; and a; (j = 1, ..., m) are arbitrary constants determined 
from the initial conditions. 

Let external forces F;, ..., F, give rise to static deflection 
Yi «++, Yn- Then the forces F; are balanced by the elastic forces 
Fi (F; = —Fi; i=1,..., ”) and for this reason, according to 
equation (2), 


Fi= 2 cada (i=4, wiidieie n) (9) 
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An important role in the study of elastic systems is played by 
the matrix G=||gia||{, which is the inverse* of the matrix 
C=|[ ta fh: 


G=C7 
Using matrix G it is possible to solve the system of relations 
(9) for y,, ..., Ya and to represent it in the form 
n 
yi= Di Bina (i= 4, -- +5 0) (10) 


The quantity g;, is equal to the deflection at the point (i) 
caused by a unit external force applied at the point (k), and is 
called the influence coefficient of point (4) on the point (i) ¢, k = 
=1,...,n). From the symmetricalness of the matrix C there follows 
the symmetricalness of the inverse matrix G@ composed of the 
influence coefficients** 


Bin= Bri (i, K=1,..., n) (41) 


and from the positive definiteness of the forms (8) there follows 
the positive definiteness of the quadratic form 


G(F, F)= sak >0 ( yA > 0) (12) 


Nr 


since the quadratic form — >) cinYitte goes into the form (12) 


i, hol 
the case of transformation of variables (10): 
n nm n 
1 1 . 1 
a by CrYiYr => Dy Pyiry >) gin iF, (13) 
i, hot i= i, h=t 
Consider a linear elastic system S—a string or a rod with ends 
fixed as usual. It may be shown that in this case the matrix of the 
coefficients of influence, G, possesses the following properties: 
1°. All minors (and not only the principal ones!) of any order 
of the matrix G are nonnegative: 


Biyky +++ Sisky 


Bipky +++ Bipkp 
(O<i<¢...<ipcm Och... <ckp<n; p=1,..., n) 


* The matrix Cis not singular (det C ~ 0), since the quadratic form (3) 
is positive definite. 

** Equation (41) expresses the so-called Maxwell principle of reciprocity: 
“a deflection at point (i) due to a unit force applied to point (k) is equal to the 
deflection at (%) under a unit force applied to point (i)”. 
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a Zin >> O for|i—k|<1 i,k = s eae n). 

3°. The determinant det G = | gi. |? > 0. 

Matrices having the properties 1°, 2° and 3° are called oscillatory 
matrices. 

It will be noted that for every positive definite matrix G, the 
property 3° and also the inequalities 1° for the principal minors and 
the inequalities 2° for the diagonal elements g;; (i = 1, ..., 7) 
are valid. However, the nonnegativity of the nonprincipal minors 


(1) (2) 
; (n) 
y (f=2) : \ 


Fig. 54 


of any order p* and the positivity of the elements gy., ..-, Bn-4, n 
are specific properties of the matrix of influence coefficients of a 
linear elastic system. 

From the oscillatory nature of the matrix of influence coefficients 
follow the basic “oscillatory” properties of eiastic oscillations of 
a linear system: 

4°. All frequencies are distinct: 


4 <= We <l we <I On 


2°. All the amplitudes wiz, uo, ..., Un, in the first principal 
oscillation (with frequency ,) are different from zero and have 
the same signs. 

3°. Among the amplitudes w,;, wo;, ..., Unz in the jth principal 
oscillation (with frequency w;) there are exactly 7 —1 changes 
of sign (j = 1, 2, ..., n) (Fig. 51). 

An investigation of oscillatory matrices and a substantiation of 
oscillatory properties of elastic oscillations go beyond the scope 
of this book.** 


Example. Consider the classical problem of the oscillation of a string of 
length J with attached ends for the case when the entire mass of the string is 
concentrated in » equidistant (from one another and from the endpoints) points, 
the concentrated masses being all equal (and equal to m) (Fig. 52). 


* In particular the nonnegativity of the off-diagonal elements of the mat- 


rix G (gi, >0 when i+). 
** This material can be found in [7]. 


15—3420 
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The elongation of the ith segment (between points with deflection y; and 
ecietion yi+,) will be expressed (to within fourth-order infinitesimals) as 
ollows: 


V (ap) emia mies (V+ (ER) eum) 
acl 


+1 
a 51 (Yix1— Yi)? 


Taking the tension o of the string to be constant*, we get an expres- 
sion for the potential energy: 


n 
é € 
==> b) (Yr44— Yi)? (yo= uns =03 eae ne 


i=0 


(14) 


The kinetic energy is of the simple form 
n 
PPT *9 
P= >) yi (15) 
i=1 


We choose an indirect path to find the principal frequencies and the cor- 
responding amplitude vectors. Write equations (6) for the amplitudes, making 


i) (2) @) (f1) 


ey 


Fig. 52 


use of the expressions (14) and (15) for Tl and 7. Divide each of the equations (6) 
termawise by ¢ and introduce the abridged notation: 


m 
-— -— 2? = 
1 ip cos 8 (16) 


where 9 is an auxiliary quantity. Then equations (6) will take the following 
form for the amplitudes: 


Up_4— 2Up cos 0+ uz,4=9 (= 1 kg) (17) 
where 
Ug = Unyi== (18) 
The algebraic equations (6) may be satisfied by putting** 
up—=sin kO (k=0, 1, .--, +4) (19) 


* This supposition is justified in that only small deflections yj, yz, +--+, Yn 


ae considered. ae 
** Substituting (19) into (17) we get the trigonometric identities 


sin (k-—1) 0 —2 sin k6 cos 0-++ sin (k+-1)0=0 (k=0, 1, ..-, ”) 
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Here, each of the “boundary” conditions (48) is satisfied automatically, and 
the second one yields the condition for determining the desired frequencies: 


sin (z+1)6=—0 (20) 
Hence, j= (j=1, ..., m) and, by (16), 
2¢ 
j= —— (1 —cos 85) 
i.e. 
or 7 ee as ee ce 
oj=2Y sin =2 sin 5 7 | is 
( =1 n gat ) J 
j=1, ’ ? == i 


To find the amplitudes of the jth principal oscillation uy ;, ugj, ..., Unj 
we put 6=6, in equations (19): 


kjn 


uy ; =sin kO;= sin rar hy fa 4 eg nt) (22) 
An arbitrary free oscillation of the system is determined by the formula 
< ; = _ kin, : int fc 
va= D C pup j Sin (@j£-=- &;) = pa Cjsin “Ty sin(2sing ap V ras a; | 
= a (23) 


From (21) and (22) it is at once evident that the principal oscillations obtain- 
ed possess the oscillatory properties 1° to 3°. 

Lagrange demonstrated how it is possible, using these formulas and a limit 
passage, to obtain the free oscillations of a homogeneous string (with fixed ends), 
the mass of which is no longer concentrated at n points but is distributed uni- 
formly along the string, which has density 0. 


In this problem we put m = e , and then find the discrete analogue of a 
homogeneous string with principal frequencies 


2 ys : ju . 
(rn) = —ni ——— = eae 
a; j oo (n +-4) sin Tint) Gt, nss5:2) (24) 


In the limit, as noo, we get the following familiar expressions for the 
frequencies w; of a fixed homogeneous string: 


am oO. P 

o=i5V 4 G4, .saa") (25) 

These formulas express the Mersenne law, according to.which all frequencies 
are integral multiples of the frequency of the fundamental tone o= > = 


and each of the frequencies is directly proportional to the square root of the 
tension and inversely proportional to the length and the square root of the 
density. 


to* 
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Give the jth harmonic oscillation of a homogeneous string in the form 
y;(z, #)== uj (z)sin(@jt+a;) (O<z<l) (26) 


where u;(z) is the amplitude deflection in this oscillation. 
Considering that the amplitude deflection u;(z) may be obtained from 
the quantities (22) by passage to the limit 


u; (x)= lim up; 


+z, we get from (22) 


infini d 
as n tends to infinity an Nay, 


u; (2) =sin (j=4, 2,...) 


Then the free oscillation of a homogeneous string, which is obtained by 
linear superposition of the principal oscillations (26), is expressed by the 
formula 

eo 


ex 
y (2, i) = >) C;sin = sin (@ t+ @;) 
j=1 


where C; and a;(j=4, 2, ...) are arbitrary constants. 


45. Small Oscillations of a Scleronomic System under 
the Action of Forces Not Explicitly Dependent 
on the Time 


Write the Lagrange equations for a scleronomic system for the 
case when the generalized forces Q; depend solely on the coordinates 
and the velocities: 


d oT oT : : 
eT Ban Ae He) mAs ym) (1) 


Let the coordinate origin be a position of equilibrium. Then 


(see Sec. 40) the kinetic energy, to within third-order infinitesimals 


in gq; and qi (i = 1, ..., m), may be represented by a quadratic 
form with constant coefficients: 


T= + > aingiq@e (2) 
i, k=1 
where aj, =@n; (i, K=1,..., n). 
Let us now expand the generalized forces Q; (gz, qx) in a power 
series of g, and dh 


Q; = @io+ 5 [ (S24) a+ (2) a | +(e) (3) 


= { 
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Since the coordinate origin is a position of equilibrium, all the 
generalized forces, for zero coordinates and velocities must be 
zero, 1.€. 

Qin =0 Gi=1, soy n) (4) 

We introduce the following notation: 

te POOR poser, EY, i ieee 

bin = (De Cin (=), (i, k=1,..., n) (5) 
Then, rejecting in the expansion (3) all terms of second and hig- 
her orders of smallness, we will have 


i= see (bind + Cin Qe) (i=1,..., n) (5) 


Substituting into the Lagrange equations (1) the expressions (2) 
and (6) for the kinetic energy and for the generalized forces, we 
get the linear differential equations of motion for small oscillations 
of a scleronomic system: 


2 (aik Uh + binge + Cingn) = 0 1 ay cht) (7) 
Denote by A, B, C the square matrices* 


A=|len iff, B= dall?, C =| calf? 


and by g the column made up of q;, ..., gn- Then in matrix 
Notation, the system of differential equations (7) will look like 


Aq+Bq+Cq=0 (8) 

We shall seek the solution of (8) of the form 
q = uert (9) 
where w# is a column with constant elements w,,.-., Un, and p 


is a number. 
Substituting (9) into the matrix equation (8) and cancelling eM, 
we get 


(4p? + But C)u=0 (10) 
or, in expanded form, 
2 (ain? - binp + Cin) Up == 0 (i= | Pager n) (10’) 


* Note that A is a positive definite symmetric matrix (this fact is not uti- 
lized here). 
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For the system (10) or (10’) to have a nonzero solution w, it 
is necessary and sufficient that the determinant of the system be 
equal to zero: 


A (pu) = det (Ap? + Bu+ C)=0 (11) 
or in the expanded form, 


| Oy? + Dy t+ Cay... Ayn? + Dyn + Cyn 


o © #© © e«@ @ © ¢© 8 © @ © 8 #&© &#® & e© © & «@ «© 


A (v) = 


a © © © © © 8 © © © 8s © © © © @ 8 2 e2F 2 & 


AnyW + Dry + Cry ++ Ann" + Banh tenn 


Equation (11) is called the secular equation of the given system. 
This is an algebraic equation in pw of degree 2n. 

We confine ourselves to the basic case when all the roots of the 
secular equation py, . . -, Pon are distinct. To each root p, there cor- 
responds a certain nonzero solution tp = (lyn, . . -, Una) Of the system 
of homogeneous algebraic equations (10) and, hence, a particular 
solution w,e"n! of the system of differential equations (8) (h = 1, 
..., 2n). The general solution of this system is obtained as a linear 
combination (with arbitrary constant coefficients) of these particu- 
lar solutions: 


an 
a 2 Cyrene (12) 


Of particular importance is the case when all real parts of the 
roots P, are negative: 


Rep, <0 (h=1, ..., 2n) 


In this case, the position of equilibrium of the system is asyinptoti- 
cally stable not only for the linearized system (8) but also for the 
initial nonlinear scleronomic system with the differential equati- 
ons (1) (see Sec. 38). 

In conclusion, note that for a conservative system, B= 
=(|bix|['=0, whereas, A =|la:, ||) and C=|| cj, || are symmetric 
positive-definite matrices. The secular equation det (Ap?+C)=0 
passes into the equation det (C—2XA)=0O from Sec. 40, if we put 
w=iVr (i-- VY — 1). But, as was shown in Sec. 40, the equation 
det (C—XA)=0O has only positive and real roots. Therefore, in 
the case of a conservative system, equation (11) has only imagi- 
nary roots. 
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46. Rayleigh’s Dissipative Function. The Effect of Small 
Dissipative Forces on the Oscillations of a Conservative System 


Consider an important special case when the asymptotic stability 
of a position of equilibrium is predetermined and there is no necessi- 
ty to resort to the stability criterion given in Sec. 39. 

In the expressions for the generalized forces [see equation (6) on 
page 229] 


Q:= — > diate — D cinge (i= 1, ---, 2) (1) 
wo k=! 


let the matrices LB =|| b;, || 7 and C = || ¢;, || 2%, which are coinposed 
of the coefficients, be symmetric and positive definite. 

Then, by introducing the potential energy II and Rayleigh’s 
dissipative function R (see Sec. 8), which are given by the positive- 
definite quadratic forms 


1 i“ 1 be es e@ 
I= z > CinQidr > OO, R= os > bindiqn => 0 
hat i, k=! (2) 


nr nr 
(2 qi >0, 2 q? > 0) 
~Z= i 


we can rewrite formulas (1) as 


ell oR ,. 
iS oy i= 1, dace UW) (3) 
. gq; 
Aside from the potential forces — on (j= 1,..., n), the system 
t 


is acted upon by the dissipative forces — a defined by the Rayleigh 


0g; 
function. In Sec. 8 it was explained that in this case the system is 
definite dissipative. Since, according to the first of the formulas (2). 
the potential energy in an equilibrium position has a strict minimum 
and the equilibrium position is isolated, it follows that (see the theo- 
rem on page 178) the equilibrium position is asymptotically stable. 

Thus, the dissipative forces defined by the Rayleigh function not 
only do not disturb the stability ofthe equilibrium position of a con- 
servative system, but even make this position (in certain cases) 
asymptotically stable. 

In the case under consideration it is possible to establish simple 
formulas to evaluate the roots of the secular equation. Let us again 
seek a solution of the form we!. To determine the column u, we get 
the equation (see page 229) 


(Ap? + Bu+C)u=0 (4) 
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or, in expanded form, 


n 


Py (inp? + Dinb + Cir) up = Q (i = 1, eeey n) (4’) 


Multiplying both parts of the ith equation of (4’) by Ui; (u; is the 
complex conjugate of w;) and summing over i, we find 


w? >) aiguiunt-p >) Biguiua-+ >) ciauit, = 0 
i,k=t i,hk=t i,k=t 
or in abridged notation 
A(u, U) p?+ B(u, uw) p+C (uw, u) =0 (5) 
where A(u, u)>0, B(u, u)>0 and C(u, u)>0.* 


Thus, any root p of the secular equation satisfies the quadratic 
equation (5) with positive coefficients. From this it follows immedia- 
tely that Rep < 0 

If the secular equation has the complex root p = y + i6, then this 
same equation also has the complex conjugate root p = y — i6. 
The numbers p and yp are roots of the quadratic equation (5). There- 
fore, assuniing w= vu + iw, w=—v — iw (v, ur are real column 
vectors), we can write ** 


pega —~ Blom) Bw +B, wv) 
2Rep=pt+p= A (u, ) Av, v) +A (w, w) <0 : 
(p[?= pp = 2% uw) — C(v, »)+C ly, wv) (6) 


A(u, uy Aly, v)+Aly, v) 


To the complex conjugate roots p and ry there correspond the com- 
plex conjugate oscillations wet and wet*. It is possible to reduce the 
sum of the appropriate terms in the expression for g [see formula (12) 
on page 230] to the real form with complex conjugate values of the 


arbitrary constants C = * (F + iG), C= + (F — iG): 
Cuett + Cuert = > (F iG) (uv + tag) ef HOE LL 
+5 (F —iG) (v— iw) 1-18 = 


= Re {{Fu —Gw-- i (Fw + Gv)] e¥ (cos 6t +7 sin t)} = 
= ev! ((Fu — Gw) cos 6 — (Fu +Gr) sin dt] (7) 


* See 5° on page 206 
#* See formula (20) on 1 page 206. 
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If we have two real roots p and p’ and if we denote the correspon- 
ding columns by # and w’, then by multiplying both sides of the ith 
equation (4’) by uw (in place of u,), we get the following equation 
in place of (5): 


A(u, u’)w?+B(u, w)yp+C (wu, w’)=9 (8) 


Interchanging the roles of the vectors # and w#', we conclude that 
the number p’ also satisfies the equation (8). Therefore 


Wee a Bu, u’) 4 C (a, 2’) 
BrP Aa, wy)? Mae, wy (9) 


Let us now see how the principal oscillations of conservative sys- 
tems change under the action of small dissipative forces [see 27]. 
We introduce the normal coordinates 9,,. . ., 8,. In these coordinates 


T=+ D8, N= Dd of6 (10) 
i=1 i=t 
sh ° 4 - ° 

R=> DG +5 Dd Bubibn (11) 
as (eek) 


where w; (i = 1, ..., m) are the principal frequencies of the con- 
servative system, and the coefficients in the expression (11) for 
the Rayleigh functions B;, B;, (i, k= 1, ..., m3 Bin = Bag for 
i =k) are small (squares and products of these quantities can be 
ignored). From the positive definiteness of the quadratic form (11) 
it follows that Bp; > 0 @ = 1, ..., n). 

We form the Lagrange equations 


0; + B;0; + 70; + > Bi0,=0 (i=4,...,n) (12) 
(R#i) 
Then, substituting 
O;=yer# (i= 1, ...,n) (13) 
and cancelling e##, we get the following system of linear equations: 


(u? + Bip + 7) Yi tp pS Birke =O (i=1,..., 7m) (14) 
(yt) 
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Equating the determinant of this system to zero, we find the 
secular equation: 


p+ Bip + of Bray wee Bynp 
Bop p? aC Bop = o; cae Bony = 6) (15) 
Brit Bro wee WP+Bnp+ Oa 


Expanding the determinant and neglecting terms containing 
products of the small coefficients 6;, Biz, we can represent the 
secular equation in the following form: 


UT, (2? + Bap + wz) = 0 (16) 


To a first approximation, the roots of the secular equation are 
of the form 


pe — PB + toy (RA, 545.2) (17) 


Let us find the amplitudes y,, y2, -... Yn for p= py = fy L@,. 


Substituting this value of w into the coefficients of the last n—1 
equations (14) and dividing the left sides of the equations by py, 
we get 


BorXa + (B2—B, + a ) Wot ++ + Pon¥n = 0, 
Pe eS a SS (18) 
w 
BriXa+ BroXe+..- + (Br —Bs + 


From this system we determine the ratio Ae (A=2,..., 7), dis- 
i 
carding second and higher-order terms in f;, Bjz: 


; 1) 
ve tes en — ee, (k= 2, eugi) (19) 


Formulas (19) show that e, are small real quantities (k = 2, ...,n). 
To the root p,= — 5 + toy there corresponds the “complex oscilla- 
tion” (we assume y,= Ae’*, A> 0): 


Bi 
6, = es Ae “oe ‘ei(@it+a), 


— ft as (art-ta+ =) 


0, = e,4e (k=2, ...,n) (20) 
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Taking the linear combination of the given oscillation and the 
complex conjugate oscillation, we get a “principal” oscillation which 
corresponds to the roots 


By 


y= — Pt + ie and py = ge 145 


_ Bi, 
Q@,=Ae 2 sin(w,t+qa), 

_ Bry Ss 
O,=e,4e 2 sin (at+a+ >) (k= 2, ...,n) (21) 


We get similar expressions for the other principal oscillations as 
well. 

Thus, to a first approximation: (1) small dissipative forces do not 
alter the frequencies of a conservative system; (2) under these forces 
the oscillations decay as t + oo; (3) in the jth principal oscillation 
all the coordinates are small compared with the jth coordinate 
and differ from if in phase by a quarter of a period (j = 1, ..., n). 


47, The Effect of a Time-Dependent External Force on 
Small Oscillations of a Scleronomic System. The 
Amplitude-Phase Characteristic 


In addition to the forces spoken of in Sec. 45, let the forces Q; (¢) 
(i = 1, ..., ”) act on a scleronomic system. Then the Lagrange 
equations for small oscillations of the system will differ from the 
equations (7) on page 229 solely in the presence of nonzero right- 
hand sides: 


n 


py (Qing + bind + Cina) =Qi(t) (i= 1, ---, 7) (1) 


The general solution of this nonhomogeneous system of differen- 
tial equations is given in the form 


an 
(oe 2 Cruneh +g” (2) 


where the first summand is the general solution of the corresponding 
homogeneous system, and g* is some particular solution of the 
system (1). 

We assume that the position of the system q, =... = gq, = 0 
is an asymptotically stable position of equilibrium, that is, that 
Rep, <0 (hk = 1, ..., 2n). Then the first summand tends to zero 
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as ¢ tends to infinity*, and for sufficiently large ¢ the general solution 
q of the nonhomogeneous system practically coincides with q*. 
For this reason, in the future we shall be interested only in “forced 
oscillations” g*, which we shall denote simply by q. 

Since the system of differential equations (1) is linear, the general 
case for seeking forced oscillations reduces (at the expense of a linear 
superposition of particular solutions) to the case when only one of 

the generalized forces Q; (¢) differs from car 


For instance, let Q, (¢) # Oand Q; ¢?) = 0 G = 2, ..., n). Also 
let us first assume that Q, (£) is a harmonic eae ie: 
Q: (t) = Ae'* (3) 


Then the differential equations (1) will be written as 


> CH + bedr + c1nqn) = Ali, 
k= 
n = : (4) 
a (QjrQn + OjnQe + CjrQr) =O (f= 2,...,27) 
We seek the forced oscillations in the form 
qu= Bye 3 =(k=1,..., n) (5) 


Substituting these expressions for q, (k = 1, ..., m) into the diffe- 
rential equations (4) and cancelling e'*?, we get the following system 
of algebraic equations for a determination of the quantities B,: 


2 [ayn (722)? + Bye (122) + Cyn] Ba =A 


n (6) 
es [a;p (iQ)? + Bj, (iQ) + cj,] Br = 0 fe Dg cong Hh) 
Solving this system, we find for k=1, ..., 7: 
where 
Aap (iQ) 
W ap (722) = A (9) (8) 


is a regular fractional-rational function of iQ with real coefficients; 
the hodograph of this function in the complex plane, and sometimes 
the function itself, is termed the frequency characteristic or the ampli- 
tude-phase characteristic. 


* If the secular equation has multiple roots, then the sum on the right side 
of (2) can involve secular terms of the form Cp (ee, + u,t + up t+...) ent 
However, in this case tov the sum tends to zero as ? tends to infinity if all 
Re Ph< 0 
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Then the response of the coordinate q; to the external action Q, = 
= Aei@t is obtained by multiplying this action by the frequency 
characteristic W,, (iQ): 

Gr = Wp (iQ) Ae?@t (9) 

Putting 

Wn (iQ) = Ry (Q) XO 
[Rar (Q) > 0] (10) 
Ry, (Q) is the amplitude characteristic and W,, (2) is the phase 
characteristic], we write the formula (9) as follows: 
gu= Rip (Q) Ag Or 
b= 1.5%) (14) 
Now let 


Qi = = (eit e-imty 
The corresponding response will be* 
1 i[Qt +,,(Q —i[2t+-V,,(2 
an = 5 Ran (Q) A ete EO — 


that is. 
dh = Ryx (Q) A sin [Qt + Py, (Q)] (13) 


In other words, when passing from a sinusoidal force (12) to 
the corresponding response, i.e. to the sinusoidal forced oscillation 


im Whe 


Fig. 53 


(13), the amplitude of the force is multiplied by the amplitude 
characteristic R,, (2), and the phase shift is determined by the 
phase characteristic ¥;, (Q) taken for the same value of Q. 
Fig. 53 depicts the amplitude-phase characteristic Wy, (iQ) 
(0< Q < oo). If for a given Q the corresponding R,, (2) is very 


* Since W,, (éQ2) and W,, (—iQ) are complex conjugate numbers, it follows 
that Ry, (—Q) = Rip (Q) and Wy, (—Q) = —Vy, (Q). 
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small, then the amplitude of the response is extremely sinall com- 
pared with the amplitude of the “excitation” A sin Qt of the given 
frequency . On the contrary, if for a given Q the corresponding 
R,, (Q) is very great, then the response amplitude is great in compa- 
rison with the amplitude of the generalized force Q,. Thus, selecting 
a system with suitable amplitude characteristics, we can dampen 
the oscillations in certain frequency ranges and increase the ampli- 
tudes of such oscillations on other frequenciés. This is the principle 
on which filters are based. 

Since W (iQ) is a regular fractional-rational function and for this 
reason W (i2) > 0 as 92-> 00, any system actually passes only 
a finite range of frequencies. 

Now let Q, (é) be an arbitrary periodic function specified by the 
Fourier series 


Q.() = 2d) Am sin (mQt + Om) (14) 
m= 
Combining responses to separate harmonics of this series, we get 
dr = 2, Rix nQ) Ap, sin [MQE -- @n + Vy, (MO))] 
m= 


(k==1,...,7) (15) 


Now let Q,(¢) be an arbitrary nonperiodic function f(t) of ¢, 
which may be given in the form of a Fourier integral 


+00 too 
fQ=—h \ eit dQ \ f (t) eit dt (16) 
Putting ae a 
+c 
FQ)= \ f (t) eit dt (17) 
we will have - 
A=f=50 \ F (Q) e'8t dQ (18) 


The function F(Q) is called the complex spectrum of the function 


Q1=f (é). 


The action 
4 ; 
ae (92) AQe kt 


will give rise to the response 
sa Win (i2) F (Q) dQeiat 
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Therefore, proceeding from the principle of the linear superposition 
of responses, we find 


+0 
1 ‘ . 
a= 5 \ Wn (iQ) F (Q) et dQ 
(h=241, 0542) (19) 


that is, the complex spectrum W,,.(i2) F (Q) for the coordinate 
dg, is obtained by multiplying the complex spectrum of the action 
Q, (t) by the corresponding frequency characteristic of the system 
We, (iQ). 

Let the system be at rest for  < 0, and the motion of the system, 
given zero initial conditions, be caused solely by the external action 
Q (t) + 0 when t > 0. Giving the complex spectrum of the response 
in the form 

F (Q) Wy, (iQ) = G (Q) + 1H (Q) (20) 


we will have, according to the formula (19), 
+00 
— \ [G (2) iH Q)] [cos Qt + isin Nt] dQ= 


=> \ [G (Q) cos Qt — H (Q) sin Qt] dQ+ 


4 soe \ [G (Q) sin Qt +- H (Q) cos Qt] dQ 
Since g,(t) is a real function, the second summand on the right 
is zero* and for this reason 
~Lco 
qu=ze | 1G (Q) cos Qt— H () sin 24] dQ (21) 


qT 
—© 


Now suppose that 


Q; (t) = 9, 
meso UH wa 4 (22) 
then 
-boo 


0=5- \ [G (Q) cos Nt — H (Q) sin Qt] dQ (for t<0) 


—_—oO 


* A real system cannot have a frequency characteristic that does not sa- 
tisfy this condition. 
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Replacing here ¢ by —t, we have 
-+oo 


0=— \ [G (Q) cos Qt + H (Q) sin Qi] dQ (for t>>0) (23) 
Adding the equations (21) and (23) termwise, we have 
-+oo 
n= | GQ) cos Qt dQ (for 1>0) (24) 


It may be shown that the expression (24) is the general solution 
of a stable system for the coordinate q,, for the conditions (22) 


G62) 
G(S2) 


Sejav $2 
Fig. 54 Fig. 55 


and for zero initial conditions *. The function W,, (Q) is constru- 
cted directly from the coefficients a;,, b;, and c;,, which appear in 
equations (1), and the function F (Q) is determined by the expre- 
ssion (17). After that. the problem of determining the motion 
described by equations (1) reduces to a single quadrature with the 
help of (24). 

For this reason, any method of approximate integration is suitable 
for an approximate determination of the motion. For example, it 
is possible to construct a graph of the function G (2), replace it with 
a polygonal line and through the salient points draw horizontal 
lines to the axis of ordinates. Then the function G (2) is approxima- 
tely replaced by the sum of the functions g; (©), the graph of each 
of which is a trapezoid (a triangle, in the special case), as shown 
in Fig. 54. 

The integral (24) may be computed for one such function 
g; (Q), as follows: 

A; sinQjgyt sin Ajt 


{ (oa) 
dja == \ g; (9) cost dQ = — = 


* This follows from the fact that expression (20) defines the Fourier trans- 
form of the solution for zero initial conditions, and expression (24) defines the 
inverse Fourier transform. 
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where Qj, and A; are shown in Fig. 55, and A; is the area of the 
trapezoid. Therefore 


4 SiN Qjgyt sin A ;t 
4, yee St 


j 
where the summation is taken over all trapezoids obtained in the 
approximation of G (Q) by a polygonal line. 
Tables of the functions inay be used for such an approximation 
when constructing motions. 
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CHAPTER 7 
Systems with Cyclic Coordinates 


48. Reduced System. The Routh Potential. Hidden Motions. 
Hertz’ Conception of the Kinetic Origin of Potential 
Energy 


In the present chapter the general propositions given in Chapters 
2 and 5 are used for investigating the motion of a holonomic sclero- 
nomic system with cyclic coordinates gq, (@ =m+1,..., n). 
The kinetic energy of such a system is of the form 


Tt 


; P “@ 
L=> » Ors Gi» -- +9 Im) WrYs (1) 


r, s=1i 
Let us find an expression for the kinetic energy in Routh variables 
di, Vix Pa (i-=1,.--, m5 a=m-+1,..., n). To do this, express 
all q, in terms of p, (a2 =m-+1,..., nm), utilizing the initial 
relations 
ap m rn 
é : . 
Pa == >) Gaitit > Qangs (a@==m-+1, ..., 2) (2) 
Ja i=l p=m-+i 
Since the determinant D = det (@xa)a, p=m+1- 0)*, from relations 
(2) we get 
Te ™ 
da= >, bes (ps— >) 26a: ) (a=m-+1,..., 7M) (3) 
p==m-+ 1 i=i 
where {|baalim4i is the inverse matrix of the matrix || agg |imii, 


[| Bae || = |] @ap | (4) 
Setting 


iar 2 bapapi (i=1, aerg M, a=-m+i, woe, M) (9) 
= m-- 1 


we write (3) in the following form: 


nt 


a= a bapPs— > yaigi (2=m+1,.... 2) (6) 


* See Footnote on page 78. 
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Here, beg and yo; are functions of noncyclic (or, as_ they are 
sometimes called, position) coordinates qj (i=1,...,m). Putting 
expressions (6) for gq into formula (1), we get the expression Tf’ 
for the kinetic energy in Routh variables: 


Te m Te 


m 
~ 4 .- { . . 
pr oy Da at4iG; 3 oy > aapPaPp ae » >| QinGiPa (7) 
i, j=t a, B=m+i1 i=ia=m+i 


A remarkable circumstance (one noticed by Routh) is that 
in this formula all the a7, —0, i.e. the expression for 7 is the sum 


of the quadratic form in the position velocities g,, ..-,%m and 
the quadratic form in the generalized momenta Pmii; --+) Pn-” 
Indeed, 


_— n 7 ie 
a 
« OF 9 a >) bpepa=9 = (8) 


ai. = = 
a Pa 


e e » fa] ® 
09: 9P_ Oi *ga'mt-1 998 09% Busm+1 


since >, bggpe is dependent only on the variables g; and pp, 
B=m+1 
which are regarded as independent with respect to the 


qi (i=1, ...,m; p=m+1,..., 7). 
Now compute the coefficients agg: 


s Th 
o2T 0 ar 99y 6 
a* = +. —_— -—- = b. =b 
op OPa OPR OPa >) aq OP_p Oo Pe D VBP y ab 
y=m+i~*t? y=m+i 
(a, B=m+4, ...,2) (9) 


Similarly, we find** the coefficients a}; 


-“-_-~ Th s 
: oeT 0 oT OT a 
afj = =| ae >) te —t 
Ogi a 


0qi 09; 09; = azem+1 4a 94; = 
Th 
0 [ or 0 
SS oe aang >; Vaid. = 
Ogi | Og; eae OF: gam+t 
ees 


* The transformation of variables used here that corresponds to a transition 


from the variables g;, g. to the variables q;, pq is ordinarily used in the theory 
of quadratic forms to reduce (by Lagrange’s method) a quadratic form to a sum 
of squares. Indeed, applying such transformations a number of times, we can 
represent a quadratic form in n variables in the form of a sum of n quadratic 
forms, each of which is equal to the product of the square of this variable by 
some real coefficient. 


** Here and henceforward Qa = ... signifies that all the Qn in the expression 
in square brackets are replaced by their expressions (6). 


16* 
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n 


_ afar _ @T eT qq _ 
0g: | 9q; 09:99; = garmtt 995990 OK 
r 
=@jj— >) Vaidaj 
a=m--{ 
Utilizing equations (5) we get 
n 
at;=ai;—- >} dapdajag; (i, j—1, ..-,m) (10) 
a, p=m+1 


A 
But on the basis of (4), b be where Ag, is the cofactor 


of the element ag, in the determinant D. Taking advantage of 
this circumstance, in place of (10) we can write 


aij ai, mM+t «coe Qin 
a ; 4 oe. & 

ahah linens, Rmeumer * Omen Gi farts ym) (10) 

anj Qn,m+i +-+ nn 

Thus, formula (7) has the form 
m ; n 
o~ 1 ee 
f= oy > i599 3 + > bapPaPp (11) 
t,j=1 a, B=m+1 


Here, the coefficients aj; and bg, are determined by the equations 
(4) and (10). 

Let the forces impressed on the scleronomic system have the 
potential IT=II (¢, ¢;). Then, 2=-T—I[. Compute the Routh fun- 
ction (see Sec. 13): 

n 


R=RiE, Gi, Vis Pa) = py Poda —L = 
a=m+1 
n n m ; 
a >, Pe ( >, bapPp— » yaidi) —TAil= 
a=m-+1 p=m+i i=i 
4 = oe rl ne 
=-—5 Dd ataajt+s >) basPape+T— 
i j=t a, B=m-+1 


—> ( > YaiPa] qi (12) 


i=1. a=m+i 
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Consider the function If* (t, ¢:, pa), which we shall call the 
Routh potential:* 


Fi) 


1 
IT* = II + > > bapPaPp (13) 
a, B=m-+1 
Taking advantage of the fact that 
Ag 
bas = 


where Aga is the cofactor of the element agq in the determinant D, 
we can write the expression for the Routh potential also in the 
following form: 


0 Pmtt -++ Pn 
a ose EL 
m=n—,t Pmt1 meaty mid mets n (43 
Pn Qn,mti «++ 4@nn 
We also introduce the notation 
m 
T= D\ abqa; (14) 


i j=1 


Then, according to (12), the function — A, which for the posi- 
tion coordinates plays the role of the Lagrangian function, is 


T*—V (19) 
where V is the generalized potential defined by the equation 
V= — > ( > YauiDa) di + If* (é, dir Da) (16) 
i=1 a=m-+1 


Let us now consider some motion of the initial system. In this 
motion, 


a=const=cg (a=m-+1,...,n) (17) 


and the variation of the position coordinates g;=4q:i{f) (j= 1,... 
..+,m) may be determined from the differential equations (8) on 
page 81, in which p, should everywhere be replaced by cz, (@a=m-—- 
+1, ..., m). But these equations are Lagrange equations (with the 
Lagrangian function —R=7Z*—YV) for a certain auxiliary natural 
scleronomic system with m degrees of freedom having the kinetic 


* Routh E. G., The Advanced Part of a Treatise on the Dynamics of a Sy- 
stem of Rigid Bodies, 5th ed., 1892, Sec. 99. 
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™m 
energy T= > atgiq; and the generalized force potential 


i, j=1 


V= — » ( 3 _ Yaita) g: + It (t; Gi, Cx). The Routh potential 


i=1 a=m-+ 
Il* (¢, qi, cq) is - potential energy of this system. From formu- 
las (11) to (43) it follows that 


T4W=7* 41" (18) 


We shall call this auxiliary system a reduced system. 

Thus, the variation of the position coordinates q:, ..., Gm deter- 
mines the motion of a reduced system (with m degrees of freedom) with 
kinetic energy T* and with generalized potential V = V, + II*, where 
II* is the Routh potential. Given appropriate motions of the initial 
and reduced systems, the total energies ‘ these systems are equal. 


When the functions gq; = q; (t) (i = 1, ..., m) which define the 
motion of a reduced system are found, then the time variation of 
the cyclic coordinates gy, = qa (t) (a = m+1,...,n) may be 


determined from the formula (9) on page 81, which can now be 
written as 


Ol* Z, is nx eS : t 
ga { [| tet) _ SD vesag}aren (19) 
I= 


(a=m-+1,...,n) 


Consider a special case when the expression for the kinetic energy 
of the initial system (1) does not contain products of the position 


velocities qd; by the cyclic velocities dees i.e. a case when all aj, = 0 
(i=1,...,m; a=m-+1,..., n). In this case, the kinetic 
energy T breaks up into two quadratic forms, of which one contains 


only the position velocities dis while the other contains only the 


cyclic velocities g,. Such a system is termed gyroscopically un- 
coupled. For a gyroscopically uncoupled system, according to 
formulas (5), all the y,; = 0, and hence, V; = 0 and V = II*. 
Thus, if the initial system is gyroscopically uncoupled, the reduced 
system has the ordinary potential I\*. * 


T* 
* The reduced system is acted on by potential forces — - and pyros- 


copic forces determined by the potential V,. In the case of a gyroscopically 
free system V;=0 and gyroscopic forces are absent. 
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Besides, from (10) it follows that for the gyroscopically uncoupled 


system a = a;; (i, j = 1, ..., m), ie. 
™m 
4 e . 
Te=— DS) 415919 (20) 
i, j=1 
In this case, the initial system has the kinetic energy 
m 1 nm 
4 aes 
Lf=s ee Qiqidi TF > baslace 
i,j=l a, B=m+1 


and the potential energy IT=II(¢,q;) while the reduced system 
nr 


has the kinetic energy [t= > >) a:j;9i9; and potential energy 
i,j=m+1 
n 


WW=T(t, +> Dy baatacy 


a, B=m+1 
We See that part of the kinetic energy of the initial system 
n 


(5 bs bascace } has passed into the potential energy of the 
a, B=m-+1 

reduced system. 
All that has been said about scleronomic systems holds true, in 


: , , : ail : 
particular, for conservative systems in which =; = Q0i.e. N= 


—= II (q;). The reduced system for a gyroscopic uncoupled conser- 
vative system will again be conservative. 
Now let there be given an arbitrary conservative system with 


; : . { mm 
m degrees of freedom, with kinetic energy 7* = Z 2 aux 


l, j= 


x (di, «+ ++ Gm) Gig; and potential energy IJ* = II* (q;). Consider a 
conservative system in which the number of degrees of freedom is 
m-+ 1 and which has m position coordinates q;, ..., g,, and one 
cyclic coordinate 41. 


In the new system let II = 0 and the kinetic energy have the form 
. P* e% k 2 a 
T=T + > Thi) (a) Am+i (k = const) 
Then 
ki: . 
Pm TI Gi Ym+4 
and 
4 
T= T* + = II* (qi) pints 
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But then for Pmt = Cm = V 2k 
4 * 
> U* (i) pms = HI (41) 


Thus, in the given conservative system, 7* is the kinetic, and 
II* == IL* (g;) is the potential energy, whereas in the new “extended” 
systein we have, respectively, T = T* +- II* (g;) and I = 0. 

The potential energy of the given system results from the kinetic energy 
of the “extended” system which has a greater number of degrees of freedom. 

Motions, under which only cyclic (hidden) coordinates vary are 
called hidden motions. * 

Above we saw that the potential energy of a conservative system 
can always be regarded as the kinetic energy of hidden motions. 

This conception about the kinetic origin of potential energy and, 
hence, about the kinetic origin of forces applied to bodies performing 
explicit (monhidden) motions was broadly developed by Hertz in 
1894, ** 


Example. Let us consider the motion of a rigid body with fixed point O 
in the Lagrangian case when the body is acted upon by the force of gravity Mg, 
when there is an axis of dynamic symmetry, and the centre of gravity D is locat- 
ed on this axis. 


Fig. 56 


We shall specify the rigid body by means of the three Euler angles 8, p, 9, 
where the angle of nutation 8 is the angle between the vertical axis Oz and the 
axis of dynamic symmetry OC (Fig. 56), p is the angle of precession, and 9 is the 


* Systems containing within them gyroscopes are a brilliant example of 
the manifestation of hidden motions. Because of these “hidden” motions of gy- 
roscopes, the motion of such systems differs radically from the motion of sy- 
stems without gyroscopes. 

** H. Hertz, Die Prinzipien der Mechanik in neuem Zusammenhdnge dar- 
gestellt, see also W. Thomson and P. Tait, Treatise on Natural Philosophy, 
Part 1, Sec. 319 and A. G. Webster, The Dynamics of Particles and of Rigid, 
Elastic and Fluid Bodies, 1925. 
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angle of pure rotation. Let 1 = OD and A and C be the equatorial and axial 
moments of inertia, respectively. Then 

27 = A (p2+q?)4+-Cr2, Il = Mgl cos 8, 


where p, q, r are the projections of the angular velocity w on the principal 
axes of inertia O&, On, OC. But 


p2-t q2@ = 624 yp? sin? 8, r= +t cos 0; 
therefore, we finally have 
QT = A (02+ 2 sin? 0) + C (p+ wp cos 6)2, 
N= Mgl cos 0 (24) 


Find expressions for the generalized momenta pg, py corresponding to 
the cyclic coordinates @, %: 


Py =(Asin? 04+. C cos? 6) pee cos ag, I (22) 
Po = C cos Op+-Ce 
Solving these relations for p and ®, we have 
- Py — COS OP \ 
»=—Asmo* iss 
- —C cos Opy+ (Asin? 6+4C cos? 8) py 
= AC sin? 0 J 
The coefficients of py and pg on the right sides of (23) are the quanti- 


ties bug. The expression for the kinetic energy in the Routh variables 0, 

8, Py, Po is obtained by substituting expressions (23) for g and p into (21) 

for 27 or straightway by formula (11)*: 

Py — 2€ cos OpyPy +(A sin? 6+-C cos? 6) P%, 
AC sin2 8 


When the system is in motion, the momenta Py and pg retain constant 
values: 


i. iC 
OT = AG? +. (24) 


Py = ay Po= b (25) 

The nutationa] motion is determined by the reduced system, for which 
1. (a—bcos 6)? b2 
* ——. 2 * a en no be 

T 5 AG2, 11*—= Mgl cos 80+ Tarte at C (26) 


The change in the angle of nutation 6-=@(¢) is found from the corresponding 
energy integral 


{a— b cos 8)? 


(2 _L 
AQ2 + Mgl cos 6-! Aan? 6 


= const =h (27) 


bo| = 


* In the given case the rigid body is a gyroscopically uncoupled 
system. so that in formula (41) at ;=n5; (ho Fath ee mM): 
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Introduce the auxiliary variable u=cos 8, Multiplying both sides of (27) 
2 2, 
by ae (1— oe ir a sin? 8, we find 


du \2 
(S$) =r, (28) 
where f(u) is a third-degree polynomial in u: 
2 2 
f (uj=— (h— Mglu) (1— u2 Fe (a—bu)? (29) 


Putting u=+ 1 and u=ug—cos 0) <1, we find* 
du \2 
f(—1) <0, f(w)= (Fr), > 9, 1(+1) <0 
Then the polynomial f(u) has three real roots u;=cos 0;, ug—cos 0. and wu’: 


—1ciucu<cicu' 


and [since f(-+oo)=-+00] the graph of the polynomial f(u) has the form 
shown in Fig. 57. 


F(u) 


Fig. 57 


Since when the body is in motion, —1<u=cos@<+1 and f(uj= 


2 
(4) > 0, it follows that u=cos@ must vary in the interval uyj<u < td, 
ie. 0; > 98 > Og. The angular velocity of precession is determined from the 
first formula in (23): 
a—bcos8 

v= A sin? 8 (30) 
If tbe ratio + lies outside the interval uy < u < ue, then the velocity of preces- 
sion tp retains a constant sign and precessional motion occurs all the time in one 
direction. In this case the trace left by the axis Of on a fixed sphere with centre 
at O describes a curve depicted in Fig. 58. 


* Here we assume that a #-tb. The special cases a= +b will be con- 
sidered below. Besides, the initial value 4) is chosen so that 4) 0 and, 


du 
hence, (+), 4: 0 
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But if wu < ~< lu , then the velocity of precession changes sign when 
cos 6* = -, and the trace of the dynamic axis describes on the sphere a curve 


as shown in Fig. 59. 
If = up, then the velocity of precession tp does not change sign, but vani- 


shes on the upper parallel 6 = 4, (Fig. 60).* 


Fig. 58 


Analytically, tbe cbange in angle of nutation is found from the formulas 


d 

=n { et #-|-const, 8=arc cos u (31) 
VIM) 

The plus sign is taken when 0 varies from 0, to 6, and the minus sign when 

it varies in the reverse direction. It is obvious that the variation in time of 


Fig. 59 Fig. 60 


the angle 0 will] be a periodic function 6 (£) with period 
t= 2 | (32) 


After the variation of the angle of nutation 8 = 6 (2) is found, the variations 
of the angles p and @ are detcrmined from the formulas (23). 


* It: may be proved that p cannot vanish on the lower parallel. 
17* 
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Let us now consider the motion of a rigid body passing through the “singular” 
position 6 = Q. At this point the kinetic energy is given by the degenerate quad- 
ratic form [see expression (21) for 8 = 0} 


aT = AD +C (h+q)2 (33) 
According to formulas (22), the equation py==pg that is 
a==b (34) 


should occur at the singular point 6=0. Assuming that the arbitrary con- 
stants a and b are connected by the relation (34), we readily evaluate the 
indeterminate form in the expression (26) for the Routh potential:* 

1— cos 8 


2 
H*— Mel cos 8 + ee 


Then the nutational motion is again determined from the energy integral 
T* + II* = const. 
If the motion passes through the “singular” position @ = a, then in place 
of (34) we will have the relation 
a=—b 


and tlic expression for the Routh potential will take the form 


2 
Tit =- Mgl cos o£. tteese 


In the above considered two “singular” cases, the upper (or, respectively, 
lower) paralle} in Figs. 58-60 degenerates into a point. 


49, Stability of Stationary Motions 


Consider a conservative systein, the position of which is specified 
by m position coordinates q; and n — m cyclic coordinates q, (i = 
=—1,...,m;a-=-m+1,..., n). The motion of such a system 
is defined by the canonical equations 


dg, oll dP r OH "= 
oe a Gee CEE (1) 


where the total energy of the system H =H (qi, pi, Ppa) has the form 


1 
H=> b> Ca Qin soo Qin) DERE  Giges a Gm) (2) 
r,s=1 


where the quadratic form on the right side is positive definite **. 
When the system is in motion, the function H and the generalized 
momenta p, (a= m-+i1,..., n) do not alter their values, i.e. 


2 
* In the expression for II* we discard the constant term >. 


** This quadratic form is the kinetic energy of the system expressed in terins 
of generalized momenta. 
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these quantities are the integrals of motion: 
H (gi, Pi, Pa) =H (92, pi, Pa) 3 
0 (3) 

Pa=Pa (a=m4i1,...,2n) 

The motion of a system is called stationary if during it all the 
position coordinates retain constant values g; = const = qi (i = 
== 4, es ey). ‘ 

In stationary motion all position velocities are zero and therefore, 
by equations (1) and equality (2), 
m nT 
Gi= Di cin (Gi) Pat D> cia (gi) pa=O (¢=1,-..,m) (4) 
kh=1 a=m+i 

From these relations it follows,* that in stationary motion all 

position momenta are also of constant magnitude: p;=const = pj. 


Since gi—=pi=0 (i=1,...,m), it follows from (1) that for sta- 
tionary motion 


OH i oH _ eat 5 

3g) erie G21) 267) (9) 

Equations (5) are necessary and sufficient conditions which the 
initial values g?, pf, pa (i=1,...,m; a=m--1,...,m) must 


satisfy for the motion defined by them to be stationary. oo 
Note also that in stationary motion the cyclic velocities 


da (a= m-+41,...,m) also have constant magnitude, since by (1) 


Ja Foe = Dicas (9) po=const (a=m+t,....2) 6) 
s=1 
Therefore 
Ja =o (t—t) +qan (a=m-+4,...,n) (7) 


The initial cyclic coordinates gj are not arbitrary constants and do 
not enter into the conditions (5). 
Thus, in stationary motion the position coordinates retain constant 
value while the cyclic coordinates vary in accordance with a linear law. 
Example. The regular precession of a heavy symmetric gyroscope is an 


instance of stationary motion. 
Indeed, regular precession is characterized by the equations 


0=const = 8), ‘p= const, ~=const 
where the angle of precession p and the angle of pure rotation @ are cyclic coordi- 


* Relations (4) may be solved for the position momenta p,, since the 
determinant det [cin (99)]7" p=, is different from zero, inasmuch as the 


n 
quadratic form ) crep;rPs is positive definite. 
r, g=i 
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nates, while the angle of nutation 6@—an angle formed by the axis of the gyros- 
cope and the vertical—is a position coordinate.* 


Note that in accordance with relations (6), a slight change in the 
initial quantities g?, p?, p& yields a small change in the original 


cyclic velocities qi (2 =m-+1,..., n). However, a_ small 


change in the quantities gj, according to formula (7), yields, as time 
progresses, an arbitrarily large change in the cyclic coordinates 
themselves. For this reason, stationary motion cannot be stable with 
respect to cyclic coordinates. 

Henceforward, by stability of stationary motion we shal! mean 
the stability with respect to all momenta p; and p, and position 
coordinates gq; (j= 1,...,m: a=m-+1,..., n).™* 

We then have the following criterion of stability of stationary 
motion. 

Motion with the initial conditions g}, pi, pa (i= 1,..., mM 
a=m-+i,..., n) is stable stationary motion if the function 
H (di, Pi» Pa) at the point q; = gi, pj = p? (i = 1...., m) has 
a strict extremum. 

Indeed, the motion under consideration will be stationary inasmuch 
as it follows from the existence of the extremum of the function 
H (qi, Pir Pu) that the quantities gj}, pi (ij = 1, ..., m) together 
with the quantities pi (a = m +1, ..., n) satisfy equations (5). 
We introduce the deviations 


G&=Ga—-d, N=Pi—Pi, Na ~Pa— Pa. 
Then, utilizing the motion integral H (gi + &:, p? + 1;, pa) as the 
Lyapunov function, we can conclude (see page 189) that the zero 
solution &; = 0, yn; = 0 (i.e. the stationary motion) is stable on the 
assumption that the cyclic momenta p, do not experience perturba- 
tions (i.e. that these quantities have the same values py for pertur- 
bed motion as for unperturbed motion). *** 

However, the above-formulated criterion of stability is valid in 
the general case as well, when for perturbed motion the quantities 
Ne = Pa —Pr(@=m+i1,..., n) are different from zero. To 
see this, it wiil suffice to use a corollary to the Lyapunov theorem 
(page 185) taking the function 


(A (gi+ 6: Pitn, pa)—H(gi, pl paP+ Dome 8) 


* From (21) of the preceding section it is seen that the coordinates @ and 
sp do not appear explicitly in the expressions for the kinetic energy and the 
potential energy. 

** Or, which is the same thing, the stability with respect to the quantities 


qiy as pot ly. 2 ap Se at a Nets 7), ; 
#** This is precisely the kind of stability that Routh considered. 
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for the Lyapunov function. This function is the integral of motion 
and has a strict minimum equal to zero at &; = 0, yn; = 0, ne = 0 
G@=141,...,ma=m+1,..., n). 

Let us establish an analogy between the stability of the state of 
equilibrium and the stability of a stationary motion. Consider a re- 
duced system with m independent coordinates q;, ..-, Gm and with 
potential energy equal to the Routh potential: 


n 


0 1 0 
* (qi, pa) =H gi)+-5 Dd) bap (4s) Papp (9) 
a, B=m+1 


(See preceding section). The reduced system is acted upon by gyro- 
x 
scopic forces in addition to the potential forées — ih (Bae rere 


aq; 
.., m). Since to the stationary motion of the initial system g; = 
= di, Pa = pa l=", teen M AO=mM+ti,..., nm) there corre- 


sponds an equilibrium position of the reduced system, it follows 


that the quantities g?, pg must satisfy the equations 


OIl* (qi, Py) 
Ogi 

These are necessary and sufficient conditions for the existence of statio- 
nary motion. They are obviously equivalent to the conditions (5) 
and are obtained from the latter by elimination of the quantities 
pi (i = 1, ..., m). Applying the Lagrange theorem to the position 
of equilibrium g; = gq? of the reduced system, we get the criterion 
of stability of stationary motion in the following form. 


20 (eke gan) (10) 


Motion with the initial conditions gi, q? = 0, py (i= 1, ..., m: 
a=m-+1,..., n) isa stable stationary motion if the Routh poten- 
tial II* (q;, pa) has a@ strict minimum at q; = qi (i = 1, ..., m). 


By applying the Lagrange theorem to a reduced system, we fixed 
the constant values of the cyclic momentap, = pi (a=m+t1,... 

.., 2). However, the criterion is still valid for variations of 
momenta po as well. To establish this fact it is sufficient to take, 
for the Lyapunov function, the integral of motion 


(E* (a2 + bis ger Pe) —E* (Gh, 0, Pa)P+ me (14) 

ao=m 
where E* = 7* + JI* is the total energy of the reduced system 
(it coincides with the total energy of the initial system expressed 
in the Routh potentials g;, qi, Pa (see Sec. 48), while £; = q; — 


— qi, dis Na = Pa Pali=1,...,m a=m+i1,..., n) are 
deviations of perturbed motian (from the given stationary motion). 
The function (41) has a strict minimum (equal to zero) at &; = 0, 
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a= 0, 1.=0 i=1,...,m a=m+i,..., n). 
The stability criterion of stationary motion given here was estab- 
lished in somewhat different form by Routh in 1884. 


Example. Determine the stable stationary motions of a nonhomogeneous 
ponderable sphere on a smooth horizontal plane if the centre of gravity of the 
sphere, D, is distant d from the geometric centre O, the mass:of the sphere is M/, 


Fig. 64 


the moment of inertia about the OD axis is C, and the two other principal cen- 
tral moments of inertia are equal: A = B (Fig. 61).* 

For the independent coordinates, take two horizontal coordinates of the 
centre of gravity rp, yp and the three Euler angles g, tp, 9. Here, the angle 
is the angle of spe rotation” about the axis of the dynamic symmetry O 
passing through the points D and O; the direction of the OC axis coincides with 
the direction of the vector DO. Write the expressions for the kinetic and poten- 
tial energies: 


OP = A (p2-t g2)-+Cr2-+M (24-443, +2), =Megzp 


Here p, 9, r are projections of the angular velocity on the central axes 
of inertia. But 


p2-tg2=62-+ 2 sin? 6, r=p-Lap cos 8, zp —d cos® 
Therefore 
OP = (A+ Mad? sin? 6) 62 -+ Arp? sin? 6 + Cr2-+M (x2, +93) 
Il=: —Mgd cos 9 


The coordinates zp, yp, @ and p are cyclic. During motion, the appro- 
priate momenta retain constant values, namely: 


Px=Mrp=a, Py= Myp=B, Po=Cr=y (412) 
Py= Ap sin? 6-4. Cr cos 0=46 


* The rigid body considered in this prohlem is a physical pendulum, the 
axis of suspension being the axis of dynamic symmetry, and the point of sup 
port O can slide freely (without friction) on the horizontal plane. 


Sec. 49} Stability of Stationary Motions 257 


In addition, pp=(A-+ Mad? sin? 6) 0. 
Write the expression for the Hamiltonian function in the variables 0, p,—=«a, 
Py==6, Pe, Pe=¥, Py=8: 


Pe 4 ¢5—ycos6 \2 a2-4+f2 
H= sap Maranto) + Ta | sin @ ) —Mad cos @ + aM 
Pe 
77 Mats tO i8) 
where 
_ 1 ¢6—ycosd \2 a2 +t Be 


is the Routh potential.* 
Here, the conditions for the existence of stationary motion (5) are of 
orl 
the form 9 = 9 Pe= 9. 
The condition for stability—-the presence of a strict extremum of the 
function H at pp=O and at a certain desired value of 6—will be fulfilled 
if for this value of 6 the function II* has a strict minimum. To find this 


value 6=@9, put w=cos® and 


f(u) = nls = 4 OV)" _ ku 4 const (K=AMgd) 
We find ree, i ; 
PS ec VOUT ee.) Wea. 
f (u)= (4— w2)2 K 
A = (4— 3uu- 3u2 — v3) 
where** pa. 


Suppose that the equation f’ (u)=0 has a root wu such that Ju| <1. 
{It is to this value |u|=cos@ that the stationary motion of a sphere corres- 
ponds, for which motion the centre of the sphere is in uniform rectilinear 
motion and the angles @ and p vary by a linear law. 
To find the stability of stationary motion, we shall first prove that 
f" (u) >0 when ju|<1. Indeed, if f"(u) were equal to zero at jul< 1, 
1-+3u2 
u8-+ 3u ° 
this it : readily seen that |p| > 1 for [u|<1, which is impossible, since 
pag Consequently, f” (uv) #0 when |[u{<1, ie. f”(u) retains its 
! 
Sign in the interval (—1, +1). But f” (0)=y?-+62>0. Hence, f” (u) > 0 for 
Juf< 1. Since 
d2\1* 


A er == f” (u) sin? 6 —f’ (u) cos 0 =f” (uv) sin? 6 > 0 


From 


then from the expression for f” (u) it would follow that n= 


- We do not consider the singular values 0=0 and 0=—n. Therefore 
sin® + 0. 

** Here y2-+-82>0 since for y=6=0 the function I]*=—Megd cos 6 has 
a strict minimum at 6=0. 
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it follows that for the value of @ under consideration the function II* has 
a strict minimum, i.e. the appropriate stationary motion is stable. 
The condition for the existence of stationary motion f’ (u)=0 may be 


transformed by putting 6= yu+ Ap (1 —w?), 


If we then put y=Cr=C(p-+ cos 8) into the equation obtained, this 
condition will take the final form 


Corp+(C —.A) p2 cos 6--Mgd =0 (15) 


This is the well-known condition for the existence of regular precession 
under the action of an external moment Mgdsin@ (the moment of the ver- 
tical reaction N=Mg about the pole D). 

Consider three separate cases. 


1°. If |Mgd+Cop|>|4A—C| 2 then the condition (45) is not fulfil- 
led for any real value of @, and there does not exist any stationary motion 
with such angular velocities. 


2°. If | Mgd-+Cqp|<|A—C |p? and the quantities Mgd+Cqp and A--C 
have the same sign, then for such angular velocities there exists stationary 
motion with cos @ >0. 


3°. But if | Mgd+Coyp|<|A—C |p? and the quantities Mgd+Cgoyp and 
A—C have ditferent signs, then cos®@< 0 in the case of stationary motion. 
In this case there exists stable stationary motion such that the centre of 
gravity is located above the geometric centre of the sphere. 

Now consider special cases. 

(a) 6)=0: Then from formulas (12) it follows that y=6. Therefore 


r( ES ee 
re) (4-+ u)2 
a}i* 2 , a 
A( Se) =f (u) (— sin 09) —0 
a2yy* = y2 
(For Jono =H) (0080) = Gat Ko 


The stationary motion is always stable. 
(b) O6)=a2. From the formulas (12) we find y—— 6. Therefore 


2 
fi'(w= Gan a 


dil* , ‘ cs 
A (ee (uw) (—sin 09) =0 


amy, ae oe 
A( 762 Venn! (u) C008 90) =a Z K 
2 
The stationary motion will be stable if the condition 4 >K is fulfil- 
led, which in expanded notation comes out like this: 
C2r2 > 4AM gd (16) 


If inequality (16) occurs, then, although in the case under consideration the 
centre of gravity is located over the geometric centre of the sphere, rotation 
about the vertical axis will be stable stationary motion. 


SUES Oo bh = 
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